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Gaussian concentration (Sudakov-Tsirelson, Borell, 1970s)

f: R" — R — L-Lipschitz
G — standard Gaussian random vector in R”

2
P(|f(G) — Ef(G)| > t) < 2exp <_2tL2>
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Gaussian concentration (Sudakov-Tsirelson, Borell, 1970s)

f: R" — R — L-Lipschitz
G — standard Gaussian random vector in R”

2
P(|f(G) — Ef(G)| > t) < 2exp <_2tL2>

Examples:
@ f(x) = (a,x) with |al, = 1; then f(G) ~ N(0,1)
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Gaussian concentration (Sudakov-Tsirelson, Borell, 1970s)

f: R" — R — L-Lipschitz
G — standard Gaussian random vector in R”

2
P(|f(G) — Ef(G)| > t) < 2exp <_2tL2>

Examples:
@ f(x) = (a,x) with |al, = 1; then f(G) ~ N(0,1)

@ f(x) = |Ax|2 is Lipschitz with constant || A[|,,

Pawet Wolff Concentration inequalities for non-Lipschitz functions



Gaussian concentration (Sudakov-Tsirelson, Borell, 1970s)

f: R" — R — L-Lipschitz
G — standard Gaussian random vector in R”

2
P(|f(G) — Ef(G)| > t) < 2exp <_2tL2>

Examples:
@ f(x) = (a,x) with |al, = 1; then f(G) ~ N(0,1)
@ f(x) = |Ax|2 is Lipschitz with constant || A[|,,
Proofs:
@ Gaussian isoperimetric inequality
@ stochastic calculus (Maurey)

@ functional inequalities, semigroup methods (Gross-Herbst,
Bobkov, Ledouy, ...)
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Functional inequalities approach

Y >0; EntY =EYlogY —EYIlogEY
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Functional inequalities approach

Y >0; EntY =EYlogY —EYIlogEY
Logarithmic Sobolev inequality
X random vector in R" satisfies (LSI) with constant L if

Vi.mor ENtF2(X) < 2LE|VA(X)?  (LSI)
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Functional inequalities approach

Y >0; EntY =EYlogY —EYIlogEY

Logarithmic Sobolev inequality
X random vector in R" satisfies (LSI) with constant L if

Vi.mor ENtF2(X) < 2LE|VA(X)?  (LSI)

Classical facts:
@ standard Gaussian in R” satisfies (LSI) with L = 1 (Gross)
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Functional inequalities approach

Y >0; EntY =EYlogY —EYIlogEY

Logarithmic Sobolev inequality
X random vector in R" satisfies (LSI) with constant L if

Vi.mor ENtF2(X) < 2LE|VA(X)?  (LSI)

Classical facts:
@ standard Gaussian in R” satisfies (LSI) with L = 1 (Gross)

@ (LSI) for X = Gaussian concentration for X (Herbst):
f: R" — R is 1-Lipschitz
2
(LSI) for exp(Af(-)/2) = P(|f(X)-Ef(X)| >t) <2exp <_2tL>

Concentration inequalities for non-Lipschitz functions

Pawet Wolff



Functional inequalities approach

Vi mr  ENtfP(X) < 2LE|VA(X)?  (LSI)
(Aida-Stroock, 1994) |

Vrwoom  [[f(X) = Ef(X)ll, < VLVPIIVIX)Il, ()
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Functional inequalities approach

Vimor  ENtfP(X) < 2LE|VA(X)?  (LSI)
(Aida-Stroock, 1994) |
Viroor (X)) = EA(X)], < VLVR VX)L, (")

For Gaussian measure — ineq. (*) due to Pisier (1986)
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Functional inequalities approach

Vi mr  ENtfP(X) < 2LE|VA(X)?  (LSI)
(Aida-Stroock, 1994) |
Veewse  [f(X) = EfX)Il, < VLVRIIVIOIl, ()
For Gaussian measure — ineq. (*) due to Pisier (1986)

Equivalent form for (*): G ~ N(0, I,), independent of X

I#(X) = Ef(X)|l, < CVLI(V(X), G)

lp

Pawet Wolff Concentration inequalities for non-Lipschitz functions



Tails vs moments

Let Y >0 (e.g. Y = |f(X) — Ef(X)|). By Chebyshev’s
inequality
P(Y > el|YI|,) < exp(—p).
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Tails vs moments

Let Y >0 (e.g. Y = |f(X) — Ef(X)|). By Chebyshev’s
inequality
P(Y > e|Y],) < exp(—p).
Examples:
o |Y[,<Cyp = B(Y=t)<exp(-1?/(eC)?)
° [Y[,<Cp = PY=t)<e ( t/(eC))
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Tails vs moments

Let Y >0 (e.g. Y = |f(X) — Ef(X)|). By Chebyshev’s
inequality
P(Y > e|Y],) < exp(—p).
Examples:
o |Y[,<Cyp = B(Y=t)<exp(-1?/(eC)?)
° [Y[,<Cp = PY=t)<e ( t/(eC))

Paley-Zygmund: |. b. for moments + regularity — |. b. for tails

Z >0 (take Z = YP),A € (0,1) :
(EZ)?
EZ2

P(Z > AEZ) > (1 — \)?
It 1Yo < D|Y]l, then taking A = 27P,

1
B(Y > 5 [[Y],) > exp(—cop).
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Beyond Lipschitz |

Quadratic form in Gaussian vector:
f(G) = G'AG

where A symmetric n x n, zeros on the diagonal
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Beyond Lipschitz |

Quadratic form in Gaussian vector:
f(G) = G'AG
where A symmetric n x n, zeros on the diagonal

G'AG = GY(Q'DQ)G~ G'DG =" dig? = di(g? — 1)
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Beyond Lipschitz |

Quadratic form in Gaussian vector:
f(G) = G'AG
where A symmetric n x n, zeros on the diagonal
G'AG = G(Q'DQ)G ~ G'DG =Y digf = >_ di(g? -

By Bernstein’s inequality (for sums of indep. subexp. r.v.s)

P(If(G)| > 1) =P(> _di(gf —1)| > 1)

t? t
<2exp|—-cCc| —5N-——
ldlz " [1d]lw

[dl2 = [Allus lIdllec = [[Allop
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Beyond Lipschitz |

Quadratic form in Gaussian vector:
f(G) = G'AG
where A symmetric n x n, zeros on the diagonal
G'AG = G(Q'DQ)G ~ G'DG =Y digf = >_ di(g? -

By Bernstein’s inequality (for sums of indep. subexp. r.v.s)

P(If(G)| > 1) =P(> _di(gf —1)| > 1)

t? t
<2exp|—-cCc| —5N-——
ldlz " [1d]lw

[dl2 = [Allus lIdllec = [[Allop
Moments: [[/(G)[l, < C(v/P [ Allus + PIIAllop)
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Beyond Lipschitz Il

A= (aj,. )i, iy<n — symmetric, zeros on all “diagonals”

f(G)=AG.....G) = > a0 i
ooyl

Latata (2006): two-sided estimates for moments and tails of f(G)
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Beyond Lipschitz Il

A= (aj,. )i, iy<n — symmetric, zeros on all “diagonals”

f(G)=AG.....G) = > a0 i
ooyl

Latata (2006): two-sided estimates for moments and tails of f(G)
Ford =3,

IF(G)ll, ~ vPIAll (1233 + PlIAl 12331 + 021 All (132343}
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Beyond Lipschitz Il

A= (aj,. )i, iy<n — symmetric, zeros on all “diagonals”

(G) = AG,....G) = Y & i, GGy

et
Latata (2006): two-sided estimates for moments and tails of f(G)
Ford =3,

IF(G)ll, ~ vPIAll (1233 + PlIAl 12331 + 021 All (132343}

where
1/2
1Al 123y = (Z l/k) = SUP{Z Ajjk Xijk : Z ik <1}
ijk ijk ik
HAH{12}{3} = SUP{Z aijk Xij Yk : Z < 1,ZYE <1}

ijk i

1Al 132308y = SUP{Z Qi XiYjZk - ZX <A1 Zyj <1 sz <1}
ijk
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The result

Assume V. gk smooth [ A1(X) = EA(X)||, < LypP[[[VAX)]l|,

Theorem (Adamczak, W., 2013)

f: R" — R is C? such that for all x € R”

P <A [

< Aop
op

Thenforp>2andt > 0,

1£(X) ~ EAX)ll, < C (LVBIEVA(X)| + L2V/PAus + [2pAcp )

P(F(X) = EA(X)| = 1)

i t
<2exp| -c A
( <L2|]EVf(X)|2 + L4Aﬁs L2Aop>>
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Outline of the proof

Assumption: [|A(X) — EA(X)I|, < Ly [[VA(X)]],
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Outline of the proof

Assumption: Hh(X)—lE X)lp < LvPIIVAX)I

Equivalently: ||A(X) — Eh(X)|, < CL|(Vh(X),G)l, (*)
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Outline of the proof

Assumption: | h(X) —Eh( )Mo < LvPIIVAX)I,
Equivalently: [[h(X) — EA(X)||, < CL[{Vh(X), G)I|, (")
Apply to f + triangle inequality for LP-norm:

I1(X) = Ef(X)]l,
< CLI{VI(X), G) = (EVI(X), G), + CLIKEVI(X), G,
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Outline of the proof

Assumption: | h(X) —Eh( )Mo < LvPIIVAX)I,
Equivalently: [[h(X) — EA(X)||, < CL[{Vh(X), G)I|, (")
Apply to f + triangle inequality for LP-norm:

I1(X) = Ef(X)]l,
< CLI{VI(X), G) = (EVI(X), G), + CLIKEVI(X), G,

~ CL|(V#(X), G) — Ex(V(X), G)|, + CLyPIEV(X)|
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Outline of the proof

Assumption: | h(X) —Eh( )Mo < LvPIIVAX)I,
Equivalently: [[h(X) — EA(X)||, < CL[{Vh(X), G)I|, (")
Apply to f + triangle inequality for LP-norm:

I1(X) = Ef(X)]l,
< CLI{VI(X), G) = (EVI(X), G), + CLIKEVI(X), G,

~ CL||(V#(X), G) — Ex(V#(X). G)||, + CLVBIEV(X)|
use (*) conditionally on G for h(x) = (Vf(x), G)
< c2L2H (D*(X)G, G) H + CLPIEVH(X)|
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Outline of the proof

Assumption: | h(X) —Eh( )Mo < LvPIIVAX)I,
Equivalently: [[h(X) — EA(X)||, < CL[{Vh(X), G)I|, (")
Apply to f + triangle inequality for LP-norm:

I1(X) = Ef(X)]l,
< CLI{VI(X), G) = (EVI(X), G), + CLIKEVI(X), G,

~ CL||(V#(X), G) — Ex(V#(X). G)||, + CLVBIEV(X)|
use (*) conditionally on G for h(x) = (Vf(x), G)
< c2L2H (D*(X)G, G) H + CLPIEVH(X)|
condition on X

< ot2 (p 1200 o

VB [I2X) s ) + CLVPET )
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The result — remarks

@ Higher order: f: R" — R is CP, iterate D times
[/(X) —Ef(X)ll, and  P(/f(X)-EAX)| = 1)
involve tensor-like norms of
EVF(X), ED?*#(X), ..., ED'f(X)

and sup,cg» of such norms of DPf(x)
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The result — remarks

@ Higher order: f: R" — R is CP, iterate D times
[/(X) —Ef(X)ll, and  P(/f(X)-EAX)| = 1)
involve tensor-like norms of
EVF(X), ED?*#(X), ..., ED'f(X)

and sup,cg» of such norms of DPf(x)
Main ingredient: estimates for moments and tails of
AGY ..., G9) (R. Latata, 2006)
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The result — remarks

@ Higher order: f: R" — R is CP, iterate D times
[/(X) —Ef(X)ll, and  P(/f(X)-EAX)| = 1)
involve tensor-like norms of
EVF(X), ED?*#(X), ..., ED'f(X)

and sup,cg» of such norms of DPf(x)
Main ingredient: estimates for moments and tails of
AGY ..., G9) (R. Latata, 2006)

@ Optimality: f polynomial, X Gaussian vector
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Applications I: random matrices

A — Wigner n x n matrix, entries satisfy (LSI)
A < X < ... < A\, eigenvalues

f: R — R smooth function

Z =Y f(\i/+/n) — linear eigenvalue statistic

Theorem (Guionnet-Zeitouni)

P(|Z - EZ| > t) < 2exp(—ct?/ ||F|2)
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Applications I: random matrices

A — Wigner n x n matrix, entries satisfy (LSI)
A < X < ... < A\, eigenvalues

f: R — R smooth function

Z =Y f(\i/+/n) — linear eigenvalue statistic

Theorem (Guionnet-Zeitouni)

P(|Z ~EZ| > t) < 2exp(—ct?/ ||f'||%)

Theorem (Adamczak, W.)

t2 nt
P(|Z-EZ| >t) <2exp | —cC A
e sAim s p( (ff/2 dp + =23 |12, ||f””oo>

y

Semicircle law: dp(x) = 217\/4 — x21(_2.2)(x) dx.
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Applications I: random matrices

2 nt
P(|Z-EZ| > 1) < 2exp | —¢ A
(e==2l= 0= p( (ffIde+n—2/3 171%, ”f””oo))

Hoffman-Wielandt: (A, ||-[us) — ((M,--.,An), | - [2) is 1-Lipschitz

F(M, ..o n) =D f(Ai/Vn)

[EVF|? = %Z <Ef’(%)> <E (1 Zf’Z(f)> /f’2 du

u (E sp. measure of ﬁA) ~ p (Bobkov, Gétze, Tikhomirov, 2010)

sup 1D F()ls < 21" oo sup ID2F(X)llop < 11"l
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Polynomials in independent sub-Gaussian r.v.s

Sub-Gaussian coefficient

1Y, =infla> 0: Eexp(Y?/a®) < 2}
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Polynomials in independent sub-Gaussian r.v.s

Sub-Gaussian coefficient
1Y, =infla> 0: Eexp(Y?/a®) < 2}

X = (X1,..., Xp) independent, || X, <L
f: R" — R multivariate polynomial of degree 2
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Polynomials in independent sub-Gaussian r.v.s

Sub-Gaussian coefficient
1Y, =infla> 0: Eexp(Y?/a®) < 2}

X = (X1,..., Xp) independent, || X, <L
f: R" — R multivariate polynomial of degree 2

11(X) ~ EA(X)], <
C (LVBIEVH(X)| + L2\/B]| D* llus + L2p]| D?fllop )
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Polynomials in independent sub-Gaussian r.v.s

Sub-Gaussian coefficient
1Y, =infla> 0: Eexp(Y?/a®) < 2}

X = (X1,..., Xp) independent, || X, <L
f: R" — R multivariate polynomial of degree 2

1F(X) = Ef(X)Il, <
C (LVBIEVH(X)| + L2\/B]| D* llus + L2p]| D?fllop )
Higher degree polynomial: estimates involve norms of

ED(X)ford =1,...,D withfactors p'/2,p,p%?, ... pP/2
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Polynomials in independent sub-Gaussian r.v.s

Theorem (Adamczak, W.) degree=3

X = (X1,..., Xp) independent, | Xj|,, <L
f: R" — R polynomial of degree 3
IF(X) = EA(X)l,
< C(L\FPIEW(X)I + L2V/PIED?*F(X) lns + L2PIED?£(X)llop

+ L2/P||D%f[| {123y + L2p|| D3f| {123 (3} + L3P3/2|!Dsf”{1}{2}{3}>
172
1Al {123y = <Za§k) = SUP{Z Ajji Xijk - Zx,-jz-k <1}

ljk ijk ijk
Al 12y18y = SUPEY _ apxiy: > _xF <1,y <1}
ik ij k
1Al 13233y = SUPLD_ awxiyjzi: D xF <13 yf <1,z <1}
ik i j k
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Outline of the proof — tetrahedral case

D
()= > &? X, ---X, (tetrahedral)

d=0i<...<ig
N
f(X) = ;J aDdf(EX)(x —EX,...,X —EX)
f(EX) =Ef(X) and DIf(EX)=ED(X)

DU(EX)(X —EX,...,X —EX) (tetrahedral)

| (decoupling ineq. + symmetrization)
DAF(EX)(eMXxM), ... @) x(d)

1 (comparison with Gaussians)

LYDUFEX) (G, ..., G)

and use Latata’s estimates for Gaussian chaoses
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Application Il: random graphs

G(n, p) — n vertices, edges independent with probab. p
H — fixed graph
Yy — # of copies of H in G(n, p)

P(Yy > (1+e)EYy) <?
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Application Il: random graphs

G(n, p) — n vertices, edges independent with probab. p
H — fixed graph
Yy — # of copies of H in G(n, p)

P(Yy > (1+e)EYy) <?

X1,...X( ) independent 0-1 r.v’s

>
Yu=> XX, polynomial of degree e(H) in X;’s

e(H)

’
1Xilly, <

~ log(1/p)
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Application Il: random graphs

Theorem (Janson, Oleszkiewicz, Rucinski, 2004)
For a certain function Mj;(n, p)

e CHEME(nP)I09(1/P) < P(Yy, > (1 + )EYy) < e HEWRE(NP)

Mg, (n,p) = ©(r2?), My (n.p) = O(rPp* )

(whenever P(Yy > 0) is not negligible; for H = Cy itis p > 1/n)
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Application Il: random graphs

Theorem (Janson, Oleszkiewicz, Rucinski, 2004)
For a certain function Mj;(n, p)

e CHEME(nP)I09(1/P) < P(Yy, > (1 + )EYy) < e HEWRE(NP)

Mg, (n,p) = ©(r2?), My (n.p) = O(rPp* )

(whenever P(Yy > 0) is not negligible; for H = Cy itis p > 1/n)

Theorem (Chatterjee, DeMarco-Kahn, 2012)

For H = Ky and p > n—2/(=")poly(log n),

P(Yy > (1 +¢)EYy) < e (€)n°p " log(1/p)
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Application Il: random graphs

Theorem (Adamczak, W.)

k—2

For H= C, and p > n 2+ log~"/?n,

P(Yy > (1 +e)EYy) < e (€)Pp?log(1/p)

YH:f(X1,,X(121)): Z )(’1)(’k
edges i1,...,ik
forms a cycle

The proof involves estimates for norms of EDf(X), d =1,...,k
(can be done for any graph H)
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Thank you!
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