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The setting

Given a set A, take the Euclidean space

(2 = 2(A) := {xeC*: ) x(a)]? < oo},
aeA

equipped with the usual dot product

XYy = > X(a)y(e), xel’ yel

a€cA

and the resulting Euclidean norm

1

X2 = A/X,X) = <Z|x > . Xe /2

a€cA

Let B, denote the closed unit ball,

Bgz = {X € 52 : HXH2 < 1}



A generic presentation of /2(A)

Take a sufficiently "large” o-finite measure space (2, ), and
consider the Hilbert space

L2(Q,p) = {fe L%Q): L |f[Pdu < oo}, (2)

where £%(Q) is the space of C-valued measurable functions on ,
with inner product

toe = | 1gdu felf@u. ge @, @
Select an orthonormal family of functions

F= {fa}aeA - L2(Qau)7
and define
U: P(A) - L3(Q, ) (4)
by
Ux =) x(a)f., Xe*(A). (5)

a€eA



Parseval’s formula
Then,

xy) = | UxUydu= | UxTydy
Q Q
= (U, Uy, xeB(A), ye (2(A),

i.e., U is a unitary map: a one-one, "angle” preserving linear map
from the Euclidean space (?(A) onto

L2 := [2-closure of the span of {f,}4ea-

Note: U is automatically continuous...

The relation in (6) is called Parseval’s formula, specifically in a
harmonic-analytic framework, and sometimes also Parseval’s identity,
usually in more general contexts.



Beyond square-integrability, what more can be said
about the "size” of functions in L2?

That depends on the choice of the orthonormal system

F={f,:aecA}c L3(Q pn).

If F is complete, then the answer is: nothing.

Butif F is "thin” —in some sense opposite to "complete” — then we
can expect improved integrability...



Harmonic analysis on dyadic groups

Qa = {—1,1}A, a compact Abelian group with Haar measure Pj,.
Take the Rademacher system Rp := {r, : a € A},

fro(w) =w(a), weQa aeA (Rademacher characters),
and adjointoit rp =1 on Q4. The dual group of Qg4 is
N a0
Qa= W, = U Wak (Walsh characters), (7)
k=0

where Wjuo = {rp}, and for k e N,

Way = { H ro: FcCA |F|= k} (Walsh characters of order k).

aeF

W, is a basis for L?(Qa,P4), Whereas R, is a "basis” for Wj.



We take the canonical unitary equivalence between (?(A) and L,%A,

X— Ux= > X(a)n, xe(A), Uxels, (8)

a€cA

Theorem 1 (Khintchin, 1924)

Pa(|Ux| = t) < exp(—t?/2), Xx€Bp, t>0, (9)

which is optimal: 2 cannot be replaced by a larger exponent.

Question. Can we do better with other representations of ¢2(A)?
E.g., are there probability spaces (2, 1), and continuous injections

®: 2(A) - L3(Q,p), such that

Hq)(X)HLd < K, Xe B£2, and

S x(a)y(a) = L SX)O(y) du, X € (2(A), y € (B(A)?

a€eA



The Grothendieck inequality

There exists 1 < K < oo, such that for every finite scalar array (ay),

SUP{‘Zaﬂ&xj,y@‘ X, Yk € sz} < KSUp{‘Zaijjfk‘ :8j, lk € [—1,1]}
K Tk

An equivalent assertion had appeared in Grothendieck’s 1953
Resumé, and remained unnoticed until its reformulation above in
[Lindenstrauss and Pelczynski,1968]. Since its reformulation, known
as the Grothendieck inequality, it has been applied in functional,
harmonic, and stochastic analysis, and recently also in theoretical
physics and theoretical computer science. (See [Pisier, 2012].)

The evaluation of the "smallest” K, denoted by Kg and dubbed the
Grothendieck constant, is an open problem. For the latest on it, see
[Braverman et al., 2011].



The dual statement

Take Qp, = {—1,1}%2, and Rg, = {5 : X € Bp}.

Proposition 1

The Grothendieck inequality holds < there exists a complex
measure e M (QBe2 X QBZZ), such that for all x € B2, Yy € By,

(X,y) = re(wi) fy(w2)A(dwy, dwp) = (1 ® 1y),
95[2 XQB@Z

The Grothendieck constant K is the minimum of |X||y over all
representations of the dot product by A e (M(Qp, x Qg,))".



A Parseval-like formula

Corollary 2

The Grothendieck inequality holds < if there exist a probability
measure 1 on Q= QBgz X QBZZ, and a one-one map

O : 2(A) > L3(Q, ), (10)
such that
[P(X) e < K|X]2, (11)
and
Y = [ oomdn xeEAL YA (12
Proof.

"Polarize” the mappings supplied by Proposition 1. O]



Still a question...

In the Parseval-like formula — the assertion equivalent to the
Grothendieck inequality — the underlying measurable space Q is
huge(!), the probability measure p is non-constructible, and the
injection ¢ is nowhere continuous (with respect to the norm as well
as the weak topologies).

Is there a more tractable, "standard” probability space (2, i), along
with a constructible continuous injection

®: (2(A) — L3, p),

such that
|O(X) | < K[X|2, X € P(A), (13)

and
X,y = f y)du, xe?(A), ye2(A)? (14)



The Lg < L® - Khintchin inequality

Theorem 3 (Littlewood, 1930)

f
Sup{mw:fGLﬁA,hﬁO} = ra< V6 (15)
1L (0 0)
Note
Kka< oo Lh =12, (16)

where L1HA is the L'(Q4,P4)-closure of the linear span of Rj.

The assertion in (15), with various upper estimates for the Khintchin
constant
K = SUP KA,
A

had been proved nearly a century ago, independently, by Littlewood,
Orlicz, Steinhaus, and Zygmund. That x = +/2 was proved by Szarek
in his 1976 Master’s thesis.



The dual statement

Restated as

(Lg,)* = (LR,)*,
the Khintchin inequality becomes the assertion (via Hahn-Banach,
Riesz, and Parseval)

(A) = (L*(Qa,Pa) " |,

That is, there exists a mapping

G=U+g: ?(A) — L®(Qa,Pa), (17)
where
Ux =Y X()l,  gX) € Ly,g,
acA
and
|G| < V2|X[2, X € (2(A). (18)

(We referto G as an interpolant, and to g as the orthogonal
perturbation associated with it.)



Khintchin falls short

The Khintchin inequality guarantees the existence of an interpolant,
G: P(A) - L*(Q4,Pa),
such that
(G(X))"(r) = x(), x€el?(A), acA, (19)
but does not guarantee its continuity, and that
Xy) =] GX)GY)dPa xeP(A), ye?(A.  (20)
Qa
Indeed, we have (via Parseval)
X,y) = o G(x)G(y)dPa — o 9(x)9(y)dPa, (21)
A A

but have no assurance that the second term on the right side of (21)
vanishes.



But, an idea...

The application of Parseval’s formula,

_ G)GE)PA = Y} GlX) (1) G () + fQ 9(x)9(¥)dP,4

a€eA
(22)
GO)GY)APs = (xY) + | g(0gHdPA
Qa Qa
suggests a recursive scheme:
The right side of (22) equals
(X,y) + Terror”, (23)

where the “error” is a dot product of of two vectors in 2(W4\R,).
Apply the interpolant G to each of these two vectors, apply
Parseval’s formula again, subtract the result from (22), and repeat...



An iteration?

Assume A is infinite. Then, A and Wj4\Rs have the same
cardinality, and we fix a bijection

7 : A— Wy\Ra. (24)

Given x e (?(A), define xU) e (2(A) recursively:

xM =x,
(25)
xD = (gxU=""N" o1, j=2
Then, by an iteration of Parseval’s formula, we formally(!) have
x,y) = 2 171 Gx)GYY)dPa. (26)

Qa



Uniformizability ?

To guarantee convergence of the iteration, say, via a geometric series
argument, we need the L?-norm of the perturbation g(x), x € Bz,
to be uniformly below 1.

Note: x = +/2 (= the Khintchin constant) implies, via the triangle
inequality,

lgX) [z <1, X € Bpay, (27)
and no better...

Question. Is there an interpolant G with an orthogonal perturbation
g, such that

lgX)[ 2 <6 <1, [GX)[» < u(d) <00,  X€ Bpp)? (28)

We call such an interpolant G a uniformizing interpolant.



Uniformizing constants

Making matters precise, for § >0 and X € Bjz(4), we let

UA(X;6) = inf {\ ST x(@)10 + 90, g0 € (L))" g0l < 5},

a€eA

Ua(6) = sup {ua(x; 6) : X € By},
and
u(d) = sup ua(9).
A

We refer to u(d), § > 0, as uniformizing constants (associated with
the Rademacher system).

Problem. Compute u(é), ¢ > 0.

Whereas u(1) = /2 is immediate from x = +/2 (the Khintchin
constant), it is not obvious that u(d) is finite for0 < § < 1.



Continuity?

The dual formulation of the (L' — L?)-Khintchin inequality guarantees
existence of an interpolant, via the axiom of choice (Hahn-Banach,
etc.), and implies nothing more.

Question. Can G(x), x € £2(A), be chosen continuously with
respect to the ¢2(A)-norm (on its domain) and the [2(Q4,P4)-norm
(on its range), and continuously also with respect to the weak
topologies on its domain and range?

Answers to both questions (uniformizability and continuity) are
affirmative. Both are obtained through the use of Riesz products.



Riesz products

Define the Riesz product

Rax) ~ [ | (o +X(a)ra), xeCA

a€eA

to be the formal Walsh series

mA<x>~2( S X(ar) X

k=1 ar,.ax}cA

Basic question.
What does the Walsh series in (30) represent?

o)

(29)



An L*-valued Riesz product

Define
Qa(X) := Tm Ra(ix),

where i =+/—1, and Im denotes the imaginary part.

Then,

Q) ~ 3 (-1 (

X(O[1) e x(a2k71)r0t1 e ra2k1> .
=1

x

{at,..0k—1}CA

Key Lemma

If xe ¢2(A) (= Real Euclidean space), then Qa(x) is the Walsh
series of an elementin L*(Q4,P4), and

Ix|3

|Qa(X)| > < e72; (31)



Key Lemma continued

forall u > 0,
(UQa(x/1))" (ra) = X(a), ae A,
and

[ (UQa(x/W)) “wmalle < u\/sinh(Hx/uH%) — [[x/ul2.
Moreover, For x € (2(A), y e (2(A),

1Qa(X) — QaW)liz(0,p) < 4/2008N(20%) X — Y],
where p = max{|x|z, [y]z}-

(34)



Sketch of proof

To verify that Qa(x) € L*(Q4,P4), take
finite F < spect(Qa(x)),

and estimate

1040, < | T] (5 + @)l = ([T (1 + ixt)?))

a€eF aeF
— e% Yaer log(1+[x()[?)

Ix|3
< ez .

Now take a sequence of finite sets (Fj) increasing to spect(Qa(x)),
and verify that Qf, (x) converges in weak*-L* to Qa(x) with the
norm bound in (35).



Proof continued...

For every u > 0,

uQa(x/u) ~

e

= x(a)r,
a€eA

which verifies that (uQa(x/u))”

NI =)

Z X(q) - - Xkt )y * -

interpolates x on Ra.



uQa(-/u) uniformizes and is Lipschitz...

To verify the ¢2-bound on (uQa(x/u)) A\WA\RA, we estimate

2k—1
S ey xean)f € gty (S )

and then,

o 2(2k—1)\ 2
[ (uQa(x/)) " lwpmallz < u (kgz %)

= up/sinh(|x/u[3) — [%/u].

That Qga: (2(A) — L2(Qa,P4) is a Lipschitz function follows from
estimates...



Therefore...
Corollary
The uniformizing constants u(d) are O(%), 0<d<1.

In particular, Qa : (2(A) — L2(Qa,Pa) is a uniformizing interpolant
with
0 =4/sinh(1) =1 < 1,

and is norm-continuous as well as weakly continuous.
Returning to Grothendieck, we can now implement the iteration:

Assume A is infinite, and then let {A;:je N} be a partition of A,
such that each A; has the same cardinality as A.

Then, forevery jeN, A1 and Wy \Rs also have the same
cardinality, and we fix bijections

iAo A Tt Ao Wy \Ra ,, j2=2



An iteration

Write Qa = U;+ g;. Given x € (£(A), define xU) e (2(A))
recursively:

xM =xor,

XD = (g (xV"D) or jz2.
Then, by an iteration of Parseval’s formula, we have

oy = S (o) f Qa(x0 /510 (¥ /5 )dBA, X,y € Bg (A),
Jj=1
which converges!

Because the A; are disjoint, the Q4 are independent, and therefore,

<x,y>=JQA(2 V-1 n (05 ) (391 0a(3/51) ) o

j=1
(39)



A Parseval-like formula

Define

Ms

Sa(x) = Y (0) 1 Qa(xV/FT),  xeBg(A), (40)

—.
I

and let ®4(x) = Pa(u) +idby(v), for X =u+iv, u,ve BED%(A).

Theorem 4
The map
¢A . Bgz(A) — LOO(QA,]P)A)

is a uniformly bounded injection that is (/> — L?)-continuous, as well
as (weak-(?> — weak*-L*)-continuous. Moreover,

[PaX)]le < K, X € Bpay, (41)

where K > 1 is a universal constant independent of A, and

X,y) = o PaX)PA(Y)APa, X, Y€ Bpay. (42)
A



A word of caution

The map &4 (or any other map with the same properties) does not
commute with complex conjugation. In particular,

{CDA(X) X E Bg]}%(A)}
must contain elements with non-zero imaginary parts.

Indeed, by [Kashin and Szarek, 2003], for every N > 0 there exist

vectors Vi,...,Vn € Bpay, suchthatif fi,... fy € L*(Q24,P4), and
v = | T dBa 1<j<k<N, (43)
Qp
then 1
|fi|e = K(logN)3, j=1,...,N, (44)

where K > 0 is a universal constant.



Constants?
Let
[®alloo,L = sUp {|Pa(X)] 1= : X € Br(a)},
where ®4 is the injection in Theorem 4, and let
. 2
Kac = sup inf (|®4],0),
A ®a

where infimum is taken over all continuous injections
®a: Beay — L7(Q, 1)

that satisfy Theorem 4, with (Q, 1) in place of (Q4,Pa).
Then,
Kg (= the Grothendieck constant) < Kge.

Question.
ICG < Kgc?



Thank you.



