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Gene expression regulation
 Transcription is regulated mainly by transcription 

factors (TFs) - proteins that bind to DNA 

subsequences, called binding sites (BSs).

 TFBSs are located mainly in the gene’s promoter –

the DNA sequence upstream the gene’s 

transcription start site.
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TFBS models
The BSs of a particular TF share a common pattern, or 

motif, which is often modeled using:

 Consensus string

GGAATT

with up to d mismatches

 Degenerate string

GGWATB (W={A,T}, B={C,G,T})

d=1

ATCGGAATTCTGCAG

GGCAATTCGGGAATG

AGGTATTCTCAGATTA

ATCGGAATTCTGCAG

GGCAATTCGGGAATG

AGGTATTCTCAGATTA



TFBS models
 PWM = Position weight matrix

 K-mer model

 other variants:

DNA shape features

di-nucleotides

654321

00.20.700.80.1A

0.60.40.10.50.10C

0.10.40.10.500G

0.300.100.10.9T

Cutoff = 0.009

AGCTACACCCATTTAT   0.06

AGTAGAGCCTTCGTG    0.06

CGATTCTACAATATGA    0.01



Motif profile

a G g t a c T t
C c A t a c g t

Alignment a c g t T A g t
a c g t C c A t
C c g t a c g G

_________________

A 3 0 1 0 3 1 1 0
Profile C 2 4 0 0 1 4 0 0

G 0 1 4 0 0 0 3 1
T 0 0 0 5 1 0 1 4

_________________

Consensus    A C G T A C G T

 Line up the patterns by 
their start indexes 

s = (s1, s2, …, st)

 Construct matrix profile 
with frequencies of each 
nucleotide in columns
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• Given the binding sites, the motif profile is easily 

constructed.
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Motif discovery: Goals and challenges

 Goal: Given a set of co-regulated genes, find 
a recurrent motif in their promoter regions.

 Challenges:

 BSs are short and degenerate (non-specific)

 Promoters are long + complex (hard to model)

 Search space is huge (motif and sequence)

 Data is noisy



An example: Implanting Motif 
AAAAAAAGGGGGGG

atgaccgggatactgatAAAAAAAAGGGGGGGggcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaataAAAAAAAAGGGGGGGa

tgagtatccctgggatgacttAAAAAAAAGGGGGGGtgctctcccgatttttgaatatgtaggatcattcgccagggtccga

gctgagaattggatgAAAAAAAAGGGGGGGtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatAAAAAAAAGGGGGGGcttatag

gtcaatcatgttcttgtgaatggatttAAAAAAAAGGGGGGGgaccgcttggcgcacccaaattcagtgtgggcgagcgcaa

cggttttggcccttgttagaggcccccgtAAAAAAAAGGGGGGGcaattatgagagagctaatctatcgcgtgcgtgttcat

aacttgagttAAAAAAAAGGGGGGGctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatAAAAAAAAGGGGGGGaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttAAAAAAAAGGGGGGGa
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Where is the Implanted Motif? (*) 

atgaccgggatactgataaaaaaaagggggggggcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaataaaaaaaaaggggggga

tgagtatccctgggatgacttaaaaaaaagggggggtgctctcccgatttttgaatatgtaggatcattcgccagggtccga

gctgagaattggatgaaaaaaaagggggggtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaataaaaaaaagggggggcttatag

gtcaatcatgttcttgtgaatggatttaaaaaaaaggggggggaccgcttggcgcacccaaattcagtgtgggcgagcgcaa

cggttttggcccttgttagaggcccccgtaaaaaaaagggggggcaattatgagagagctaatctatcgcgtgcgtgttcat

aacttgagttaaaaaaaagggggggctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcataaaaaaaagggggggaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttaaaaaaaaggggggga

11



Implanting Motif AAAAAAGGGGGGG 

with Four Mutations

atgaccgggatactgatAgAAgAAAGGttGGGggcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaatacAAtAAAAcGGcGGGa

tgagtatccctgggatgacttAAAAtAAtGGaGtGGtgctctcccgatttttgaatatgtaggatcattcgccagggtccga

gctgagaattggatgcAAAAAAAGGGattGtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatAtAAtAAAGGaaGGGcttatag

gtcaatcatgttcttgtgaatggatttAAcAAtAAGGGctGGgaccgcttggcgcacccaaattcagtgtgggcgagcgcaa

cggttttggcccttgttagaggcccccgtAtAAAcAAGGaGGGccaattatgagagagctaatctatcgcgtgcgtgttcat

aacttgagttAAAAAAtAGGGaGccctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatActAAAAAGGaGcGGaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttActAAAAAGGaGcGGa
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Where is the Motif???

atgaccgggatactgatagaagaaaggttgggggcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaatacaataaaacggcggga

tgagtatccctgggatgacttaaaataatggagtggtgctctcccgatttttgaatatgtaggatcattcgccagggtccga

gctgagaattggatgcaaaaaaagggattgtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatataataaaggaagggcttatag

gtcaatcatgttcttgtgaatggatttaacaataagggctgggaccgcttggcgcacccaaattcagtgtgggcgagcgcaa

cggttttggcccttgttagaggcccccgtataaacaaggagggccaattatgagagagctaatctatcgcgtgcgtgttcat

aacttgagttaaaaaatagggagccctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatactaaaaaggagcggaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttactaaaaaggagcgga
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MEME
Multiple EM for Motif Elicitation 

[Bailey, Elkan ISMB ’94]

Goal: Given a set of sequences, find a motif 

(PWM) that maximizes the expected likelihood 

of the data

Technique: EM (Expectation Maximization)

(based on [Lawrence, Reilly ’90])

14



 Input: incomplete data originating from a 

probability distribution with some unknown 

parameters

 Want to find the parameter values that 

maximize the likelihood

 EM – approach that helps when maximum 

likelihood solution cannot be directly computed.

 Seeks a local maximum by iteratively solving 

two easier subproblems

EM reminder: the goal

15



EM-reminder: the setting

Input: data X coming from a probabilistic model 

with hidden information y

Goal: Learn the model’s parameters  so that the 

likelihood is maximized.



EM-reminder: the algorithm

Main component:

log P(x,y|θ)  is called the complete log likelihood function

 Q is the expectation of the complete log likelihood over the 

distribution of y given the current parameters θt

The algorithm:

repeat

• E-step:  Calculate the Q function

• M-step: Maximize Q(θ|θt) with respect to θ

• Stopping criterion: improvement in log likelihood ≤ ε

( | ) ( | , ) log ( , | )t t

y

Q P y x P x y    

Note: local optimum guaranteed to be reached, not global. 

Starting point matters! Try many..



MEME: The Mixture Model

Data: X = (X1,…,Xn) : 

all (overlapping) l-mers in the input sequences

Assume Xi’s were generated by a two-component 
mixture model - θ = (θ1 , θ2 ) :

Model #1: θ1 = motif model:

fi,b = prob. of base b at pos i in motif,  1 ≤ i ≤ l

Model #2: θ2 = background (BG) model:

f0,b = prob. of base b

Mixing parameter:  λ = (λ1 , λ2 )

λj = prob. that model #j is used  (λ1+λ2=1)

Assume independence between l-mers
18



Log Likelihood
Missing data: Z = (Z1,…,Zn) : 

Zi = (Zi1, Zi2); Zij = 1 if Xi from model #j ; 0 o/w

Complete Likelihood of model given data:

L (θ, λ | X, Z) = p (X, Z | θ, λ)

= Πi=1…n p (Xi, Zi | θ, λ)

p (Xi, Zi | θ, λ) = p (Xi | Zi ,θ, λ) p (Zi | θ, λ ) =

= λ1 p(Xi|θ1) if Zi1=1; λ2 p(Xi|θ2) if Zi2=1

 log L = Σi=1…n Σj=1,2 Zij log (λj p(Xi|θj))
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MEME: Algorithm

Goal: Maximize E[log L]

Outline of EM algorithm:

 Choose starting θ0, λ0

 Repeat until convergence of θ:

 E-step: Re-estimate Z from θt, λt, X

 M-step: Re-estimate θt+1, λt+1 from X, Z

 Repeat all of the above for various θ, λ …

20



E-step

Compute expectation of log L over Z:

EZ[log L] = Σi=1…n Σj=1,2 Z’ij log (λj p(Xi|θj)) 

where:

Z’ij = p(Zij=1| θt,λt,Xi) = 

= p(Zij=1, Xi| θt,λt) / p(Xi| θt,λt) =

= p(Zij=1, Xi| θt,λt) / Σk=1,2 p(Zik=1, Xi| θt,λt) =

= λt
j p(Xi|θ

t
j) / Σk=1,2 λ

t
k p(Xi|θ

t
k)
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M-step

Find θ,λ that maximize E[log L]=Q(,| t ,t):

E[log L] = Σi=1…n Σj=1,2 Z’ij log (λj p(Xi|θj)) 

Finding λ:

Suffices to maximize L1= Σi=1…n Σj=1,2 Z’ij log λj

λ1+λ2=1  L1= Σi=1…n (Z’i1 log λ1 + Z’i2 log (1-λ1))

dL1/dλ1 = Σi=1…n (Z’i1 / λ1 – Z’i2 / (1-λ1))

22



MEME: Algorithm

M-step (cont.):

dL1/dλ1 = Σi=1…n (Z’i1 / λ1 – Z’i2 / (1-λ1)) = 0

 λ1 Σi=1…n Z’i2 = (1-λ1) Σi=1…n Z’i1

 λ1 ( Σi=1…n (Z’i1+Z’i2) ) = Σi=1…n Z’i1

 λ1 = ( Σi=1…n Z’i1 ) / n

λ2 = 1- λ1 = ( Σi=1…n Z’i2 ) / n

Finding θ: θjk = C jk / Σkє{A,C,G,T}C jk

Cjk = Σi=1…n Z’i1 I(k, Xij)
23

Expected #times that letter k

is produced at column j



Multiple passes
 To find multiple motifs: After finding one, erase 

(mask) its positions from all sequences and 

rerun the alg.

 By doing several passes, a drop in the log 

likelihood score may indicate which are true 

motifs

24
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Part II:

Discovering motifs

in high-throughput

in vitro data

http://the_brain.bwh.harvard.edu/pbm.html



Protein binding microarrays

(Berger et al., NBT 2006)



The data

(UniPROBE database, Robasky and Bulyk, NAR 11)

• Around 41,000 probes, each 36bp-long.

• Plus, corresponding binding intensities.
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Computational challenge

experiment

AGCTCGAGTAG 208

GTTGATGCATT 134

GCTAGCCAGGA 10

CGGCTAGCGCC 45

GCATCGCTGCG 65

CGATCGCTCGA 544

AGCTCGAGGCG 414

GTTGATGCAGC 13

GCTAGCCAGGC 51

CGGCTAGCGAG 62

GCATCGCTGTT 102

CGATCGCTCGA 54

Computational 
analysis

AGCTCGAGTAG 208

GTTGATGCATT 134

GCTAGCCAGGA 10

CGGCTAGCGCC 45

GCATCGCTGCG 65

CGATCGCTCGA 544

AGCTCGAGGCG 414

GTTGATGCAGC 13

GCTAGCCAGGC 51

CGGCTAGCGAG 62

GCATCGCTGTT 102

CGATCGCTCGA 54

54321

0000.80.1A

0.10.50.90.10.9C

00.40.100G

0.90.100.10T

(Berger et al., NBT 2006)



31(Orenstein, Mick and Shamir, JCB 2013)

RAP algorithm

Input: a list of sequences and scores.

Output: a binding model.

AGCTCGAGTAG 10

GTTGATGCATT 5

GCTAGCCAGGA 20

CGGCTAGCGCC 25

GCATCGCTGCG 35

CGATCGCTCGA 50

AGCTCGAGGCG 70

GTTGATGCAGC 30

GCTAGCCAGGC 45

CGGCTAGCGAG 60

GCATCGCTGTT 100

CGATCGCTCGA 40

K-mer 

analysis

AGCTCGAGTAG 10

GTTGATGCATT 5

GCTAGCCAGGA 20

CGGCTAGCGCC 25

GCATCGCTGCG 35

CGATCGCTCGA 50

AGCTCGAGGCG 70

GTTGATGCAGC 30

GCTAGCCAGGC 45

CGGCTAGCGAG 60

GCATCGCTGTT 100

CGATCGCTCGA 40

AGCTCGAGTAG 10

GTTGATGCATT 5

GCTAGCCAGGA 20

CGGCTAGCGCC 25

GCATCGCTGCG 35

CGATCGCTCGA 50

AGCTCGAGGCG 70

GTTGATGCAGC 30

GCTAGCCAGGC 45

CGGCTAGCGAG 60

GCATCGCTGTT 100

CGATCGCTCGA 40

TCGA 42.5

GCTC 42.5

CCAG 32.5

AGCT 40

…

AGCTCGAGTAG 10

GTTGATGCATT 5

GCTAGCCAGGA 20

CGGCTAGCGCC 25

GCATCGCTGCG 35

CGATCGCTCGA 50

AGCTCGAGGCG 70

GTTGATGCAGC 30

GCTAGCCAGGC 45

CGGCTAGCGAG 60

GCATCGCTGTT 100

CGATCGCTCGA 40

AGCTCGAGTAG 10

GTTGATGCATT 5

GCTAGCCAGGA 20

CGGCTAGCGCC 25

GCATCGCTGCG 35

CGATCGCTCGA 50

AGCTCGAGGCG 70

GTTGATGCAGC 30

GCTAGCCAGGC 45

CGGCTAGCGAG 60

GCATCGCTGTT 100

CGATCGCTCGA 40

Ranked 4-mer list



PWM

W
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BEEML-PBM
(Binding Energy Estimation by Maximum Likelihood for PBMs)

 Follows a biomechanical model of TF binding to 

sequence Si:

 Kon and Koff = on- and off-rates.

(Zhao and Stormo, NBT 2011)



BEEML-PBM model

 Probability of binding in equilibrium is:

 Ei = free energy difference between Si and Sref.



BEEML-PBM model

 Energy contribution by PWM model ε:

 l = motif length.

 Si(k) = letter k of Si

 ε(b, k) = energy contribution of b in position k.



BEEML-PBM model

 Binding probability to double-stranded Si :

 Si’ = reverse complement of Si.

 Binding probability to sequence T:

 Ti:i+l-1 = subseq of T of length l starting at i.

𝐵 𝑇 =  
𝑖=1

𝑇 −𝑙+1

𝐹(𝑇𝑖:𝑖+𝑙−1)



BEEML-PBM model parameters

 ε = PWM, 𝜇 =
𝐾𝑑 𝑆𝑟𝑒𝑓

[𝑇𝐹]

 Objective function:

 Yi =observed binding intensity.

 Ti = sequence of probe i.

 Minimization by Levenberg-Marquardt algorithm.



Results
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The next step:

High-throughput SELEX

39
(Jolma et al., Genome Research 10)

cycles 0-3



What happens through the cycles…



Comparison of HT-SELEX to PBM
(Orenstein and Shamir 2014)



SELEX-seq
)Riley et al. 2014)

 Find k by KL-divergence score:

 S100(K): count ≥ 100



SELEX-seq

 Scoring k-mers:

𝑠𝑐𝑜𝑟𝑒𝑖 𝑤 =
𝑖
𝑓𝑟𝑒𝑞𝑖(𝑤)/𝑓𝑟𝑒𝑞0(𝑤)

 Estimated frequency of cycle 

0 by 5-th order Markov model.



Open challenges

 HT-SELEX

 Choice of cycle.

 Utilization of several cycles together.

 Technological biases.

 In vivo binding prediction:

 Improve prediction using in vitro models.



Summary

 PWM model for protein-DNA binding.

 MEME: find motifs in genomic sequences.

 RAP, BEEML-PBM: infer motifs from PBM data.

 New computational challenges with HT-SELEX.





Bi-directed de Bruijn graphs

for assembly and design

47

(Kundeti et al., BMC Bioinformatics 2010)



De Bruijn sequence of order k

 A cyclic sequence s.t. every possible k-mer

appears in it exactly once. 

 The most compact sequence to cover all k-

mers.

 Length: |∑|k

 DNA alphabet = {A, C, G, T}

 dB sequence of order k=2:

ACGTAGAATTGGCCTC

48



De Bruijn graph of order k

 Vertex = k-mer (x1,…,xk)     |V|=|∑|k

 Directed edge for overlap of (k-1):

(x1,x2,…,xk)  (x2,…,xk,xk+1)       |E|=|∑|k+1

 v d+(v)=d-(v)=|∑|

49

A C

GT

AC

CA

TA

A
T

AA

The graph is strongly connected 

and each vertex is balanced

 Euler tour in a de Bruijn graph   to 

generate de Bruijn sequence. TG

GT

G
C

C
G

CC

GG

TT

outdegree indegree



Assembly by de Bruijn graph

 Construct de Bruijn graph according to k-mer

reads.

 [Edge weights by read scores.]

 Find an Euler tour in the graph.

 Is it always possible?

50



Chinese Postman Problem

 Find the shortest path that traverses each edge 

at least once.

 Solved by minimum-cost flow:

 V- = {v | d-(v) > d+(v)}, V+ = {…}

 c(s,v) = d-(v) - d+(v), c(v,t) = d+(v) - d-(v), c(u,v) = 

 a(u,v) = w(u,v), a(s,v) = a(v,t) = 0

 Add f(u,v) copies of edge (u,v).

51

∞



Running time of CPP

 Successive shortest path:

 Continue till no augmenting path exists:

 Send flow through the cheapest path.

 Update residual network (negative costs).

 #iterations ≤ maxF = ½ ∑v |d+(v)-d-(v)|

 Finding cheapest augmenting path:

 Bellman-Ford: O(|V||E|)

 Dijkstra (Johnson’s): O(|V|log|V|)

 Integral and bounded costs: O(|V|+|E|)

52



Room for improvement

 Reverse Complementary of double-stranded DNA:

A  T C  G

 In a double stranded sequence, when a k-mer is 

present, so is its RC.

Goal: find the shortest sequence 

to cover all the k-mers.
53



Outline

 Bi-directed de Bruijn graphs.

 Solution to assembly: LP and bipartite.

 Solution to design: RCdB.

 Summary and open problems.

54



Bi-directed graphs

 Each edge endpoint has an orientation.

 Incidence matrix: VxE -> {-2,-1,0,1,2}

 d-(v)=-∑{eєE | I(v,e)<0} I(v,e), d+(v)=+∑ …

 bal(v) = d+(v)–d-(v) = ∑e I(v,e)

55

(Medvedev and Brudno, JCB 2009)

A is negative-

incident to X

B is positive-

incident to X



Walks in bi-directed graphs

 v1, e1, …, vk-1, ek-1, vk

 ei incident to xi and xi+1

 ei-1 and ei have opposite orientation at xi

 W, A, X, B, Y, C, Y, B, X, D, Z.

 W, A, X, D, Z.

56



Bi-directed de Bruijn graphs

57

Bi-directed overlap:

• e pos to x, neg to y,              

p(x) overlaps p(y)

• e pos to x, pos to y,                       

p(x) overlaps n(y)

• e neg to x, neg to y,              

n(x) overlaps p(y)

• e neg to x, pos to y,                       

n(x) overlaps n(y)



Linear Programming to solve 

Chinese postman problem

58

Find f: E -> N (#copies to add of each edge) 



Solving the LP

 LP solutions to binet matrices are half-integral 

(Appa and Kotnyek, 2006).

 A reduction to undirected graphs (totally 

unimodular matrices) has integral solutions 

(Hochbaum, 2004).

 The solution is a 2-approximation.

59



Shortest path in bidirected

 Modified Dijkstra:

 updates neighbors consistent with a walk.

 O((|V|+|E|) log |V|)

 Shortest paths between unbalanced:

 V- = {v | d-(v) > d+(v)}, V+ = {…}

 Run P = min{|V+|,|V-|} times.

 Now, how can we solve assembly problem?

60
(Kundeti, Rahasekaran and Dinh, Discrete Math. Algorithm. Appl. 2012)



Solution by bipartite matching

 Construct bipartite graph:

 U- = UvєV- {v(1),…,v(d-(v) > d+(v))), U+ = {…}

 w(u(i),v(j)) = shortest_path(u,v)

 For each edge in the matching:

 Add edges of the shortest path.

 Find Euler tour in original graph.

61



Running time

 Modified Dijkstra:

 O((|V|+|E|) log |V|)

 Run P = min {|V+|,|V-|} times.

 Bipartite matching:

 Hungarian method

 O(|V|3)=O((Σv|d+(v)-d-(v)|) 3)
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Reverse complement 

de Bruijn sequence
 For odd k, the graph is balanced.

 For even k, the graph is unbalanced.

63
(Orenstein and Shamir, 

Bioinformatics 2013)

AG+

CT-
CAG / CTG

ACG+

CGT-

ACGT

CACG / CGTG

e pos to x, pos to y,                       

p(x) overlaps n(y)



Solutions

 Can be solved by linear programming.

 Or by maximum weighted matching:

 Shortest paths = label overlaps.

 #vertices = 4k/2

 Run time = O(43k/2)

 Integer weights => improved run-time.

64



Computational results

1412108642K

268,435,45616,777,2161,048,57665,5364,09625616De Bruijn

134,274,8448,400,772526,81633,2622,14014210Optimal

134,225,9208,390,656524,80032,8962,08013610Lower 

bound

1.9991.9971.991.971.911.81.6Saving

factor

65

Reverse complement de Bruijn sequence



Open questions

1. A sequence with improved coverage of gapped k-

mers.

2. What is the number of                            optimal 

sequences?

3. Probe design that minimizes the number of 

probes.

4. Linear time algorithm.

5. Closed formula for length. 66
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