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Introduction and Overview of Results

Problem Definition

» W(-|-)—DMC.
» C' = I(W) — symmetric capacity.
» Goal: Communicate at rate R with error probability P. < PY.

» Capacity achieving family of codes: For any R < C, can find code
with rate R and blocklength N, such that P, < PY.

» How does N scale with respectto C' — R?

» Without complexity considerations: N = 3/(C — R)? (best
possible and is achievable).

» What about finite length scaling of computationally efficient
capacity achieving codes?
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Introduction and Overview of Results

Blocklength Scaling of Binary Polar Codes

» Polar codes [Arikan, 2009] are capacity achieving.
» Computational complexity is O(NV log N).

» Blocklength scales polynomially: N = ﬁ
[Guruswami and Xia, 2013], [Hassani et al., 2014]. How small can
we set ;?
» 3.55 < p < 6 [Hassani et al., 2014].
» u < 5.7 [Goldin and Burshtein, 2014].
» 1 < 4.7 [Mondelli et al., 2015].
» Similar scaling of NV in lossy source coding, w.r.t. R(D) — R
[Goldin and Burshtein, 2014] and various problems in multiuser
information theory.
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Introduction and Overview of Results

How can we generalize / improve results?

» General polarization kernels, or nonbinary polar codes.

» Recent result for g-ary polar codes when g is prime: N scales
polynomially with respect to 15: N = (C_LR)#
[Guruswami and Velingker, 2014].

» However, in the proof, i is very large. Can we do better?

» We show that for ¢ = 3 much lower values of i can be obtained
[Goldin and Burshtein, 2015].

» The technique can be applied to other values of prime g.
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Fundamentals of Polar Codes

Polarization

Proposed in [Arikan, 2009]
» Blocklength N = 2"
» Generator matrix G, size N x N
» Message vector u = v, x = 2z = uGy
» B-DMC channel W : X — Y, X ={0,1}
» Channel output y = 31V
» Probability distribution: P(u,x,y) = 2N]l{X uGn} HZ Wy | i)

» Fori=1,2,..., N, define the N sub-channels

W (vui™ ) 2 Ply,ui™ i) = g5 1zpy\u

» Polarization: Typically, either I(W](\f)) ~1lor I(WJ(Vi)) ~
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Fundamentals of Polar Codes

Polar codes, Encoding

» Coderate R < I(W).

> Let Z(W) = ey VW TOW(y [1).
» The frozen set F is the set of N(1 — R) sub-channels with highest
Z(W(i))
N -

Algorithm (Encoding)

» If : € F, fix to frozen up.
» If ¢ € F¢ use it for information.
» Transmit x = uGy.
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Fundamentals of Polar Codes

Polar codes, Decoding

Algorithm (Decoding)

Fori=1,2,...,N:
1. fie F, 4; = u;

2. Ifi € F°¢ U; = 0 if Lg\zf) > 1 where L(Z) — N)(y,ui_l | u;=0)
’ 1 L) <1 N T W (ya )

» For R < I(W), error probability, P., satisfies
[Arikan and Telatar, 2009]:

Pe:O(Q‘Nﬁ) , forany 3 <1/2

» Encoding and decoding complexity O (N log N).
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Fundamentals of Polar Codes

Analysis of Polarization
Sub-channels can be described using the following random process
» By,By... ii.dPr{B, =0} =Pr{B, =1} =1/2

_ [ Wy, ifBpy1 =0
> Wo=W, Wi _{ W+ if By = L.
= (W.W)(ylay2| W2EX, W |uda) W (ys | 2)
(W e W)(y1,ye, x| u) é% (i lr@u) W (y2 |u)
(y17 Y2, ’ u)

» W™ (y1, 92 |u) =
> W+(y1,y2,x|u)

W= (y1,y2 | u)
u u
1.
3 " Hubz Br.=0}
5 L ou=a)
)
T

T

W(yi|z1) W(y2|u)

W (yr [z1) W (y2|x2)
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Fundamentals of Polar Codes

Analysis of Polarization (CONT’D)

. N @ N
» W, uniformly distributed over {WN };1.
» Hence, for Z,, = Z(W,,), I,, = [(W,,),

P[Zy € (a,b)] = Hz : Z(W}jﬁ)) € (a,b)}‘/N
{i : I(W}V”) € (a,b)}‘/N

» It was shown [Arikan, 2009], for any fixed small § > 0,
> lim, o Pr(Z, < 8) =1(W)
> lim, oo Pr(Z, >1-0)=1—-I(W)
> lim, oo Pr(l, <) =1-—1(W)
(

P [In € (a’ b)] =

> lim, oo Pr (I, > 1—4)=I1(W)
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Finite Blocklength Scaling of Binary Polar Codes

How can finite length scaling be derived?
Following [Hassani et al., 2014] and the variations in
[Goldin and Burshtein, 2014]:

» |t is known that
Z(WH) = Z*(W)
ZW)N2—Z2(W) < Z(W™) < 2Z(W) — Z*(W)

» For some fy(z) >0, z € (0,1), fo(0) = fo(1) = 0, define fr(z)
recursively:

2
fr(2) = sup o1 (Z );L Jr1(y)
yE[zx/27z2,z(27z)]

> Also define Ly (2) = fi(2)/ fo(2), Lk = sup.e(.1y Li(2).
> It can be shown that E[fo(Z,)] < A - (¥/Ly)" - fo [Z(W)] for
constant A.
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Finite Blocklength Scaling of Binary Polar Codes

How can finite length scaling be shown? (CONT’D)

» Using appropriately chosen fy(z) it can now be shown:

A n A
_ < — k <_7pn
P(Z, € (4,1 5))_5( Lk) _52

for constant A and p = 0.2127.
» Proceed by showing, given my, for constant A, that

PlweQ : Zn(w)¢(5,1—5)Vn2m0)21—?27pm0
A__
PlweQ: Z,(w)<d Vnzmo)EI(W)—EQ pmo
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Finite Blocklength Scaling of Binary Polar Codes

How can finite length scaling be shown? (CONT’D)

» Following [Arikan, 2009] it can now be shown that for

R<I(W) - <1+?> Lgmom

we have
P.=0(N%

where a > 0fora =1/(1+1/p) = 5.7027L,
» This proves the following scaling result:

Theorem
For P, < P, sufficient to set N = 3/ (I(W) — R)>"™.
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Generalizing to g-ary polarization

Outline of analysis of ¢-ary polarization

» Instead of Z(W,,) use I(W,,).
» Given g-ary input channel W, W= =W @Wand W+ =W & W
obtain a bound
IW) = I(W7) =z e [I(W)]
for some ¢, [I(W)].
» Forsome fo(z) > 0,z € (0,1), fo(0) = fo(1) = 0, define fi(z), for
k=1,2,..., recursively
fe—1(@ +6) + fr—1(x —¢)

fe(@) = sup 5
€(z)<e<ep ()

for e () = min(z,1 — z).
» The rest of the analysis is very similar to the binary case.
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Generalizing to g-ary polarization

Outline of analysis of ¢-ary polarization (CONT’ D)

» In particular Ly, (z) = fu(z)/fo(z), L = SUPge(0,1) Lk ().
» Hence

E[fx(Int1)]

_E [fk(fﬁr) ;r fk(fn)]

SE[ . fk<fn+e>+fk<fne>]
ei(@)<e<en (@) 2

< E [fk+1(In)]

> Hence E [fo(1n)] < E[fe(ln—k)] < LkE [fo(In—t)]-
» Hence E[fo(I,)] < A- (¥/Lx)" - fo [I(W)] for constant A.
» Rest is almost identical to the binary case when using Z,,.
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Generalizing to g-ary polarization

The main difficulty

» In the binary case ¢ = 2, a tight bound ¢; [I(W)] such that
I(W)—=I(W~™) > ¢ [I(W)] is well known, e.g.
[Richardson and Urbanke, 2008].

» This is not the case for g > 2.

» We show how good bounds can be obtained numerically.
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Generalizing to g-ary polarization

Our approach to obtain ¢;(x)

» Following notation in [Karzand and Telatar, 2010], given g-ary
channel W (y|x)

q—1

W(y) = (1) W (y|z)
=0
v(y) = [vo(y),v1(y), ..., vg-1(y)]"
AWle) &
e T =
> Then: I(W) = 3, W(y) [1 — H [v(y)]] = ¢ W(G) - G where

A

W(G) = Xy wiviy=1-¢ W)
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Generalizing to g-ary polarization

Our approach to obtain ¢;(z) (CONT’D)

» Given two channels, W, and W, let Wug, = W, B W), i.e.

A

»QI»—\

Wab (yl, Y2 | u

q—
Z (v2 | ) Wa (v | u+ )

» Hence Wab (y17 y2) = Wa (yl) Wb (y2) and
[Karzand and Telatar, 2010]

Vamb (Y1,Y2) = Vi (y2) * va (Y1)

where % denotes ¢-circular cross-correlation.
» Also define

21— i H a
g(G1,G2) L (Ve (y2) *x va (y1)]
H[vy(y2)]=1-G2
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Generalizing to g-ary polarization

Our approach to obtain ¢;(z) (CONT’D)

I (Wagp) = > Wams (1,42) {1 = H [Vams (1, 12)]}

Y1,y2

<> > Wa (y1) Wi (y2) 9 (G1, Ga)

G1,G2 y1:H[va(y1)]=1-G1
y2:H[vy(y2)]=1-G2

= > Wa(G1) Wy (G2) g (G, Ga)
G1,G2

If g (G1,G2) concave (separately!) in Gy, G5 (otherwise replace by
concave upper bound)

I (Wagp) < g | Y Wal(G1)Gr, Yy Wa(Go)Ga| =gl (Wa), I (Wy)]
G1 G2
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Generalizing to g-ary polarization

Our approach to obtain ¢;(z) (CONT’D)

» Inourcase W~ =W ®W.Hence I (W™) < g[I(W),I(W)].
Hence I(W) — I(W=) > I(W) — g[I(W),I(W)] £ ¢ [I(W)].
Recall

v

v

g(G1,G2) 21— Hiva )] H[Vb (y2) * Va4 (y1)]
Val(Y1
Hlvy(y2)]=
At lease for ¢ = 3, a QSC channel provides an excellent
approximation to the solution!

A QSC with error prob. p:

v

v

_J1-p Yy=2x
W(y|x)_{p/(q1) y#£.
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Generalizing to g-ary polarization

Properties of ¢(G1, Gs)

G1,Gy) 21—
9(61,G2) HIva(y )}
Hive(2) =

o T Vo () va ()]

Lemma

If W, and W, are QSC, then W&, is QSC, and
I (Wab) = 9Qsc [I (Wa) v (Wb)]

Lemma

Using QSC channels W, and W, yields extreme point in Lagrangian of
definition of g(G1, G2), VG1, Gy > 0.
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Generalizing to g-ary polarization

Properties of ¢(G1,G5) (CONT’D)

Lemma

—1- i H .
9(G1,Ga) Hon (o H Vo (y2) xva (41)]

Hlvy(y2)]21-G2

Lemma
Define f (u) = mingy)>1_g H (uxv). Then, f (u) is concave.

9(G1, G2) can be computed efficiently using algorithms for concave
minimization over convex region.
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Generalizing to g-ary polarization

Properties of ¢(G1,G5) (CONT’D)

Lemma

9(G1,G2) = g(G2,Gh)

g (z1,91) < g(22,92) forzy < z9 andy; < yo.
g(1,G2) = Gy

g9 (G1,G2) < min (Gq,G2).

lim,,_,; 28&:52) _ g

S e =

Lemma
For sufficiently small G,,Gy and g = 3, g (G1,G2) =In3 - G1Ga.

Lemma
For Gy, G sufficiently close to 1, and g = 3, g(G1,G2) = G1 + G2 — 1
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Generalizing to g-ary polarization

Numerical Results
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Generalizing to g-ary polarization

Numerical Results (CONT’D)
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Generalizing to g-ary polarization

A concave upper bound on ¢(G1, G9)
» For a given Gy, concave hull of g(G1, G2) is obtained by passing a
tangent line:

Gi
— G
e g(z,G2)

» In order to obtain upper bound on ¢(G1, G2), concave in G; and
G, (separately):

Gq1G
g (G1,G) = max 2 (0, w0)

z1€[G1,1],22€[G2,1] T172

» We can also obtain closed form concave upper bound on
9(G1, G9) given by

gzgsC(Gh G2) + 0.0104[G1 (1 — G2) + Ga(1 — Gy)]

However this solution produces a slightly worse bound on the
scaling.
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Generalizing to g-ary polarization
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Generalizing to g-ary polarization

Lower bound on / (W) — [ (W)

0.25

Q=2
~ — —g=3QSC
g3

0.2

0.15

0.05

Using this bound (with ¢*(G1, G2)), can be shown that scaling of IV is

N — W (or better), g = B(PY).
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Generalizing to g-ary polarization

Conclusion

» The blocklength of polar codes scales polynomially with respect to
the inverse gap between code rate and capacity.

» For binary and ternary polar codes this polynomial has low
degree.

» The numerical technique presented may also work for other
nonbinary polar codes.

» May be interesting to examine the dependence of the scaling
parameter in the bound w.r.t. the alphabet size (¢). Does it
decrease w.r.t. ¢?
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Generalizing to g-ary polarization
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