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The spatial model

e We consider a population of fixed size N distributed in K = KN
locations xq,...,xx in S =[0,1]. Let 1N, k=1,..., KN be a
partition of [0, 1] such that xY € IV and [IV| = (KV)™1, 1 < k < K.
Individuals do not move between the locations. There are B,’(V

individuals at location xi, BYY 4 --- + B,’}IN =N.
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Individuals do not move between the locations. There are B,’(V
individuals at location xi, BYY 4 --- + B}’}’N =N.

@ In each location, individuals are categorized into three groups : S, /
and R. We denote the numbers of indiv. in those compartments at
time t and location xx as S)V(t), IV(t) and RY(t). For all t >0,
SN(t)+ IN(t) + RN(t) = BY.

Etienne Pardoux (12M, AMU) Simons Institute October 24, 2022 2/14



The spatial model

e We consider a population of fixed size N distributed in K = KN
locations xq,...,xx in S =[0,1]. Let 1N, k=1,..., KN be a
partition of [0, 1] such that xY € IV and [IV| = (KV)™1, 1 < k < K.
Individuals do not move between the locations. There are B,’(V
individuals at location xi, BYY 4 --- + B}’}’N =N.

@ In each location, individuals are categorized into three groups : S, /
and R. We denote the numbers of indiv. in those compartments at
time t and location xx as S)V(t), IV(t) and RY(t). For all t >0,
SN(t)+ IN(t) + RN(t) = BY.

@ We define the piecewise constant functions of x :

K K
SM(ex) =Y S (D)L (x), 1" = () L(x

k=1

x
X
—

RM(tx) = 3 RN(8)1Lp(x)
k=1
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Varying infectivity

@ In each location x, there are two types of individuals : those who are
infected at time t = 0, there are /)Y(0) of those, who have been
infected at times Tivjk <0,1<j< l,iV(O), and those who are
susceptible at time t=0, and may get infected (i.e. jump from S to

l) at times 7'1’\7’,( <T£’k < el
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Varying infectivity

@ In each location x, there are two types of individuals : those who are
infected at time t = 0, there are IN(O) of those, who have been
infected at times 7V k<0 1</< 1Y (0), and those who are
susceptible at time t =0, and may get infected (i.e. jump from S to
l) at times le < TZk <-

o Let {N\jk, j€ Z\{O} 1< k < K} be an i.i.d. collection of random
elements of D(R; R;), which satisfy A(t) =0 for t < 0. Let
nj.k = sup{t > 0, \j x(t) > 0}. At time 7'J-I,Vk + 1j k, the individual j
jumps from the / to the R compartment.
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Varying infectivity

@ In each location x, there are two types of individuals : those who are
infected at time t = 0, there are IN(O) of those, who have been
infected at times 7V k<0 1</< 1Y (0), and those who are
susceptible at time t =0, and may get infected (i.e. jump from S to
l) at times le < 7'2k <-

o Let {N\jk, j€ Z\{O} 1< k < K} be an i.i.d. collection of random
elements of D(R; R;), which satisfy A(t) =0 for t < 0. Let
nj.k = sup{t > 0, \j x(t) > 0}. At time 7'J-I,Vk + 1j k, the individual j
jumps from the / to the R compartment.

@ As a result, the total force of infection at time t and location xy is

1 (0) A (1)

SR = D Akt =750+ Y Nkt =750,
j=1 j=1

where AV(t) is the number of initially susceptible who have been
infected on the time interval [0, t]. We also define

FV(tx) = i 3N (D1p(x).
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The propagation of the epidemic

e {Py, 1 < k < K} denoting mutually independent standard Poisson
processes, we let

AV(E) = Py </t'T‘2I(s)ds> . where

SN
(1) = B’V K Z/Bk W (1)

k'=1
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The propagation of the epidemic

e {Py, 1 < k < K} denoting mutually independent standard Poisson
processes, we let

AV(E) = Py </t'T‘2I(s)ds> . where

SN
T (1) = B’V K Z/Bk W (1)

k'=1

@ Finally we define the number of infected indiv. at location x,x and
time t, who have have been infected for a duration less than a :

1M(0) AR (1)

Ji (¢, a):Z 1.u N - Jk>t1_TN (Sla—t)r T Z 1TJIYk+’7ka>t
=1 J=AY ((t—a)*)+1

Also 3V (¢, a,x) = D31 I (¢, a) 1w (x).
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The stochastic finite population model

o We have

SN(t,x) = SN(0,x) — AN(t, x),

IN(0,x) AN(t,x)
IN(t, x) = Z lNJk+n_Jk>t+ Z 1N+nk>t, if x € Iy
j=1 j=1
IN(0,x) AN (t,x)

N
RN(t,x) = R ox+21N+M<t+Z .
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The stochastic finite population model

o We have

SN(t,x) = SN(0,x) — AN(t, x),

IN(0,x) AN(t,x)
IN(t, x) = Z lNk+n_Jk>t+ Z 1N+nk>t, if x € Iy
Jj=1 Jj=1
IN(0,x) AN (t,x)

N N
R ( ) R O X Z 1 N +77 jk<t+ Z k+7]j,kSt'

o We let XNV(t,x) = 2{t=), where BN(x) = X1, BlV1;n(x).

o We wish to take the liit as N — oo in
(SN(t,x),3N(t, x), IN(t, x), RN(t,x)) and also in TV(t, a, x).
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. Bl
o KN = 00 as N — o0, |nka,’(V—>oo, and supp 4k gir < 00.
Ty k,
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B <

B )

@ We assume that the initial conditions converge towards appropriate
limits, namely for all @ > 0, as N — oo,

o KN — 0o as N — oo, infy B,’(V — 00, and supyp k x/

||§N(Ov ')_5(0’ ')Hl"‘”iN(O’ a, -)—5(0, a, ')Hl”_HRN(O’ ')_R(O’ )Hl —0
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. Bl
o KN = 00 as N — o0, |nka,’(V—>oo, and supp 4k gir < 00.
Ty k,

@ We assume that the initial conditions converge towards appropriate
limits, namely for all @ > 0, as N — oo,

||§N(Ov ')_5(0’ ')Hl"‘”iN(O’ a, -)—5(0, a, ')Hl”_HRN(O’ ')_R(O’ )Hl —0

® SUPp 4k’ ﬂ,’(\{k, < oo and BN(x,x") — B(x,x") in L}([0,1]?), where

K N
B,

IBN(X,XI) = Z BfI/(V/BII(\{kI]-IQI(X)lIQI/ (XI) .
kk'=1 k
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N
By < 00
b )
k/

o KN = 00 as N — oo, infy BY = oo, and supy y x Zir

@ We assume that the initial conditions converge towards appropriate
limits, namely for all @ > 0, as N — oo,

||§N(Ov ')_5(0’ ')Hl"‘”iN(O’ a, -)—5(0, a, ')Hl”_HRN(O’ ')_R(O’ )Hl —0

® SUPp 4k’ ﬂ,’(\fk, < oo and BN(x,x") — B(x,x") in L}([0,1]?), where

K
BN(x,x') = g B—'yﬁN Lov(x)1w (X))
’ 4 Bliv k,k" 1y I :
k) l:1

@ A(t) < A\* as. forall t >0, A has at most a given finite number of
jumps and is uniformly continuous between its jumps. Notation :
A(t) = E[A(2)].
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The limiting quantities

o Consider the system (with F(t) =P(m1 <'t), F(t) =1— F(t))
S(t,x) = 5(0,x) /0 T(s,x)ds,
5(t,x) = /0 A(a+ t)3(0, da, x) —i—/o A(t — s)T(s, x)ds,

_ (a—t)t Fer ot _ t _
J(t,a,x) = /0 ,:I__(Ca(:,_)t)J(O, da’, x) + /(ta)+ Fe(t — s)T(s,x)ds
R(t,x) = f?(O,x)—l—/OOO(l—I:C,:(CCl;C;,F)lL)) 3(0, da',x)—l—/OF(t — s)T(s, x)ds
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The limiting quantities

o Consider the system (with F(t) =P(n1,1 < t), F(t) =1 — F(t))
S(t,x) = 5(0,x) /0 T(s,x)ds
3(t,x) = / AMa+ t)3(0, da, x) + /t At — 5)T(s, x)ds,
0 0
_ =07 Fe(a’ +t)=, ., - v
J(t,a,x) = /0 WJ(O, da’, x) + /(ta)+ Fe(t —s)T(s,x)ds

R(t,x) = f:\’(O,x)—l—/OOO(l—I:CI__(S;;,F)lL)> 3(0, da',x)—l—/OF(t — s)T(s, x)ds

o where T(t,x) = S(t, x fo S(t, x")dx'.
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The convergence result

o We have

Theorem

||§N(t7 ) - §(t7 )Hl — 0, H@N(tv ) - §(t7 )Hl -0, “RN(t? ) - R)(t’ )”1 T
||§N(t7 a, ) - jN(tv a, )Hl —0

in probability as N — oo, locall uniformly in t and a, where the limits are
given by the unique solution to the above set of integral equations.
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and the other quantities are then expressed in terms of that solution.
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The convergence result

o We have

Theorem

HgN(t? ) - §(t7 )Hl — 0, ||§N(t7 ) - §(t7 )Hl —0, HRN(t7 ) - R)(t’ )”1 T
13V(t,a,-) = 3Y(t,a,-)]1 = 0

in probability as N — oo, locall uniformly in t and a, where the limits are
given by the unique solution to the above set of integral equations.

o In fact the pair (S, ) is the unique solution of an integral equation,
and the other quantities are then expressed in terms of that solution.
@ The result follows from the proof that as N — oo, locally uniformly in
tv
157 (e, ) = S, ) — 0, [IF"(t,) = F(t, )]s — 0
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Main idea of the proof

@ We have

[5M_3](¢, x) = [S"—3](0, x) — /0 (TN F)(s, x)ds+ MYt ),

t

V-3t ) =[N — @0](t,x)+/0 At — )TN — (s, x)ds+EX(t. x)..
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V-3t ) =[N — §0](t,x)+/0 At — )TN — (s, x)ds+EX(t. x)..

@ An important step is to show that /\/IA’, @6\’ — Fo and 5£’ tend to 0 in
probability, in L1([0,1]), locally uniformly in t.
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Main idea of the proof

@ We have

[5M_3](¢, x) = [S"—3](0, x) — /0 (TN F)(s, x)ds+ MYt ),

V-3t ) =[N — §0](t,x)+/0 At — )TN — (s, x)ds+EX(t. x)..

@ An important step is to show that /\/IQ’, @6\’ — Fo and Qév tend to 0 in
probability, in L1([0,1]), locally uniformly in t.
@ Moreover

_ —_ _ 1 _
[TN — T)(t,x) = SN(t,X)/O BN(X,X/)SN(t,X')dX'

1
—§(t,x)/0 ﬂ(x,x')@(t,x')dx'.

Thanks to a priori estimates on supy ;<7 {SN(t,x) + 3N(t,x)},
and sup,< 7, {S(t, x) +F(t,x)}, we deduce the wished convergence
by standard inequalities and Gronwall's Lemma.
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PDE models 1

We suppose that F is absolutely continuous, with the density f(t). We
define the associated hazard function : u(a) = We have

Fc(ﬂ)

Proposition

Assume that for each x € [0,1], a — 3(0, a,x) is absolutely continuous,
and let i(0, a, x) = J4(0,a,x). Then for all t,a > 0, a.e. x €[0,1],
a > J(t,a,x) is absolutely continuous, and i(t, a, x) := Ju(t, a, x) satisfies

di(t,a,x)  Oi(t,a,x) -

with the initial condition i(0, a,x) = :”Ja(O, a,x) and the boundary condition

i(t,0,x) = S(tx)/,Bxx)/ 1(ta x")dd' dx".

FC(’ t

Note that J(0, 0o, x) = J3(0, a, x).

Etienne Pardoux (12M, AMU) Simons Institute October 24, 2022 10/14



PDE models 2

Moreover, we have asgt’x)

solution given as follows :

= —i(t,0,x), the above PDE has a unique

F(a)

I(t, a, X) = 1a2tm

1(0,a — t,x) + Lot FS(a)i(t — a,0, x),

where the boundary function is the unique solution of the integral equation

i(t,0,x) = <§(0,x) - /Ot{(s,O,x)ds)

/5” </ (a+t)(0ax)da—l—//\(t—s)(sOx)ds) dx’
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