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Formal setup (Bubeck,Devroye,Lugosi Mossel,Miklos, Jog, L

Setup:
@ G: space of equivalence classes (upto isomorphisms) of finite unlabelled graphs.
@ For finite labelled graph G: G° for the isomorphism class of G in G.

@ Root finding algorithm: Fix K > 1 and a mapping Hk on G that takes an input finite
unlabelled graph g € G and outputs a subset of K vertices from g.

Root finding algorithms

Let {Gn : n > 0} be a sequence of growing random networks. Fix0 <e < 1and K > 1. A
mapping H is called a budget K root finding algorithm with error tolerance ¢ for the sequence of
networks if,

. ® .

I:_)rggéf]P’U € Hk(Gp)) > 1—=.

Question: can we choose K independent of n? Dependence on e ?
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Related notion: Robustness (Morters-Dietri

Fix K > 1 and a network centrality measure W. For a family of network models {Gn : n > 1} say
that this sequence is (V, K) persistent if 3 n* < co a.s. such that for all n > n* the optimal K
vertices (v1,w(G5), vo,w(G5), - - -, Vk,w(G5)) remain the same and further the relative ordering
amongst these K optimal vertices remains the same.

Example: If degree centrality was persistent this implies, the identity of the maximal degree vertex
becomes fixed within finite time and no other vertex can overtake the degree of this vertex after
this time.

Such phenomenon once again a hallmark of long range dependence.
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Centroid centrality sufficiency bounds

fechni ot

Banerjee and B(2020)

Under abeve assumptions:

@ Suppose for some C; > 0, 3 > 0, f satisfies f, < f(i) < C;-i+ Bforalli > 1. Then 3
positive constants Cy, Co such that for any error tolerance 0 < ¢ < 1, the budget
requirement satisfies,

exp(y/Cz log 1/¢).

Q If further the attachment function f is in fact bounded with f(i) < f* for all i > 1 then one has
for any error tolerance 0 < e < 1,

Ku(e) = £(2Ci+B)/fe +B)/ 1,

C
Ku(e) < ﬁ exp(1/Cz log 1/e).




Centroid centrality necessary bounds ﬁl

© If3C; >0and B > 0suchthat f(i) > C; - i+ g forall i > 1 then 3 a positive constant C}
such that for any error tolerance 0 < ¢ < 1,

/

1
Ku(€) 2 e mymy

@ For general f one has for any error tolerance 0 < € < 1,
/

C1
Ku(€) 2 7y




PeClc AdSE ”“
i
—

@ Uniform attachment: f(k) = 1
CI
9 < Ku(e) < D exply] Calog 1)
€ (> (>

@ Pure Preferential attachment: /(k) = k

o Affine preferential attachment: (k) = k +

/

C C 1
—5 < Ku(e) < —5 exp(4/ Ca log -).
e1+8 e 1+B 2

@ Sublinear preferential attachment:

C| C 1
o < Ky(e) < 2z exp(y/ Cz log ;)




Disadvantages of Centroid centrality

@ Essentially need quite precise information of entire network
@ Natural question: How do more local measures like degree centrality perform? Does there
exist a persistent hub (i.e. maximal degree vertex fixates within finite time)?

@ Fake popularity: Suppose i-th vertex enters the system with m; edges that it attaches to the
current existing system (again with popularity of vertices measured via some function f).
How quickly does m; 1 oo to break persistence phenomenon?
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Assumptions and notation

@ f. :=infi>q f(i) > 0O; further at most linear growth (i) < Cy(i).
° X% % = 6%

0 K(t) = dp0 0 '(1),t > 0.

© dmax(n) := maxo<k<n dk(n).

@ Index of the maximal degree:

Iy :=inf{0 < i< n:dj(n) > di(n) forallj < n}.
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Persistence of hubs

Banerjee + B(2020)
Under a few technical assumptions on f and f is increasing:

@ Suppose P,(c0) < oo (e.g9. f(k) = k= for a € (1/2,1]) and that lim sup,,_, o, 4:;;’;’,’7’) < A
Then a persistent hub emerges almost surely in the random graph sequence

Do not need increasing assumption for trees.

n
/So\ < ,m"

]
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Lack of persistence

Banerjee + B(2020)

@ Assume ®,(o0) = oo (e.9. f(k) = k< for o € (0,1/2)) and (we are working in the tree case)
and f(k) — oo as k — oo. Then index of maximal degree satisfies:

logZy P, A
K (;—* log n) 2
where A\* is the Malthusian rate of growth of the continuous time embedding.
@ For f(k) = k< for a € (0,1/2),

as n — oo.

1
log Z} A¥)T=a
o8 n_ 5 ( )2 , asn— oo.
(log n) =2
Inspired by Morters and Dietrich who proved similar results for a different evolving network

model.
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Change point estimator

hn/n

dn(n/hn)

Nonparametric change point estimator

Fix any two sequences h, — oo, by — oo: —Lﬂ — 0, To‘}ﬁ;‘ — 0. Define

o= Dn(k, ,) Dn(k, T/, 1)
e mnllass U o—k Lnt) Ln/hn] s
n=infdt> hn kz=l:) = n/hn =

Then T» L e




Simulations

Affine to square root (100 simulations)

10/90th percentiles of estimated change point
(103667, 106149]

mean and 10/90th percentiies curves

Figure: n =2 %105,y = 0.5, fo(i) = i + 2, (i) = Vi + 2, hn = loglog n, by = n!/ o8 lgn

Dalk, T/ ) n
loglogn

.k | Dn(k, T8)
dn(m) :=22 =iy cma,
k=0 L "




The big bang model: What if the change happened very early in the
system?

Figure: Big Bang: Getty images

Fix functions fy, f; : {0,1,2,...} - Ry and~y € (0,1). Let 6 = (f, f1, ).

@ Time 1 < m < n” Vertices perform attachment with probability proportional to fy(out — deg).

@ Time n” < m < n Vertices perform attachment with probability probability proportional to
f (out — deg).
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Change point detection: Quick big bang

Result 1
@ Here change point at n” (e.g. v/n).
@ Here
Na(K) »
— = il
namely the degree distribution of the model run purely with attachment function f;

| \

So what changes?
@ Uniform ~ Linear: fy = 1 whilst f;(k) = k + 1 + « for fixed a > 0. Then for wp 1 oo,

1—v
n2+a logn 1—9
T« Mp(1) < nzFa (log n)°.

wn
© Linear ~~ Uniform: fo(k) = k + 1 + o whilst f;(-) = 1.

nT;L logn
@ e

M LOBN < Mn(1) < = (og )2
n

© Linear ~ Linear: fy(k) = k + 1 + a whilst f; (k) = k + 1 + 8 where a # 8. Then
Mp(1)/n(@6) is tight where

22+8)+ (1 =72 +a)

(e, B) == (5)
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Let T denote the space of rooted, directed, labelled trees. Let 7*(-) be the continuous
time process of growing trees started with 7*(0) = {v},where g is the root of the tree. The
vertices in 7*(-) are labelled vy, vy, vy, ... in order owearance. T*(-) is generated by the

ring > > )
following procedure U Au’
Each vertex reproduces at rate 1. When vertex v reproduces, a random variable Z following

the law F' is sampled independently.

o If Z < dist(vy,v), then a new vertex ¥ is attached to the unique vertex w lying on the
path between v and vy that satisfies dist(v,u) = Z via a directed edge from o to u.

o If Z > dist(vo,v), nothing occurs.
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