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Model and result

m Recovery of planted clique in Erdés-Rényi graphs.

m Community detection under the Stochastic Block Model.
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m Planted matching M* uniformly
distributed in all perfect matchings.

Model and result 1 1’

m Edges not in M* appear
2 2’ independently w.p. %.

m Edge weight
. P ee M*
W, |%.
4 4/ € Q e ¢ Mm*
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Dana Yang m If \@B(P, Q) < 1, then some M achieves

Model and result

%]E‘I\A/IAM* — 0 as n— oo.

m If VAB(P.Q) > 1+ ¢ for e >0, then for all M and some
constant c,

l]E)/\Am/w* > c.
n

Bhattacharyya coefficient (Hellinger affinity) B(P, Q) 2 [ VdPdQ.
m Result works for both sparse (d bounded) and dense (d — o)
graphs.
m In the dense d — oo regime, need certain scaling assumptions

on Q.
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m The edge weights do not offer any information for recovery.
m Sharp threshold : d = 1.
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Establish positive direction (d < 1) by analyzing the maximum
likelihood estimator ;

Establish negative direction (d > 1 + €) by analyzing the
posterior distribution.
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<P {3 perfect matching M in G, s.t. [ MAM*| > gn}
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Sampling from the posterior distribution is optimal within a
factor of two.

Analysis

Proof : Let I\Nﬂ/\be sampled from the posterior distribution, then for
any estimator M,

]E’MAM*

g]EWA/\?I’+EWAM*

- 2]EWAM*

)

where the equality is because £(G, M) = L(G, M*).
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Sampling from the posterior distribution is close to optimal.

The posterior distribution is uniform over the set of all perfect
matchings in G.

Analysis

\ Claim : number of “bad" solutions is
0 exp(2(n)).
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Crucial observations

P Sampling from the posterior distribution is close to optimal.

The posterior distribution is uniform over the set of all perfect
matchings in G.

For all perfect matching M, MAM™* consists of a disjoint union
of alternating cycles.

Conclusion : It suffices to show the existence of e(" distinct
alternating cycles in G of length Q(n).
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BERE Natural attempt : first and second moment method.

m Let S be the set of alternating cycles in G of length at least cn,

Analysis then E‘S| — eQ(n)
m If E(|S[?) < (E|S|)?, then |S| = e®(" with some constant
probability.

m However, E(|S|2) > (E|S|)? due to the excessive correlation
between long cycles.

Key idea : First find many disjoint short paths, then connect the
paths into long cycles [Aldous '98, Ding-Goswami '15, ...].



Existence of many long alternating cycles

The Planted
Matching
Problem: Sharp
Threshold and
Infinite-order
Phase Transition

Dana Yang

Two-stage cycle-finding scheme

Reserve a set V' of yn vertices for some small v > 0.

Analysis



Existence of many long alternating cycles

The Planted
Matching
Problem: Sharp
Threshold and
Infinite-order
Phase Transition

Dana Yang

Two-stage cycle-finding scheme

Reserve a set V' of yn vertices for some small v > 0.

Stage 1 (path construction) : Find Q(n) disjoint short
(constant length) alternating paths, using vertices in V€.

Analysis



Existence of many long alternating cycles

The Planted
Matching
Problem: Sharp
Threshold and
Infinite-order
Phase Transition

Dana Yang

Two-stage cycle-finding scheme

Reserve a set V' of yn vertices for some small v > 0.

Stage 1 (path construction) : Find Q(n) disjoint short
(constant length) alternating paths, using vertices in V€.

Analysis

Stage 2 (sprinkling) : Connect the paths into long cycles, using
vertices in V.
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Two-stage cycle-finding scheme

Analysis Reserve a set V' of yn vertices for some small v > 0.

Stage 1 (path construction) : Find Q(n) disjoint short
(constant length) alternating paths “bushes", using vertices in
Ve.

Stage 2 (sprinkling) : Connect the paths into long cycles, using
vertices in V.
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Analysis

Ly C V©

LKCVC

Stage 1 (path construction) :

R C (VC)/

Ry C (VC)/

R; C (VC)I

Rk C (V)
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Two-stage cycle-finding scheme

Stage 2 (sprinkling) :

Let U, ={v' € V' : (V/,u) € E(G) for some u € L},

Vi ={veV:(v,v) e E(G) for some v € Ry}.

Ly

Uy

Ry

Vi

vi
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Infinite-order Vi={veV:(v,u) e E(G) for some v € Ry}.
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Two-stage cycle-finding scheme

The Planted Stage 2 (sprinkling) :

Matching

s Let U, ={v' € V' : (V/,u) € E(G) for some u € L},
Phase Tramston Vi ={ve V:(v,u) e E(G) for some u" € Ri}.
Dana Yan Look for blue edges connecting { Uk }k<k, { V] }x<k-
Py
Analysis Ly Q O Oeweesssasnns -(&O O R
\V;
A | —
f GYP G
Uy O O_\ ’_O O v/
P
Ly 0] o R Ry (e O O R,
// WV
“ G G v
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i (At Super graph : Define Ggper on [K] x [K]', such that (k, k') is a red

Matching

Rt i edge for all k, and (/,j') is a blue edge iff U; and \/j’ is connected by

Thr‘eshold and
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Existence of exponentially many long alternating cycles in G

Each alternating cycle on Ggyper €xpands into a alternating cycle
in G.

(Informal) Gguper is a very supercritical E-R bipartite graph with
a planted perfect matching.

Gsuper contains (") alternating cycles of length Q(n).



Path construction via breadth-first search

The Planted
Matching
Problem: Sharp
Threshold and
Infinite-order

Bl Two-sided tree (“bush") :
Dan

Analysis




Path construction via breadth-first search
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Bl Two-sided tree (“bush") :
Dan

Analysis

When d > 1 + ¢, the branching processes survive with constant
probability.
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Exponential model

The Planted Unplanted version (Random assignment model) [Mézard-Parisi 87",

Matching

Problem: Sharp , .
Threshold and Aldous 01', ..]

Infinite-order

Flee Thensi m Observe W, on the complete bipartite graph, where
pane an W, NS exp(1).
m Minimum weight matching has average weight 72/6.
_ Planted version :
S md=n P =exp()), Q=exp(l/n).
m Minimum weight matching achieves almost perfect recovery iff
A > 4[Maharrami—Moore—Xu '19].
m Sharp threshold : A = 4.
m For A =4 — ¢,

e /Ve <inf 1IEE ’MAM* < efq/\/g,
mn

revealing an infinite-order phase transition, conjectured in
[Semerjian-Sicuro-Zdeborova '20].

m For the lower bound proof, we resort to “bushes™ paths.
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Conclusion
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Infinite-order m Sharp threshold for almost perfect recovery under the planted

Phase Transition

Dana Yan matching model : VdB(P, Q) = 1.

m Infinite-order phase transition under the exponential model :
optimal reconstruction error is exp(—©(1/+/€)) when A =4 —e.

m Key idea : two-stage cycle finding (path construction +
sprinkling).

Conclusion
Open problems :

Phase transition for general distributions ?

Error characterization in entire parameter range ?

Extension to planted k-factor model ?
ConjectureSicuro-Zdeborova 20] : vV kdB(P, Q) = 1.

Thank you!
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Dana Yang Planted matching model (general)

True matching M* ~ Unif{all perfect matchings on [n] x [n]'}.
Observed graph G contains all the edges in M*, and for each e ¢ M*,
e € G independently with probability d/n. Observe (We)ecs, where

indep. P ifee M*
w, "%
Q ifed M.

Conclusion

Sharp threshold : VdB(P,Q) = 1.
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M € {perfect matchings in G}.
Union bound :

Conclusion P{‘MMLAM* > Bn}
<P {3 perfect matching M in G, s.t. [ MAM*| > gn}

= > ()6)

t>Bn/2
— 0 for some = o(1) when d < 1.
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The Planted
Matching
Problem: Sharp
Threshold and Ana|yze the MLE :
Infinite-order
Phase Transition

Dan = P
MuL € arg fnax Z log é(We).
eeM

Union bound :

Conclusion
P{‘I\?’MLAM* Z ,Bn}
<P{3M in G of higher likelihood than M*, s.t. [MAM*| > Bn}
n d !
< I =B?
< 3 ()o(2er.0)
t>fBn/2
— 0 for some 3 = o(1) when VdB(P,Q) < 1.
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Crucial observations

Sampling from the posterior distribution is close to optimal.

T T i€ ¢ :
For all perfect matching M, MAM™* consists of a disjoint union
of alternating cycles.

Conclusion
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Conclusion

Additional challenges for weighted graphs :
m Control the posterior mass of matchings close to M*.
m Find exponentially many long alternating cycles C that are
augmenting :

Z Iogg(We)Z Z Iogg(We).

e€Epe(C) e€Eq(C)
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m Impose uniformity (bounded weight fluctuation on paths) to
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Phase Transition m Follow the two-stage cycle finding scheme.

Dana Yang

m For the path construction stage, the exploration + selection
scheme is too wasteful.

Path construction (exponential model)

Conclusion

Directly show the existence of many short augmenting
alternating paths using first and second moment method.
m Impose uniformity (bounded weight fluctuation on paths) to
reduce second moment [Ding '13, Ding-Sun-Wilson '15].

Extract a large collection of vertex-disjoint paths via Turén's
Theorem [Ding-Goswami '15].
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