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Swarm formation control
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Optimal transport approach

Idea: configuration/distribution py to configuration/distribution py

0.14 0.14
012" 012
01 o1
g g
20,08 2008
z Z
£0.06" £0.06f
0.04' y =T(x) 0.04-
002 —- 0.02
-0 Postion s 10 ® Podions  ° 1o
Po P1

Collision avoidance interaction is ignored
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Problem formulation
Given N agents

N
) 1 . . ) .
axi = —; > UW(X| - X))dt +ujdt++/€dB}, i=1,...,N
j=1
find a common strategy ut = &;(X}) that minimizes

1 _
E{L ol ||at<xt)||2dt}

and drives the particles/agents from initial configuration

1 N
N2 Ox
i=1
to target configuration
N

Chen Density control 10/2021 4/29

Z I



Mean-field limit

McKean-Vlasov equation
€
0tpt + V- (pe(=VW ik py + &t)) — §Apt =0

Mean-field formulation

1
. 1
inf J J —HEt(x)Hth(x)dxdt
p,& 0 JRA 2
€
0tpt + V- (pe (VW py + &) — §Apt =0

Po=H, P1=YV
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Special cases
Schrodinger bridge W =0

1
. 1
inf JJ £ (0 2oe (x) dxat
p,& 0 Jra 2

€
0tpt + V- (pe&e) — §Apt =0
Po = U, P11 =YV

Optimal transport W =0,e =0

1
1
inf H Sl1E ()20 (x) dxdt
0 JR4

p,&
0tpe + V- (pt&t) =0
Po = M, PL=YV
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Reformulation in path measures

Path measure P, marginal py = (X¢)3P

Girsanov theorem
1 1 ,
KL@IQ) = | || o lectoPerxlaxdt
0 Jrd 4€
Mean-field Schrédinger bridge

mﬂin KL(P]|Q(P))
(Xo)gP =n, (X1)yP=v
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Mean-field Schrodinger bridges

Assumptions: W is twice continuously differentiable, symmetric, and
has bounded Hessian

Goal: find most likely evolution of N particles
) 1S . . ) .
axi = —; > VW(X} —X))dt +ujdt ++/edB}, i=1,...,N
j=1

1 v N ~ 1 v N o
from NZiZI SXB ~ U to NZiZl 6X1i ~ Vv

Large deviation principle
Prob(?) ~ exp(—N KL(?||Q(P)))

Backhoff et al, 2020
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Schrédinger PDE systems

HJB system
1
A+ 5||v>\\|2 — VATVW % o, — J 0t (Y)VA(Y) TVW(y — x)dy + gm\ =0

€
0¢pt + V- (pe(=VWx pg + VA)) — §Apt =0
Po=H, P1=YV

Schréodinger system

Pt = exp(—2Wx py + @ + )

€

1
Oty + S Ay + S| Vb |

J TWix — 1T (Vi (x) — Vipe (X)) pr (X) A

€ 1
-0t + A + EHV(pt”Q

: | Wi =07V 0ux) - Voump e

Backhoff et al, 2020
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Discretization

Objective:  KL(P||Q(P))

Discretize P, Q(P) over a grid:

time (t; =1/T,i1=0,1,...,T) space (Ny points each coordinate)
Discretized objective: M is a T 4+ 1 dimensional tensor

(C(M), M) + e(M, log M)

where

<M logM Z M(X(),Xl,...,XT)IOgM(XQ,Xl,...,XT)

X05X 150, XT
T— 1T

C(M)(xg, X1, - - - ,xT):Z—Hle T[VW*P( ) (x1)]2
i=0
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Nonlinear entropy regularized multi-marginal optimal
transport

Nonlinear MOT
mNi[n (C(M),M) + ¢(M, log M)
Po(M) = p, Pr(M)=v
nonlinear cost tensor

T—1
T 1
C(M)(x0, X1, ,XT)=)_ 5l =xi+ S [VW Py (M)] (1) |?

i=0
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Proximal gradient algorithm

Composite optimization (F smooth, G possibly nonsmooth)

min F(y) + G(y)
yey

Proximal gradient

. 1
y**! = argming cy G(y) + %Hy — (y* —nVF(y ))?

Non-Euclidean proximal gradient (D: Bregman divergence, e.g.,
Kullback-Leibler divergence)

) 1
yk+1 = argmingcy G(y) + ﬁD(y,yk) + <VF(Uk)7U>
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Proximal gradient for nonlinear MOT
Composite optimization F(M) = (C(M), M)

in  F(M) + e(M, log M
pcoin  F(M) + (M, log M)
Set D(-,-) = KL(-||)
. 1
My 1 =argminyery(, v (VF(Mx), M) + HKL(M||Mk)+ €(M, log M)

Each iteration is an entropy regularized MOT

. 1 1
My ;1 =argminyery(y v )(VF(Mi) — 1qlog My M)+ (e + 1;)(M, log M)
VE(M) = C(M) + E(M) with E(M)(xo,x1,...,xT) = Y_1_o Ei(xi)

Eily)= ) VW(Xi*U)T[Xi+1*Xi+%VW*Pi(M)]Pi,wl(M)(Xi,xiﬂ)

Xi,X{+1
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Graphical optimal transport

Multi-marginal optimal transport

min  (C,M) + (M, logM)

subject to Pj(M) = py, forj €Tl

with graphical cost (each « is a subset of {1,2,...,]})

C(x) =) Calxq)

xeF

J=6,T={2,3LF={{1,2},{1,4},{1,5},{2,4},{2, 5}, {4, 5}, {4, 6},{3,5}}
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Examples

Wasserstein barycenter

Wasserstein geodesic
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Wasserstein spline

x
E£e59
4
j;ﬁ / \X}( k
5x 3 < g
K ux N -
X /

Cubic spline in Wasserstein space

0o 9F
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Graphical structure for density control

Cost at each iteration

1
Ck = VF(Mk)_ﬁlong

T-—1

1
= C(M)+ ) Eilx)— —logM
i=0 n
with
=T 1
C(M)(XO,XL e ,XT) :Z §||Xi+1 — X1 + T[VW * Pi(M)](Xi)|l2
i=0
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How to utilize the graphical structure of the cost?
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Sinkhorn algorithm

MOT
min  (C,M) + (M, logM)
MERdl ><-~-de

subject to Pj(M) = py, forj €Tl
Optimal solution M =K © U
K = exp(—C/e)
U = 10w --eu
exp —%—ﬁei), ifjer

exp —%) 1, otherwise
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Sinkhorn algorithm as dual block ascent

Dual problem

max —e(K,U) — ?\T
(AjjEr) )le H

Sinkhorn algorithm
Q@ Compute U=11 @ua ®--- ®@uy
© Update uj as uj <~ u; © p;./P;(K© U)

Advantages
- global linear convergent

- easily parallelizable

bottleneck: projection P;(K ® U) (O(NJ) complexity)

X
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Bayesian inference

Bayesian marginal inference

p(x;) = N JCY

XLy Xj—15Xj41505X]
- Brutal force computation is expensive

- There are efficient ways to compute the marginals such as variable
elimination and belief propagation
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Projection as Bayesian inference

Bottleneck: Projection Pj(K ® U)
K=exp(-C/e), U=wm@w® Qu
Probabilistic graphical model

plx) = J]exp(—Case)xa) [T i)

xeF jeV
1
= 7 H Po(xe) H d)j(xj)
xeF jEV

PKOU) = plx)
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Sinkhorn belief propagation

Apply belief propagation to compute P;(K ® U) = p(x;)

Sinkhorn belief propagation

© update

Hi(xq)
my_i(xi)

mi (%) o Z Pij(xi,%5)

Xi

@ update all the messages on the path from i to ipext with

mi—j X] § lI)l] Xl)x]) H mk—>1 X'L

kKeN(1)\)

(3] i:inexter
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Proximal Sinkhorn belief propagation algorithm

For k=1,2,3,...
© Compute Cy = C(My) + E(My) — 1%log My
@ Solve

. ~ 1
My, 1 =argminger(y,v)(Cix,M)+ (e + ﬁ )(M, log M)
using the Sinkhorn Belief Propagation algorithm

Complexity of each iteration O(N2T)
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Extensions

- more general cost

o
| [ 5letl + vixipuaxat
0 JR4

- multiple species £ =1,...,L

L N
DY VWem(Xiy — X )dt +be(XE )dt

m=1j=1

+o(updt+edBg,), i=1,...,N

dXp, = —

Z| -
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Numerical example

Dynamics
N
axt = — Z WXt —Xx)dt +utdt +/edB!, i=1,...,N
§
W)= ——— =0.1
) =fegs €
marginals

i =N(—0.4,0.2)
= N(0.4,0.2)
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Numerical example




Future directions
- Particle-based methods
- Neural network based algorithm, gradient flow

- Connections to consensus based sampling
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Thank you for the attention!
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