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Summary

(1) A general class of dynamical transport problems on RY.
(2) The discrete optimal transport problem on graphs.
(3) Discrete-to-continuum limits of transport problems on Z9-periodic graphs.

(4) Some examples: in particular, Z4-periodic finite volume partitions.
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(1/4) Dynamical Transport Problems
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The dynamical formulation of OT: Benamou—Brenier formula

Wa(p, v)? := min {/ Ix — y|?dn(x,y) : 7€ (, u)} (quadratic cost)J
a Rd xRd

Theorem [Benamou and Brenier, 2000] [Ambrosio, Gigli, and Savaré, 2008]: for any
o, 1 € P2(RY), we have the equality:

Wa(po, u1)* = inf / / [vel? dpe dt = Bepie + V- (ueve) = 0, pueei = pi

(ke,ve)e

continuity equation

o

Figure: An evolution (ut)r C P2(R?) from pg to p1 (edited from [Villani, 2009]).
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Dynamical transport problems in M (R9).

For a given convex, Isc function f : R* x RY — R U {400}, we are interested in

1
Cruosp) = inf 3 [ [ Funsaxde 0tV 6 =0, i =
(1e,€8)t o JRrd —_— ————

continuity equation

where o, p1 € M+(Rd) are given initial and final measures, &; := pu:Vv; is the flux.

Figure: An evolution (u¢)r C M4 (R?) from pg to py (edited from [Villani, 2009]).
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Examples of transport problems (1).

1
Cr(po, pa) :=  inf / /d fpe, &) dxdt @ Oepe +V - & =0, pre—i = i
0 R

(he,E¢)e
(1t,€¢)t €ECE(o,11)

o f(u, &) = |€°/p corresponds to the (2)-Wasserstein distance W, :

2
Wg(po,yl = inf {// |€t| dxdt : (Mt,ft)tGCE(yo,ul)}
Rd

(1e,€8)e Mt

whose dynamical interpretation is due to [Benamou and Brenier, 2000].
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Examples of transport problems (1).

1
Cr(po, pa) :=  inf / /d fpe, &) dxdt @ Oepe +V - & =0, pre—i = i
0 R

(he,E¢)e
(1t,€¢)t €ECE(o,11)

o f(u, &) = |€°/p corresponds to the (2)-Wasserstein distance W, :

2
Wg(po,ﬂl = inf {// |€t| dxdt : (Mt,fr)tGCE(po,ul)}
Rd

(1e,€8)e Mt

whose dynamical interpretation is due to [Benamou and Brenier, 2000].

o More general: f(u,&) = |€|P/m(u)P~* for m: RT™ — R™ concave mobility:

WP>m(MO7M1)p: inf {/ /I;d m(f:)lg 1 dxdt : (/’Ll‘?gf)f € CE(NOaHI)}

(kt,Ee)e

are generalised (p)-Wasserstein distances [Dolbeault, Nazaret, and Savaré, 2012] .
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Examples of transport problems (2).

1
Ciuospn) = inf 3 [ [ Funs)axde 0tV 6 =0, wei=
0 R

He 6t
(1t,€¢) ¢ €CE(po,11)

o f(u,&) = F(&) are flow-based problems, studied by Beckmann in the 70s.
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Examples of transport problems (2).

1
Ciuospn) = inf 3 [ [ Funs)axde 0tV 6 =0, wei=
0 R

He 6t
(1t,€¢) ¢ €CE(po,11)

o f(u,&) = F(&) are flow-based problems, studied by Beckmann in the 70s.

/Ol/w (&) dxdt > /RdF(@) dx:/w F(€) dx,

—f
In this case, one has the equivalent static formulation:

Cf(uo,ul):in_f{/ F(&)dx : V~§_=uo—u1}-
3 Rd

This includes W (F(€) = |€]) and negative Sobolev distance H™* (F(€) = |€]?).
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Motivations.

(1) Modeling: optimal transport, traffic flows, congested transport, ...
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Motivations.

(1) Modeling: optimal transport, traffic flows, congested transport, ...

(2) Application to PDEs: theory of metric gradient flows.
Oepie — V - (e V(DE(e))) =0,  E: My (RY) — [0, +00].

[Jordan, Kinderlehrer, and Otto, 1998]: heat flow as gradient flow of the entropy

- - dp
Ocpe = Dpe,  E(p) = /Rd log ( dX) dp.
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(2) Application to PDEs: theory of metric gradient flows.
Oepie — V - (e V(DE(e))) =0,  E: My (RY) — [0, +00].

[Jordan, Kinderlehrer, and Otto, 1998]: heat flow as gradient flow of the entropy
d
Oepue = Ape,  E(p) = / log (—“) du.
Rd dx
(3) Surprising connections with the Riemannian geometry (Lott-Villani-Sturm theory):

Ricug >0 <= E(u)= /M log (%) dp  convex along W»-geodesics.
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Motivations.

(1) Modeling: optimal transport, traffic flows, congested transport, ...

(2) Application to PDEs: theory of metric gradient flows.
Oepie — V - (e V(DE(e))) =0,  E: My (RY) — [0, +00].

[Jordan, Kinderlehrer, and Otto, 1998]: heat flow as gradient flow of the entropy
d
Oepue = Ape,  E(p) = / log (—“) du.
Rd dx
(3) Surprising connections with the Riemannian geometry (Lott-Villani-Sturm theory):

Ricug >0 <= E(u)= /M log (%) dp  convex along W»-geodesics.

[Maas, 2011, Mielke, 2011] : generalisation of these ideas to the discrete setting.
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(2/4) Discrete Optimal Transport
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on 92 (R?):

1 2
Wg(,uo,ul)z = inf / / @ dxdt : Orpr + V- & =0, pe—i = pi-
(pete)e | Jo Jrd pt D s—
continuity equation

Discrete setting: (X, £, w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 2(X).
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on 92(R?):

2
W2(/~‘L07 /,L1)2 Inf / / |£t| dxdt : 61:/.Lt —+ V . gt = 0, =i = Wij.
(ke,&e)e RrRd Mt —_— ————

continuity equation

Discrete setting: (X,£,w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 22(X).

Definition [Maas, 2011] [Mielke, 2011] : for mo, my € Z(X):

' 1 e (x, )P
WO (mg, m1)? == inf / = ! dt p .
( 0 1) (mejt) { 0o 2 (x%:eé‘ w(x7y) e(mt(x) mt(y))

w(x) 7 m(y)

where (m;, ji) is solution to the discrete continuity equation for x € X:

Oemy(x 2 Z (./t x,y) = Je(y, )) me—j = m;.

yrox
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on % (R9):

2
V\Vz(,uo,ul)2 inf / / |€t| dxdt : O +V - & =0, pmi = pi.
(kes€e)e R Mt | S —

continuity equation

Discrete setting: (X, £, w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 2(X).

Definition [Maas, 2011] [Mielke, 2011] : for mo, my € Z(X):

1 ) ,
W(mg, m)? = inf / % 1 it (x, y) e
(mede) | Jo 2 yce w(xy) Orog (’;t(i(xx)), Trt(i(yy)))

where (m, ji) is solution to the discrete continuity equation for x € X:

8tmt 2 Z (Jt X y) _Jt(y, )) =0, me—i=m.

yr~x
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Why the logarithmic average? Maas (2011), Mielke (2011)

- - |Jt(Xay)|2
W( 0, ) . mt Jt) {/ Z W(X y) elog(rt(x)7rf(y)) dt} .

x)
x)

Consider the discrete entropy functional £ : (£(X), W) — Rt

E(m) = Z m(x) log ( ((X))> Z r(x) log r(x) m(x).

xXEX XEX

_r-s r(x) == me
logr—logs | V7

Oiog(r,s) =

(density).
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Why the logarithmic average? Maas (2011), Mielke (2011)

- |jt(X7y)|2
W(mo,m1) . ant) {/ Z W(X y 9|og(f’t(X), rf(y)) dt} .

x)
x)

Consider the discrete entropy functional £ : (£(X), W) — Rt

E(m) = Z m(x) log ( ((X))> Z r(x) log r(x) m(x).

xXEX XEX

_r-s r(x) == me
logr—logs | V7

Oiog(r,s) = (density).

The gradient flow of £ in (Z2(X), W) is the graph heat flow

w(x,y) . .
fe = Axr,, where Axr= Z ) (r(y) — r(x)) (discrete Laplacian).

yr~x
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(3/4) Discrete-to-Continuum Limits of Transport

Problems

o GLADBACH, KOPFER, MAAS, AND PORTINALE. Homogenisation of one-dimensional
discrete optimal transport. J. Math. Pures Appl. (9), 139:204-234, 2020.

o GLADBACH, KOPFER, MAAS, AND PORTINALE. Discrete-to-continuum limits of

dynamical transport problems on periodic graphs. http://arxiv.org/abs/2110.15321
(appeared today!).
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Discrete-to-continuum limits of transport problems.

(1) First convergence result [Gigli and Maas, 2013]: transport metrics associated to
the cubic mesh on the torus T9 converge to W in the limit of vanishing mesh size.

https: //en.wikipedia.org/wiki/Torus
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(1) First convergence result [Gigli and Maas, 2013]: transport metrics associated to
the cubic mesh on the torus T9 converge to W in the limit of vanishing mesh size.

https: //en.wikipedia.org/wiki/Torus

(2) Geometric graphs on point clouds [Garcia Trillos, 2020]: almost sure convergence
of the discrete metrics to W5, but diverging degree.
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Discrete-to-continuum limits of transport problems.

(1) First convergence result [Gigli and Maas, 2013]: transport metrics associated to
the cubic mesh on the torus T9 converge to W in the limit of vanishing mesh size.

https: //en.wikipedia.org/wiki/Torus

(2) Geometric graphs on point clouds [Garcia Trillos, 2020]: almost sure convergence
of the discrete metrics to W5, but diverging degree.

(3) Finite volume partitions 7 in R [Gladbach, Kopfer, and Maas, 2020]: convergence
of Wr to W, as size(7) — 0 is essentially equivalent to an isotropy condition.
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Discrete-to-continuum: transport on periodic graphs.
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Discrete-to-continuum: transport on periodic graphs.

Setting: Z%-periodic, symmetric, connected, and locally finite graph (X,&)in RY.
] {
[0,1)¢ {

/
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Discrete-to-continuum: transport on periodic graphs.

Given a convex, local function f : M, (X) x R® — R U {400}, we consider

Cr(mo, m) := inf {/0 f(me,je)dt : Oeme(x) + %Z (e y) —Je(y,x)) = 0}

yrox

among j: € RS, and m; € MP*'(X), satisfying b.c. me—o = mo, me—1 = m.
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Discrete-to-continuum: transport on periodic graphs.

Given a convex, local function f : M, (X) x R® — R U {400}, we consider

1
Cr(mo, my) := inf { / f(me,je)dt : Oeme(x) + th(x7y) =0, j skew—sym.}
0

yrox

among j; € RS, and m; € MP*'(X), satisfying b.c. me—g = mo, me—1 = my.
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Transport on periodic graphs: some examples.

1
Cr(mo, m) = inf { / F(mejo)dt = (me,je)e € CExx(mo, m1)}
0
o The edge-based case corresponds to the choice
. 1
f(m.,j) =3 Do D f(m(x), m(y),j(x,y)).
xexn[o,1)d y~x
The m-Wasserstein-like distances are obtained using quadratic functions
1 Ul
wixy) meb(55, 75)

ﬁ(,V(m7n7.j) ) m,n€R+,j€R.
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Transport on periodic graphs: some examples.

1
Cr(mo, m) = inf { / F(mejo)dt = (me,je)e € CExx(mo, m1)}
0
o The edge-based case corresponds to the choice
. 1
fmi=5 3 3 fulm(x), m(y),i(x.)).
xexn[o,1)d y~x
The m-Wasserstein-like distances are obtained using quadratic functions
1 Ul

U.J(X7y) moe(ﬂ'(x ’ Tr("y))7

mneR", jeR.

ﬁ(}’(m7 nv.j)

o The flow-based case corresponds to the choice f(m, ) = F(j) and

Cr(mo, m) = inf {F(j) : %z ((x,y) —J(y,x)) = mo — ml} .

yrox
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Transport on periodic graphs: the convergence result.

1
Cr(mo, m1) := inf {/ f(my, je)dt : (me,ji)e € CEx(mo, ml)}
0

{.}::;\m[o,l)d

0.1) o {/} = £n[o,1)¢
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Transport on periodic graphs: the convergence result.

1
Cr(mo, my) := inf{/ f(mye,je)dt : (me,ji)e € CEX(mO,ml)}
0

Figure: One the right, the rescaled graph X = X, £ = €&, for é e N.
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Transport on periodic graphs: the convergence result.

1 mi(-—2z) ji(-—z .
Ci(mg, my) == inf{/0 Z sdf(%,'/ (d71 )) dt : (mg,ji)e € CExs(mo,m1)}

zeTd

£

[0,1)

\VEVZaV|
</
\VEV2aN|

Figure: One the right, the rescaled graph X = X, & = €&, for % e N.
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Transport on periodic graphs: the convergence result.

1 —2z) ji(-—2z .
Cs(mo, my) = inf{/0 Z edf(%,uil)) dt : (my,ji)e € CExe(mo,ml)}

d—
3
zeTg

Theorem (Gladbach, Kopfer, Maas, and P., 2020; 2021)

Assume f is convex, lower semicontinuous, with superlinear growth™ in j. Then Cg

[-converges in the weak™-topology as € — O to a continuous problem

. ! dﬂt dft
Crom (20, 1) = mf{/o /'er fhom( dx 73) dxdt @ Owpie +V - & =0, pre=i = pi ¢,

where faom is given by a cell problem depending on f and the initial graph (X, &).
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Transport on periodic graphs: the convergence result.

1 me(-—2) ji(-—2z X
Ci(mo, mp) := inf{/0 > edf(%/(il)) dt 1 (me,je)e € CEXE(mO,ml)}

d—
3
ZGTg

Theorem (Gladbach, Kopfer, Maas, and P., 2020; 2021)

Assume f is convex, lower semicontinuous, with superlinear growth™ in j. Then Cg

[-converges in the weak™-topology as € — O to a continuous problem

. ! dpe  dé:
Chom(llonul) = mf{/o Ad ﬁ\om( e 73) dxdt : 6tﬂt+v 'St = O, Mt=i — Hi ¢,

where faom is given by a cell problem depending on f and the initial graph (X, &).

o The d =1, quadratic case: [Gladbach, Kopfer, Maas, and P., JMPA (2020)], with
very different techniques (interpolation).
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Transport on periodic graphs: the convergence result.

1 me(-—2) ji(-—2z X
Cg(mo, my) := inf{/0 Z edf(%/( . ))dt : (mt,jt)tGCEXE(mO,ml)}

d—
€
zeTd

Theorem (Gladbach, Kopfer, Maas, and P., 2020; 2021)

Assume f is convex, lower semicontinuous, with superlinear growth™ in j. Then C§

[-converges in the weak™-topology as € — O to a continuous problem

. ! dﬂt dft
Chom(llovlil)—'nf{/o /er fhom( dx 7§> dxdt @ Owpie +V - & =0, pre=i = pi ¢,

where faom is given by a cell problem depending on f and the initial graph (X, &).

o The d =1, quadratic case: [Gladbach, Kopfer, Maas, and P., JMPA (2020)], with
very different techniques (interpolation).

o Ind>1,itis achieved by (space-time) [-convergence and coercivity of the actions

1 me(-—2) ji(-—2z X
m:= (m¢): — Ac(m) := ir}f {/0 Z edf(%/(di_l)) dt @ (me, i)t € CEXE}

3
ZETg
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The cell problem: a formula for the limit fom.

V/ V/ V For m € M5 (X) and Z9-periodic j € RE, define:
ml:= > m(x)€eRrR",

xexn[o,1)d
. 1 .
EFF() == > > iloy)ly—x) eRr?,
[0.1)4 2 x€XN[0 1)d yrx

divj(x) := Zj(x,y) .

yrox
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The cell problem: a formula for the limit fom.

V V/ V For m € M5 (X) and Z9-periodic j € RE, define:
ml:= > m(x)€eRrR",

xexn[o,1)d
. 1 .
EFF() == > > iloy)ly—x) eRr?,
.1 2 x€XN[0,1)d Y~x

divj(x) := Ej(x,y).

yrox

Cell problem: for any p € R*, £ € RY, the limit cost is given by

fon(:6)i= it () < ml = . E11G) =€, aivj =0}

where the inf is taken over m € M®*(X) and Z%-periodic, skew-sym. j € R®.
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R%. We can obtain a representative of p, £ as follows:

UK X
Imil = >_ m(x) € R,
xexn[o,1)d
EfF()) ::% Y. D ien)ly —x) eRY,
xEXN[0,1)d y~x
0,1)d
| [ )/é divj(x)::Zf(X7Y)~

Mass, effective flux, and discrete divergence:

yrox

Cell problem: | fiom(p, &) :=inf < f(m,j) : ||m| =5, Eff(j) = (2,3), divj = 0}
m,j
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R%. We can obtain a representative of p, £ as follows:

&

. Mass, effective flux, and discrete divergence:

[ml:= > m(x) e R,
xexn[o,1)d
EFG) =5 3 D iGan)ly—x) € R,
x€XN[0,1)d y~x
/é divj(x) =D _j(xy).

yn~x

Cell problem: | fiom(p, &) :=inf < f(m,j) : ||m| =5, Eff(j) = (2,3), divj = 0}
m,j
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R2. We can obtain a representative of p, £ as follows:

Mass, effective flux, and discrete divergence:

[ml:= > m(x)eRrR",
xexn[o,1)d
EFG) =5 3 D iGan)ly—x) € R,
x€XN[0,1)d y~x
A divj(x) := Zj(x,y).

yn~x

Cell problem: from(p, &) :=inf § f(m,j) @ ||m| =5, Eff(j) = (2.3), divj = 0}
m.j
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(4/4) Application: periodic finite-volume partitions.
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Application: periodic finite-volume partitions.

Lie(x, Y)| :
Wg(mo,m1)2 = mf{/ dt (mt,_/t)t S CEx(mo,ml)
S ot =

970K, NOK,)
ly — x|

. w(x) = 2YK).

where we choose: wy(x,y) =

>
O¢

CoTEET
0.00.0

josist
so¢

/

™M

/

Figure: Periodic finite-volume partition of T9.

OO mOsn O
LLrEy

>
DO
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Application: periodic finite-volume partitions.

w 2. Zinf |jt(X,y)|2 ) . E
B(mOaml) . m Z Z me(x) me(y) dt : (mtvjt)t eC X(mOaml)

XEX yr~Xx g(X’y 7r(X) ’ Tr(y))

o T M -1
—

. .
- T T ) "
€T €T Tpar—2 LM —1

One-dimensional: W, converges as € — 0 t0 Whom = fhom(1, 1)W>, where

2 M—-1
. X — X
rom(1:6) = B fam(1,1), from(,1) =inf{ S0 =l g b oy
H k=0 0 (ﬂy mk+1)
Tk Tk41
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Application: periodic finite-volume partitions.

W, 2. Zinf |jt(X,_y)|2 ) . E
B(mOaml) . m Z Z me(x) me(y) dt : (mtvjt)t eC X(mOaml)

XEX yr~Xx g(X’y 7r(X) ’ Tr(y))

o Tl TM—1
—

. .
Py T Ll . 1%
€ro &€ TN —2 LA —1

One-dimensional: W, converges as € — 0 t0 Whom = fhom(1, 1)W>, where

M—-1

2 J—
om(:6) = L fion(1,1), from(1,1) =inf § S X=Xy kg,
H k=0 0 (My mk+1)
Tk Tht1

Multidimensional: Wy converges as € — 0 to Whom, where

Weom (110, 1) = { / / from(ie, €) dxdt (e, €0)c € CE(uo,ul)}

and fhom(,u, 5) =

2 2
1€ o < % with Whom = Wy if and only if the mesh is isotropic.

o

Lorenzo Portinale (HCM Bonn) Berkeley, October 29th, 2021 15 /16



The role of isotropy in the periodic setting

Theorem (multidimensional): Wy converges as € — 0 to Whom, where
1
Wﬁom(:u’oﬂu‘l) = {/ /d ﬁ‘om(.u‘fagf) dxdt : ()ufyé-t)t S CE(/"’OH“LI)} ) where
o Jr

0 Whom = W> if and only if the mesh is isotropic: in the periodic setting, it reads

1 _ .
5 > " do #7THOK N OK )y ® ny = |Kylid, Vx € X.

y~x

. doy A7 (0K N OK, ) (g - v
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Possible future directions

o Discrete-to-continuum limits of (generalised) gradient flows.
o Adding randomness in the game: either at the level of the graph or of the energy.

o Beyond the periodic case and optimal transport on manifolds.
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The role of isotropy in the periodic setting

Theorem (multidimensional): Wy converges as ¢ — 0 to Whom, where

1
W) = { [ [ (e € et 5 e € € CEGuo,pn) . where
0 JT

€ Rom |€|2
I

o fhom(p, &) = , where || - ||hom is @ norm (possibly not Riemannianian!)

t=10 t=24 1‘.:1/2 t=1-149 t=1

Figure: Strongly oscillating measures on the graph scale can be cheaper.
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