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• Machine learning (ML) has received great attention in the quantum community these days. 

• Yet, many fundamental questions remain to be answered.

Classical ML 
for quantum physics/chemistry

The goal      : 
Solve challenging 

quantum many-body problems 
better than 

traditional classical algorithms

“Solving the quantum many-body problem with artificial neural networks.” Science 355.6325 (2017): 602-606. 
"Learning phase transitions by confusion." Nature Physics 13.5 (2017): 435-439.
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Classical ML 
for quantum physics/chemistry

“Solving the quantum many-body problem with artificial neural networks.” Science 355.6325 (2017): 602-606. 
"Learning phase transitions by confusion." Nature Physics 13.5 (2017): 435-439.

The question      : 
How can ML algorithms be more useful 

than non-ML algorithms?

• Machine learning (ML) has received great attention in the quantum community these days. 

• Yet, many fundamental questions remain to be answered.



• Review on classical shadow formalism 

• Training machines to predict ground states 
(theory+experiments) 

• Training machines to classify quantum phases of matter 
(theory+experiments)

Outline



• How can classical machines “see” quantum many-body systems?
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• What do we mean by “seeing” a quantum system? 

• Converting the quantum system to a classical form that 
accurately captures many properties of the quantum system.
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Classical shadow with 
randomized Pauli measurements

[HKP20] Hsin-Yuan Huang, Richard Kueng, John Preskill. Predicting many properties of a quantum system from very few measurements, Nature Physics, 2020.
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• After  randomized Pauli measurements, an -qubit system  yields a classical shadow 

, where  is the measurement outcome for qubit . 

•  is a  random matrix with  and takes  bits to represent.

T n ρ

σT(ρ) =
1
T

T

∑
t=1

σ(t)
1 ⊗ … ⊗ σ(t)

n σ(t)
i ∈ ℂ2×2 i

σT(ρ) 2n × 2n 𝔼σT(ρ) = ρ 𝒪(nT)
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Predicting ground states: Task
• Given parameters  that describes a Hamiltonian , the machine needs to predict a 

classical representation of the ground state  of . 

•  describes laser intensities, few-body interactions, magnetic fields, etc. 

• We assume that  is not known exactly. And we represent  on a classical 
computer using its classical shadow .

x H(x)
ρ(x) H(x)

x ∈ ℝm

x ↦ H(x) ρ(x)
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Predicting ground states: Task
•  describes laser intensities, few-body interactions, magnetic fields, etc. We will normalize such that . 

• Training data: examples of params and associated ground state .

x ∈ ℝm x ∈ [−1,1]m

{xℓ → σT(ρ(xℓ))}N
ℓ=1
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Predicting ground states: ML
• Training data: , where , . 

• We consider training an ML model that takes in an -dim vector  and outputs a 
-size matrix ; more precisely, an efficient representation of . 

• The ML model needs to be trained within time polynomial in .

{xℓ → σT(ρ(xℓ))}N
ℓ=1 xℓ ∈ ℝm σT(ρ(xℓ)) ∈ ℂ2n×2n

m x
2n × 2n ̂σ(x) ̂σ(x)
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Predicting ground states: ML
• Suppose we train a neural network  (illustrated below) with infinitely many 

neurons in the hidden layers and exponentially many neurons in the output layer. 

• We can train the bizarrely large model in time polynomial in .
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Predicting ground states: ML
• We show that the neural network after training actually have an analytical form given by  

                 

where the learned function  can be obtained efficiently; based on [JGH18].

̂σNN(x) = argmin
̂σW

N

∑
ℓ=1

∥ ̂σW(xℓ) − σT(ρ(xℓ))∥2
2 =

N

∑
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[JGH18] “Neural tangent kernel: Convergence and generalization in neural networks.” 
arXiv preprint arXiv:1806.07572 (2018).
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Predicting ground states: ML
• Furthermore, various machine learning models (kernel methods, infinite-width neural networks, etc.) 

can be shown to yield an analytical form as the global minimum of the optimization (training): 

                                                   

where  is a learned function for how to extrapolate the known examples to the full space.
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Predicting ground states: ML
• As long as  is efficiently computable, the ML model’s prediction 

                                               

can be represented efficiently with  bits; recall  only require  bits.

κ(x, xℓ) ∈ ℝ

̂σ(x) =
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Predicting ground states: Theorem

• We consider an ML model  with -Dirichlet kernel. 

• The learned model  captures the ground state properties accurately (on average).

̂σ(x) =
N

∑
ℓ=1

κ(x, xℓ)σT(ρ(xℓ)) l2

̂σ(x)

For any smooth class of local Hamiltonians  in a finite spatial dimension with a const. spectral gap, 
given the number of training data  and  (one randomized Pauli measurements each), 

                                                    , 

for any sum of local observables   with  and : const. Training and prediction 

time are polynomial in  and linear in system size .

H(x)
N = poly(m) T = 1

𝔼x∼[−1,1]m |Tr(O ̂σ(x)) − Tr(Oρ(x)) |2 ≤ ϵ

O =
L

∑
j=1

Oj

L

∑
j=1

∥Oj∥ = 𝒪(1) ϵ

m n

Theorem 1
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Theorem 1 Intuitively, in a quantum phase

• We consider an ML model  with -Dirichlet kernel. 

• The learned model  captures the ground state properties accurately (on average).

̂σ(x) =
N

∑
ℓ=1

κ(x, xℓ)σT(ρ(xℓ)) l2

̂σ(x)



Predicting ground states: Theorem
• Key steps in the proof: 

1. Constant spectral gap implies some “smoothness” condition in ground state space 

    (spectral flow + Lieb-Robinson bounds). 

2. Generalization error bounds for the proposed ML with -Dirichlet kernel trained on randomized 

    measurement data under the “smoothness” guarantee (statistical analysis + #lattices in a -dim. sphere).

ℓ2

m
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Predicting ground states: Theorem
• A limitation:  can only be a constant. In particular . 

• One may wonder if quantum ML algorithm could overcome this limitation. 

• We prove in the appendix that any quantum (classical) ML algorithm require , 
so the advantage of quantum ML can only be polynomial.

ϵ N = m𝒪(1/ϵ)

N = mΩ(1/ϵ)
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Provable advantage of 
learning algorithm with data 

Proposition 1

RP = NP: NP-complete problems can be solved in 
randomized polynomial time.

If a classical polynomial-time randomized algorithm  can achieve 
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with a constant spectral gap, then RP = NP.

𝒜

𝔼x∼[−1,1]m |𝒜(x, O) − Tr(Oρ(x)) |2 ≤ 1/4
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Provable advantage of 
learning algorithm with data 

Proposition 1

Data contain computational power 
(e.g., nature operates quantumly)

If a classical polynomial-time randomized algorithm  can achieve 
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Predicting ground states: Numerics
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Predicting ground states
• How well does classical ML algorithm perform in actual physical systems?
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|gi
<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>

|ri
<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>

|ri <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi

Disordered
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi

: Training data (a total of 20)…

: Testing point (predict ground state)

<latexit sha1_base64="33OEYwCOzUkIsuKTSe0P+8vhVoM="></latexit>

Ni = |riihri|, Xi = |giihri|+ |riihgi|, Zi = |giihgi|� |riihri|

ground
state

<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi
Rydberg

state

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>

|ri

Phases

Two-level system

a
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>

|gi

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>

|ri

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>

|ri

<latexit sha1_base64="sI5t66MT0juLn26aUl9qSbACOX4="></latexit>
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We consider training data size ,  randomized measurements for constructing classical shadows. 
The best ML model is chosen from Gaussian kernel method, infinite-width neural networks, and -Dirichlet kernel.

N = 20 T = 500
l2



2D random Heisenberg model

Exact values from DMRG ML predictions

Correlation 
function

21 3 4 5

76 8 9 10

1211 13 14 15

1716 18 19 20

2221 23 24 25

2D anti-ferromagnetic
random Heisenberg model

(a) (b)

*The random J considered in (c)

(c) Measuring true
ground state

ML-predicted
ground state

<latexit sha1_base64="a+QycvCmuf5S9njzeg25M9RHxF4="></latexit>

H =
X

hiji

Jij(XiXj + YiYj + ZiZj)

We consider training data size ,  randomized measurements for constructing classical shadows. 
The best ML model is chosen from Gaussian kernel method, infinite-width neural networks, and -Dirichlet kernel.

N = 100 T = 500
l2



• Review on classical shadow formalism 

• Training machines to predict ground states 
(theory+experiments) 

• Training machines to classify quantum phases of matter 
(theory+experiments)

Outline



• Review on classical shadow formalism 

• Training machines to predict ground states 
(theory+experiments) 

• Training machines to classify quantum phases of matter 
(theory+experiments)

Outline



Classifying quantum phases: Task
• Given a quantum state , predict which quantum phases of matter the state  is in. 

• We represent the quantum state  using classical shadow, which is a 2D array of 

measurement outcomes  with .

ρ ρ

ρ

ST(ρ) = {σ(t)
i }i=1∼n,t=1∼T σT(ρ) =

1
T

T

∑
t=1

σ(t)
1 ⊗ … ⊗ σ(t)

n ≈ ρ

Predicting phases of matter(b)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Classical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000



Classifying quantum phases: Task
• Given a quantum state , classify which quantum phases of matter the state  is in. 

• Training data: examples of states and associated phase.

ρ ρ

Training data

New states 
not in 

training data

Predicting phases of matter(b)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Classical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000



Classifying quantum phases: ML
• The ML model tries to find a classifying function that separates the phases of matter well. 

• For symmetry-broken phases, there is typically a local observable  with 
                 ,      . 

• Then the classical ML model only need to learn a linear function (easy with linear 
classifiers). 

• But Proposition 2 shows that it is not possible to classify topological phases.

O
Tr(OρA) > 0,∀ρA ∈ phase A Tr(OρB) ≤ 0,∀ρB ∈ phase B

AB

C

E F

H

X1

X2

<latexit sha1_base64="b4UiwrcxAFAKIN7zNajUSqlVZfY=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCBymJiHoRCl48VrAf0oQy2W7apZtN2N2IJfTkxb/ixYMiXv0N3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWFxaXimultbWNza37O2dhopTSWidxDyWrQAU5UzQumaa01YiKUQBp81gcDX2m/dUKhaLWz1MqB9BT7CQEdBG6tj7HgfR4xR7wJM+HOMH7Mmpcomdjl12Ks4EeJ64OSmjHLWO/eV1Y5JGVGjCQam26yTaz0BqRjgdlbxU0QTIAHq0baiAiCo/m7wxwodG6eIwlqaExhP190QGkVLDKDCdEei+mvXG4n9eO9XhhZ8xkaSaCjJdFKYc6xiPM8FdJinRfGgIEMnMrZj0QQLRJrmSCcGdfXmeNE4q7lnFvTktV+/yOIpoDx2gI+Sic1RF16iG6oigR/SMXtGb9WS9WO/Wx7S1YOUzu+gPrM8fCx+XoQ==</latexit>h↵, xi =
0

marg
in

<latexit sha1_base64="LzxYPQD58bQQsTgNJBtDpUZpwW8="></latexit>
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i

<latexit sha1_base64="1kHZuLAc+lNEU/TBAPZ1pTIL/EU=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCBymJiHoRCl48VrAf0oQy2W7apZtN2N2IJfTkxb/ixYMiXv0N3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWFxaXimultbWNza37O2dhopTSWidxDyWrQAU5UzQumaa01YiKUQBp81gcDX2m/dUKhaLWz1MqB9BT7CQEdBG6tj7HgfR4xR7wJM+HOMH7Mmpcondjl12Ks4EeJ64OSmjHLWO/eV1Y5JGVGjCQam26yTaz0BqRjgdlbxU0QTIAHq0baiAiCo/m7wxwodG6eIwlqaExhP190QGkVLDKDCdEei+mvXG4n9eO9XhhZ8xkaSaCjJdFKYc6xiPM8FdJinRfGgIEMnMrZj0QQLRJrmSCcGdfXmeNE4q7lnFvTktV+/yOIpoDx2gI+Sic1RF16iG6oigR/SMXtGb9WS9WO/Wx7S1YOUzu+gPrM8fDKOXog==</latexit>h↵, xi =
1

<latexit sha1_base64="45B8/yLKRzAHMRax9bnPTkxxnQk=">AAACB3icbVBNS8NAEN34WetX1KMgi0XwoCURUS9CwYvHCvZDmlAm2027dLMJuxuxhN68+Fe8eFDEq3/Bm//GbZuDtj4YeLw3w8y8IOFMacf5tubmFxaXlgsrxdW19Y1Ne2u7ruJUElojMY9lMwBFORO0ppnmtJlIClHAaSPoX438xj2VisXiVg8S6kfQFSxkBLSR2vaex0F0OcUe8KQHR/gBe3KiXOJjt22XnLIzBp4lbk5KKEe1bX95nZikERWacFCq5TqJ9jOQmhFOh0UvVTQB0ocubRkqIKLKz8Z/DPGBUTo4jKUpofFY/T2RQaTUIApMZwS6p6a9kfif10p1eOFnTCSppoJMFoUpxzrGo1Bwh0lKNB8YAkQycysmPZBAtImuaEJwp1+eJfWTsntWdm9OS5W7PI4C2kX76BC56BxV0DWqohoi6BE9o1f0Zj1ZL9a79TFpnbPymR30B9bnD3/Gl9k=</latexit>h↵, xi =
�
1
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X2

X3

AB

H D

C

G
E

F

Data lie on a 
2D plane

(a) (b)

Consider two distinct topological phases A and B. 

No (local/global) observable  exists such that 

,      .

O

Tr(OρA) > 0,∀ρA ∈ phase A Tr(OρB) ≤ 0,∀ρB ∈ phase B

Proposition 2



Classifying quantum phases: ML
• We need a more powerful ML model that can learn nonlinear functions, such as 

               , , or a general analytic function . 

• To do so, we consider learning a linear function in an -dim space, where each state  is mapped to 

                  . 

• It consists of arbitrarily-large -body reduced density matrices and arbitrarily-high-degree expansion.

Tr(Oρ ⊗ ρ) Tr(Oρ⊗d) f(ρ)

∞ ρ

ϕ(shadow)(ST(ρ)) = lim
D,R→∞

D

⨁
d=0

τd

d!

R

⨁
r=0
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Consider two distinct topological phases A and B. 

No (local/global) observable  exists such that 

,      .

O

Tr(OρA) > 0,∀ρA ∈ phase A Tr(OρB) ≤ 0,∀ρB ∈ phase B

Proposition 2



Classifying quantum phases: ML

• Classical ML model: Learn a linear function in  equiv. a nonlinear function in . 

• All we need is to efficiently compute the inner product (referred to as shadow kernel) 

. 

• Computing shadow kernels only take time . 

• Training the classical ML model only take time polynomial in  
(and extremely efficient in practice).

ϕ(shadow)(ST(ρ)) ρ

⟨ϕ(shadow)(ST(ρ)), ϕ(shadow)(ST(ρ̃))⟩ = exp
τ

T2

T

∑
t,t′ =1

exp ( γ
n

n

∑
i=1

Tr (σ(t)
i σ̃(t′ )

i )) ≡ k(shadow) (ST(ρ), ST(ρ̃))

𝒪(nT2)
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Classifying quantum phases: Theorem

If there is a nonlinear function of few-body reduced density matrices that classifies phases, 
then the classical algorithm can learn to classify these phases accurately. The amount of 
training data and computation time scales polynomially in system size.

Theorem 2

• The ML model constructs the classifying function explicitly. 

• Examples of classifying functions on few-body reduced density matrices (assuming const. spectral gap) include: 
1. Twist operators for 1D Haldane phase with -symmetry (linear function) 
2. Hall conductivity for systems adiabatically connected to free fermion (low-degree polynomial) 
3. Topological entanglement entropy in a constant region (nonlinear function) 

• As long as the classifying function exists, the ML model with shadow kernel is guaranteed to find it.

O(2)



Classifying quantum phases: Numerics

• How well does the classical ML algorithm perform in actual physical systems?

Predicting phases of matter(b)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Classical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000



1D Symmetry protected topological phases
We consider  randomized measurements to construct classical shadows for each state. 
The classical unsupervised ML model is a kernel PCA using the shadow kernel.

T = 500

Trivial

Topological

Sym. brokenTrivial

Topological
Trivial

Symmetry
broken

Phase diagram

Topological

Bond-alternating XXZ model
(b)

(a)
J J’

Unsupervised ML at δ = 3.0

Topological

Sym. brokenTrivial

Unsupervised ML at δ = 0.5(c) (d)

TopologicalTrivial
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1D Symmetry protected topological phases
We consider  randomized measurements to construct classical shadows for each state. 
The classical unsupervised ML model is a kernel PCA using the shadow kernel.

T = 500
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2D topologically-ordered phases

H

P

H

P

P
H

H

……

Toric code
ground state

Product state

……

Random circuit

Topological phase

Trivial phase
Random circuit

Topological
Trivial

CNN+Shadow
(Supervised)
CNN
(Supervised)
Shadow 
(Unsupervised)

(a) (b)

(c)

We consider  randomized measurements to construct classical shadows for each state. 
The classical unsupervised ML model is a kernel PCA using the shadow kernel.

T = 500



• We prove that classical ML algorithms, informed by data from physical experiments, 
can effectively address some quantum many-body problems. 

• As a consequence, we rigorously establish the advantage of classical ML models over 
classical non-ML algorithms. 

• Open questions: 
Advantage of ML over non-ML algorithms in other tasks? 
Rigorous guarantee for other quantum problems with classical ML? 
Useful class of quantum learning problems with exponential quantum advantage?

Conclusion

Classical shadows enhanced with ML



Additional slides



For example: 
• , then naively we need  measurements. 
• This theorem shows that we only need  measurements. 

M = 106, B = 1 106/ϵ2

6 log(10)/ϵ2

There exists procedure that guarantees the following. 
1. Given  the procedure learns a classical representation of 
       an unknown quantum state  from 
                                    measurements. 
2.  Subsequently, given any  with  
       the procedure can use the classical representation to predict  
                           where  , for all .

B, ϵ > 0,
ρ

N = 𝒪(B log(M)/ϵ2)
O1, …, OM B ≥ max∥Oi∥2

shadow,
̂o1, …, ̂oM,

| ̂oi − tr(Oiρ)| < ϵ i

Theorem 1 [HKP20]

Classical shadow formalism

[HKP20] Hsin-Yuan Huang, Richard Kueng, John Preskill. Predicting many properties of a quantum system from very few measurements, Nature Physics, 2020.



Measurements

Few Repetitions

Predicting …

Quantum System

Local Observables

Entanglement
Entropy

2-point Correlations Hamiltonian

Possible Properties

Data Acquisition Phase Prediction Phase

Quantum Fidelity Entanglement
Witness

U
nitary

Evolution
Random
U

nitary Classical
Representation

Classical shadow formalism

U1U2

U3

Predict  .̂o = median ( 1
N/K

N/K

∑
i=1

Xi, …,
1

N/K

N

∑
i=N−N/K+1

Xi)
Compute  .Xi = tr(Oℳ−1(|si⟩⟨si|)), ∀i = 1,…, N

Algorithm for predicting : (median-of-means)tr(Oρ)

[HKP20] Hsin-Yuan Huang, Richard Kueng, John Preskill. Predicting many properties of a quantum system from very few measurements, Nature Physics, 2020.



• We need a more powerful ML model that can learn nonlinear functions, such as 
               , , or a general analytic function . 

• To do so, we consider learning a linear function in an -dim space, where each state  is mapped to 

                  . 

• It consists of arbitrarily-large -body reduced density matrices and arbitrarily-high-degree expansion.

Tr(Oρ ⊗ ρ) Tr(Oρ⊗d) f(ρ)
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Consider two distinct topological phases A and B. 

No (local/global) observable  exists such that 

,      .

O

Tr(OρA) > 0,∀ρA ∈ phase A Tr(OρB) ≤ 0,∀ρB ∈ phase B

Proposition 2

Approximate reduced density matrix for subsystem i1, …, ir

Classical shadow formalism



• We need a more powerful ML model that can learn nonlinear functions, such as 
               , , or a general analytic function . 

• To do so, we consider learning a linear function in an -dim space, where each state  is mapped to 

                  . 

• It consists of arbitrarily-large -body reduced density matrices and arbitrarily-high-degree expansion.
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• We need a more powerful ML model that can learn nonlinear functions, such as 
               , , or a general analytic function . 

• To do so, we consider learning a linear function in an -dim space, where each state  is mapped to 

                  . 

• It consists of arbitrarily-large -body reduced density matrices and arbitrarily-high-degree expansion.
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