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The power of quantum computers

Using carefully designed interference between different computational paths, quantum 
computers can solve some problems dramatically faster than classical computers.

Some problems admit exponential quantum speedup.

Period finding, factoring, discrete log, quantum simulation, quantum linear algebra, Jones 
polynomial approximation, counting points on curves, graph connectivity with cut queries, …

Some problems only admit polynomial quantum speedup.

Unstructured search, formula evaluation, collision finding, network flows, finding subgraphs, 
minor-closed graph properties, group commutativity, convex optimization, …

Why? Quantum computers need a lot of structure to get significant speedup.



Query complexity

The model of query complexity provides a useful way of exploring the relative power of classical 
and quantum computers.

Main idea: Input string is described by a black box that can be queried to learn any given 
character. How many queries are needed to learn some Boolean property of the input?

• Deterministic query complexity, D: how many queries are needed for a deterministic classical 
algorithm to produce the correct answer? 

• Randomized query complexity, R: how many queries are needed for a randomized classical 
algorithm to produce the correct answer with probability at least 2/3?

• Quantum query complexity, Q: how many queries are needed for a quantum algorithm to 
produce the correct answer with probability at least 2/3?

Example: Input describes an n-bit string.  Compute the logical OR of the bits.

D(OR) = £(n)     R(OR) = £(n)     Q(OR) = £(n1/2)



Promise problems

If f is total then R(f) = O(Q(f)6)  [Beals, Buhrman, Cleve, Mosca, de Wolf 01]

So promises are necessary for exponential quantum speedup.

If              then we say f is total. Otherwise f is partial, or a promise problem.P = ⌃n

<latexit sha1_base64="z04pRVONZHmBrpUgyBPtNtnLupo=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuhIIjLivYBTSyT6aQdOo8wMxFK6Be4d6u/4E7c+hX+gZ/hpM3Cth64cDjnvjhhzKg2rvvtFFZW19Y3ipulre2d3b3y/kFLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6uM7/9RJSmUjyYcUwCjgaCRhQjYyW/Aa+gf08HHD2KXrniVt0p4DLxclIBORq98o/flzjhRBjMkNZdz41NkCJlKGZkUvITTWKER2hAupYKxIkO0unPE3hilT6MpLIlDJyqfydSxLUe89B2cmSGetHLxP+8bmKiiyClIk4MEXh2KEoYNBJmAcA+VQQbNrYEYUXtrxAPkULY2JjmrmS7jZRMT2w03mIQy6R1VvVq1cu7WqV+k4dUBEfgGJwCD5yDOrgFDdAEGMTgBbyCN+fZeXc+nM9Za8HJZw7BHJyvX+KYmrQ=</latexit>

The promise that x comes from P can significantly affect the difficulty of the problem.

Goal: compute f(x), where                       , using as few queries as possiblef : P ! {0, 1}

<latexit sha1_base64="bBrunCYl4McxuvHhK1H92DSxohI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkUlB3BUFcVrAPaEKZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHvv3HuChDOlHefbKq2srq1vlDcrW9s7u3v2/kFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Jvc7j1QqFosHPUmoH+GhYCEjWBupbx+FXj5EoCbydIy8zDl3vWnfrjo1Zwa0TNyCVKFAs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZbP0pOjXKAIWxNE9oNFN/d2Q4UmoSBaYywnqkFr1c/M/rpTq88jMmklRTQeYfhSlH5tA8CzRgkhLNJ4ZgIpnZFZERlphok1jFhOAunrxM2hc1t167vq9XG7dFHGU4hhM4AxcuoQF30IQWEMjgGV7hzXqyXqx362NeWrKKnkP4A+vzB4VZlJY=</latexit>

General quantum query problem:

Given a black-box input
<latexit sha1_base64="EwcsCu4FL/nlF8xETrZGKoi6/U8=">AAACGXicbVDLSgMxFM3Ud31V3ekmWARXZUYUXQqCuKxoH9Cpkklv29BMMiZ3xFIK/od7t/oL7sStK//AzzB9LLT1wIXDOffm5p4okcKi7395mZnZufmFxaXs8srq2npuY7NsdWo4lLiW2lQjZkEKBSUUKKGaGGBxJKESdc4GfuUejBVaXWM3gXrMWko0BWfopNvc9gMNhaJFGto0soBwR8Mr0YrZjTPzfsEfgk6TYEzyZIzibe47bGiexqCQS2ZtLfATrPeYQcEl9LNhaiFhvMNaUHNUsRhsvTe8oU/3nNKgTW1cKaRD9fdEj8XWduPIdcYM23bSG4j/ebUUmyf1nlBJiqD4aFEzlRQ1HQRCG8IAR9l1hHEj3F8pbzPDOLrY/mwZvI1aS9t30QSTQUyT8kEhOCr4l4f50/NxSItkh+ySfRKQY3JKLkiRlAgnj+SZvJBX78l78969j1FrxhvPbJE/8D5/AIDkoN8=</latexit>

x 2 P ✓ ⌃n

i 2 [n] := {1, . . . , n}

<latexit sha1_base64="N7V+nGrjnf3wI74FgOKEJp4WWKw=">AAACIXicbVBNSwJBGJ61L7Mvq2OXQQk6iOyGUN2EIDoapAbuIrPjqIOzM+vMu4Es3vsf3bvWX+gW3aI/0M9oV/eQ2gMDD8/zfs3jh4IbsO0vK7e2vrG5ld8u7Ozu7R8UD49aRkWasiZVQukHnxgmuGRN4CDYQ6gZCXzB2v7oOvXbj0wbruQ9TELmBWQgeZ9TAonULZY4drnEHelhN50m2XiM3dipuKKnwFSkO+0Wy3bVngGvEicjZZSh0S3+uD1Fo4BJoIIY03HsELyYaOBUsGnBjQwLCR2RAeskVJKAGS+e/WWKTxOlh/tKJ08Cnql/O2ISGDMJ/KQyIDA0y14q/ud1IuhfejGXYQRM0vmifiQwKJwGg3tcMwpikhBCNU9uxXRINKGQxLewJZ0NSgmTRuMsB7FKWudVp1a9uquV6zdZSHl0gkroDDnoAtXRLWqgJqLoCb2gV/RmPVvv1of1OS/NWVnPMVqA9f0LfK2kBA==</latexit>

A query to the black box reveals xi for any specified

R(f) = O(Q(f)4)  [Aaronson, Ben-David, Kothari, Rao, Tal 20]



Structure and speedup

But having a promise is not enough! Some promises allow significant speedup; others don’t.

Example: Collision problem.
permutation-symmetric

highly structured promise

R(f) = £(n1/2), Q(f) = £(n1/3)

R(f) = £(n1/2), Q(f) = £(log n)

x 2 ⌃n

<latexit sha1_base64="+yGUDgi2G2u0RRtKy+GnSDP1RCY=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqLuCIC4r2lZo0jKZTtqh8wgzE7GEfoJ7t/oL7sStH+Ef+BlO2ixs64ELh3PuixPGjGrjut9OYWV1bX2juFna2t7Z3SvvH7S0TBQmTSyZVA8h0oRRQZqGGkYeYkUQDxlph6OrzG8/EqWpFPdmHJOAo4GgEcXIWKn7BH0qoH9HBxx1Ra9ccavuFHCZeDmpgByNXvnH70uccCIMZkjrjufGJkiRMhQzMin5iSYxwiM0IB1LBeJEB+n06wk8sUofRlLZEgZO1b8TKeJaj3loOzkyQ73oZeJ/Xicx0UWQUhEnhgg8OxQlDBoJswhgnyqCDRtbgrCi9leIh0ghbGxQc1ey3UZKpic2Gm8xiGXSOqt6terlba1Sv85DKoIjcAxOgQfOQR3cgAZoAgwUeAGv4M15dt6dD+dz1lpw8plDMAfn6xcDopvm</latexit>

Promise on            : Either 1-to-1 (all xis distinct; then f(x) = 0)
or 2-to-1 (xi s come in pairs; then f(x) = 1)

x 2 ⌃n

<latexit sha1_base64="+yGUDgi2G2u0RRtKy+GnSDP1RCY=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqLuCIC4r2lZo0jKZTtqh8wgzE7GEfoJ7t/oL7sStH+Ef+BlO2ixs64ELh3PuixPGjGrjut9OYWV1bX2juFna2t7Z3SvvH7S0TBQmTSyZVA8h0oRRQZqGGkYeYkUQDxlph6OrzG8/EqWpFPdmHJOAo4GgEcXIWKn7BH0qoH9HBxx1Ra9ccavuFHCZeDmpgByNXvnH70uccCIMZkjrjufGJkiRMhQzMin5iSYxwiM0IB1LBeJEB+n06wk8sUofRlLZEgZO1b8TKeJaj3loOzkyQ73oZeJ/Xicx0UWQUhEnhgg8OxQlDBoJswhgnyqCDRtbgrCi9leIh0ghbGxQc1ey3UZKpic2Gm8xiGXSOqt6terlba1Sv85DKoIjcAxOgQfOQR3cgAZoAgwUeAGv4M15dt6dD+dz1lpw8plDMAfn6xcDopvm</latexit>

Identify the indices of             with log2 n-bit strings

Example: Simon’s problem.

x 2 ⌃n

<latexit sha1_base64="+yGUDgi2G2u0RRtKy+GnSDP1RCY=">AAACC3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqLuCIC4r2lZo0jKZTtqh8wgzE7GEfoJ7t/oL7sStH+Ef+BlO2ixs64ELh3PuixPGjGrjut9OYWV1bX2juFna2t7Z3SvvH7S0TBQmTSyZVA8h0oRRQZqGGkYeYkUQDxlph6OrzG8/EqWpFPdmHJOAo4GgEcXIWKn7BH0qoH9HBxx1Ra9ccavuFHCZeDmpgByNXvnH70uccCIMZkjrjufGJkiRMhQzMin5iSYxwiM0IB1LBeJEB+n06wk8sUofRlLZEgZO1b8TKeJaj3loOzkyQ73oZeJ/Xicx0UWQUhEnhgg8OxQlDBoJswhgnyqCDRtbgrCi9leIh0ghbGxQc1ey3UZKpic2Gm8xiGXSOqt6terlba1Sv85DKoIjcAxOgQfOQR3cgAZoAgwUeAGv4M15dt6dD+dz1lpw8plDMAfn6xcDopvm</latexit>

Promise on            : Either 1-to-1 (then f(x) = 0)
s 6= 0

<latexit sha1_base64="i42xH9M8THuh0dqljWMxnORWsqg=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4KjMiqLuCIC4r2Ae0Q8mkt21oJhmSO0IZunXvVn/Bnbj1P/wDP8P0sbCtBwKHc+4rJ0qksOj7315ubX1jcyu/XdjZ3ds/KB4e1a1ODYca11KbZsQsSKGghgIlNBMDLI4kNKLh7cRvPIGxQqtHHCUQxqyvRE9whk5qWNpWQP1OseSX/SnoKgnmpETmqHaKP+2u5mkMCrlk1rYCP8EwYwYFlzAutFMLCeND1oeWo4rFYMNseu6YnjmlS3vauKeQTtW/HRmLrR3FkauMGQ7ssjcR//NaKfauw0yoJEVQfLaol0qKmk7+TrvCAEc5coRxI9ytlA+YYRxdQgtbJrNRa2nHLppgOYhVUr8oB5flm4fLUuVuHlKenJBTck4CckUq5J5USY1wMiQv5JW8ec/eu/fhfc5Kc96855gswPv6BTBMmK4=</latexit>

xi = xi�s

<latexit sha1_base64="qC3ISGJcH10wi20Hq4KYv+jf2BM=">AAACE3icbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQV0IBUFcVrAPaEOYTKft0MlMmJlIa+hnuHerv+BO3PoB/oGf4STNwrYeuHA45744QcSo0o7zbRVWVtfWN4qbpa3tnd09e/+gqUQsMWlgwYRsB0gRRjlpaKoZaUeSoDBgpBWMblK/9UikooI/6ElEvBANOO1TjLSRfPto7FN4Dcd+QmFXRCxWUE19u+xUnAxwmbg5KYMcdd/+6fYEjkPCNWZIqY7rRNpLkNQUMzItdWNFIoRHaEA6hnIUEuUl2fdTeGqUHuwLaYprmKl/JxIUKjUJA9MZIj1Ui14q/ud1Yt2/9BLKo1gTjmeH+jGDWsA0CtijkmDNJoYgLKn5FeIhkghrE9jclXS3FoJl0biLQSyT5nnFrVau7qvl2m0eUhEcgxNwBlxwAWrgDtRBA2DwBF7AK3iznq1368P6nLUWrHzmEMzB+voFBZeehg==</latexit>

or there exists an          such that                 (then f(x) = 1)



Symmetry prevents speedup

More generally, we cannot have exponential quantum speedup if the problem is too symmetric.

Theorem. If f is permutation-invariant then R(f) = O(Q(f)3).
[Chailloux 18; improves Aaronson, Ambainis 11]

What if f has less than full permutation symmetry? How much symmetry is enough to prevent 
exponential quantum speedup?

f : P ! {0, 1}

<latexit sha1_base64="bBrunCYl4McxuvHhK1H92DSxohI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkUlB3BUFcVrAPaEKZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHvv3HuChDOlHefbKq2srq1vlDcrW9s7u3v2/kFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4Jvc7j1QqFosHPUmoH+GhYCEjWBupbx+FXj5EoCbydIy8zDl3vWnfrjo1Zwa0TNyCVKFAs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZbP0pOjXKAIWxNE9oNFN/d2Q4UmoSBaYywnqkFr1c/M/rpTq88jMmklRTQeYfhSlH5tA8CzRgkhLNJ4ZgIpnZFZERlphok1jFhOAunrxM2hc1t167vq9XG7dFHGU4hhM4AxcuoQF30IQWEMjgGV7hzXqyXqx362NeWrKKnkP4A+vzB4VZlJY=</latexit>

⇡ 2 Sn

<latexit sha1_base64="Yw1zfzk5pCCztNtHnjjzYnWesmU=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VBHFZ0T5gZiiZNG1DM8mQZIRS+gPu3eovuBO3/oV/4GeYaWdhWw8EDufcV06UcKaN6347hbX1jc2t4nZpZ3dv/6B8eNTSMlWENonkUnUirClngjYNM5x2EkVxHHHajkY3md9+okozKR7NOKFhjAeC9RnBxkp+kDAUMIEeuqJbrrhVdwa0SrycVCBHo1v+CXqSpDEVhnCste+5iQknWBlGOJ2WglTTBJMRHlDfUoFjqsPJ7OQpOrNKD/Wlsk8YNFP/dkxwrPU4jmxljM1QL3uZ+J/np6Z/FU6YSFJDBZkv6qccGYmy/6MeU5QYPrYEE8XsrYgMscLE2JQWtmSzjZRcT2003nIQq6R1UfVq1ev7WqV+m4dUhBM4hXPw4BLqcAcNaAIBCS/wCm/Os/PufDif89KCk/ccwwKcr1+OJZqM</latexit>

Say a function                       is permutation-invariant if for all            ,
<latexit sha1_base64="KMBsGP7sLbGgA37SS59OdJNYZMc="></latexit>

x = (x1, . . . , xn) 2 P ) x � ⇡ := (x⇡(1), . . . , x⇡(n)) 2 P
<latexit sha1_base64="YuCFvRu/eowqZ46e6vGTtC1nGZk=">AAACFHicbVDLSgMxFM3UV62vUXHlJliEdlNmRNGNUBDEZQX7gM5QMmmmDc0kQ5IRy9DfcO9Wf8GduHXvH/gZZtpZ2NYDIYdz7osTxIwq7TjfVmFldW19o7hZ2tre2d2z9w9aSiQSkyYWTMhOgBRhlJOmppqRTiwJigJG2sHoJvPbj0QqKviDHsfEj9CA05BipI3Us4/CylMVXkPzQQ9TiaEX02rPLjs1Zwq4TNyclEGORs/+8foCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPnp9PwJPDVKH4ZCmsc1nKp/O1IUKTWOAlMZIT1Ui14m/ud1Ex1e+SnlcaIJx7NFYcKgFjDLAvapJFizsSEIS2puhXiIJMLaJDa3JZuthWBqYqJxF4NYJq2zmntRc+7Py/XbPKQiOAYnoAJccAnq4A40QBNgkIIX8ArerGfr3fqwPmelBSvvOQRzsL5+Aat9nZ4=</latexit>

f(x) = f(x � ⇡)and



Graph symmetry

In a graph property, the input is a graph and the property depends only on its isomorphism class.

I.e., for any n-vertex graph            and            ,                  and
<latexit sha1_base64="qBUaJ6vNDClIC8mOiQX5oIDqL1k=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCoC4r2Ae0RTJppg3NJENyRyilW/du9RfciVv/wz/wM8y0XdjWA4HDuec+csJECou+/+3lVlbX1jfym4Wt7Z3dveL+Qd3q1DBeY1pq0wyp5VIoXkOBkjcTw2kcSt4IB9dZvfHEjRVaPeAw4Z2Y9pSIBKPopMYtaQtFqo/Fkl/2JyDLJJiREszg/D/trmZpzBUySa1tBX6CnRE1KJjk40I7tTyhbEB7vOWoojG3ndHk3DE5cUqXRNq4p5BM1L8dIxpbO4xD54wp9u1iLRP/q7VSjK46I6GSFLli00VRKglqkv2ddIXhDOXQEcqMcLcS1qeGMnQJzW3JZqPW0o5dNMFiEMukflYOLsr+/XmpcjMLKQ9HcAynEMAlVOAOqlADBgN4gVd48569d+/D+5xac96s5xDm4H39Ah/pmJ4=</latexit>

G 2 P
<latexit sha1_base64="R1CI8kZDC3RpquCUvT14uc/XtQw=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2lqYGUomzbShmWRIMkIp/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydKOdPGdb+d0srq2vpGebOytb2zu1fdP2hrmSlCW0RyqToR1pQzQVuGGU47qaI4iTh9jIbXuf/4RJVmUjyYUUrDBPcFixnBxkp+kDIUMIHuu6Jbrbl1dwq0TLyC1KBAs1v9CXqSZAkVhnCste+5qQnHWBlGOJ1UgkzTFJMh7lPfUoETqsPx9OQJOrFKD8VS2ScMmqp/O8Y40XqURLYywWagF71c/M/zMxNfhWMm0sxQQWaL4owjI1H+f9RjihLDR5Zgopi9FZEBVpgYm9Lclny2kZLriY3GWwximbTP6t5F3b07rzVuipDKcATHcAoeXEIDbqEJLSAg4QVe4c15dt6dD+dzVlpyip5DmIPz9QuLl5qE</latexit>

⇡ 2 Sn
<latexit sha1_base64="z2EtVvSWfjA39+Cx5imrdc4IvW4=">AAACCXicbVDLSgMxFL1TX7W+qi7dBItQN2VGFF0WBHVZwT6gM0gmzbShmWRIMkIp/QL3bvUX3Ilbv8I/8DPMtLOwrQcCh3POzb2cMOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB0OrzO//USVZlI8mFFCgxj3BYsYwcZKvp+w6u0p8plAjcdyxa25U6Bl4uWkAjls/sfvSZLGVBjCsdZdz01MMMbKMMLppOSnmiaYDHGfdi0VOKY6GE9vnqATq/RQJJV9wqCp+ndijGOtR3FokzE2A73oZeJ/Xjc10VUwZiJJDRVktihKOTISZQWgHlOUGD6yBBPF7K2IDLDCxNia5rZkfxspuZ7YarzFIpZJ66zmXdTc+/NK/SYvqQhHcAxV8OAS6nAHDWgCgQRe4BXenGfn3flwPmfRgpPPHMIcnK9fWGaaVg==</latexit>

⇡(G) 2 P
<latexit sha1_base64="icQNdGIbJ3dRbgT7llrEmWwC3OE=">AAACD3icbVDLSgMxFM3UV62vUZdugkVoN2VGFN0IBUFdVrAPaIeSSTNtaGYyJHcKpfQj3LvVX3Anbv0E/8DPMNPOwrYeCDmcc18cPxZcg+N8W7m19Y3Nrfx2YWd3b//APjxqaJkoyupUCqlaPtFM8IjVgYNgrVgxEvqCNf3hbeo3R0xpLqMnGMfMC0k/4gGnBIzUte2g1Il56b5cxjc4MH/XLjoVZwa8StyMFFGGWtf+6fQkTUIWARVE67brxOBNiAJOBZsWOolmMaFD0mdtQyMSMu1NZpdP8ZlRejiQyrwI8Ez92zEhodbj0DeVIYGBXvZS8T+vnUBw7U14FCfAIjpfFCQCg8RpDLjHFaMgxoYQqri5FdMBUYSCCWthSzobpBR6aqJxl4NYJY3zintZcR4vitW7LKQ8OkGnqIRcdIWq6AHVUB1RNEIv6BW9Wc/Wu/Vhfc5Lc1bWc4wWYH39AiXqmx4=</latexit>

f(⇡(G)) = f(G)

A vertex permutation            induces an edge permutation in                  , namely  
¼(u, v) = (¼(u), ¼(v)).

<latexit sha1_base64="R1CI8kZDC3RpquCUvT14uc/XtQw=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2lqYGUomzbShmWRIMkIp/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydKOdPGdb+d0srq2vpGebOytb2zu1fdP2hrmSlCW0RyqToR1pQzQVuGGU47qaI4iTh9jIbXuf/4RJVmUjyYUUrDBPcFixnBxkp+kDIUMIHuu6Jbrbl1dwq0TLyC1KBAs1v9CXqSZAkVhnCste+5qQnHWBlGOJ1UgkzTFJMh7lPfUoETqsPx9OQJOrFKD8VS2ScMmqp/O8Y40XqURLYywWagF71c/M/zMxNfhWMm0sxQQWaL4owjI1H+f9RjihLDR5Zgopi9FZEBVpgYm9Lclny2kZLriY3GWwximbTP6t5F3b07rzVuipDKcATHcAoeXEIDbqEJLSAg4QVe4c15dt6dD+dzVlpyip5DmIPz9QuLl5qE</latexit>

⇡ 2 Sn

<latexit sha1_base64="EUYbBcfqWgbG8A/CaXcqirmhtfQ=">AAACFHicbVDLSsNAFJ3UV62vqLhyM1iEuilJUXRZEMRlpfYBbRom00k7dDITZiZCCfkN9271F9yJW/f+gZ9h0mZhWw9cOJxzXxwvZFRpy/o2CmvrG5tbxe3Szu7e/oF5eNRWIpKYtLBgQnY9pAijnLQ01Yx0Q0lQ4DHS8Sa3md95IlJRwR/1NCROgEac+hQjnUquedJ0+SCu1C4S2GcENt2YD2qJa5atqjUDXCV2TsogR8M1f/pDgaOAcI0ZUqpnW6F2YiQ1xYwkpX6kSIjwBI1IL6UcBUQ58ez9BJ6nyhD6QqbFNZypfydiFCg1Dby0M0B6rJa9TPzP60Xav3FiysNIE47nh/yIQS1glgUcUkmwZtOUICxp+ivEYyQR1mliC1ey3VoIprJo7OUgVkm7VrWvqtbDZbl+l4dUBKfgDFSADa5BHdyDBmgBDGLwAl7Bm/FsvBsfxue8tWDkM8dgAcbXL+oOnl8=</latexit>

S(2)
n  Sn2

<latexit sha1_base64="L1vr15l7yoWq6gIo/jMoUOy82mk=">AAACCnicbVDLSgMxFL3js9ZX1aWb1CLUTZkpii4LgrisYB/QjiWTpm1oJhmTjFCG/oF7t/oL7sStP+Ef+Blm2i5s64ELh3PuixNEnGnjut/Oyura+sZmZiu7vbO7t587OKxrGStCa0RyqZoB1pQzQWuGGU6bkaI4DDhtBMPr1G88UaWZFPdmFFE/xH3BeoxgYyVf5FGbc1QUD+WzfCdXcEvuBGiZeDNSgBmqndxPuytJHFJhCMdatzw3Mn6ClWGE03G2HWsaYTLEfdqyVOCQaj+ZPD1Gp1bpop5UtoRBE/XvRIJDrUdhYDtDbAZ60UvF/7xWbHpXfsJEFBsqyPRQL+bISJQmgLpMUWL4yBJMFLO/IjLAChNjc5q7ku42UnI9ttF4i0Esk3q55F2U3LvzQuVmFlIGjuEEiuDBJVTgFqpQAwKP8AKv8OY8O+/Oh/M5bV1xZjNHMAfn6xdQ25pD</latexit>

n! ⌧ (n2)!This is much less than full permutation symmetry on the edges! (                 )

The input describes which edges are present.



Graph property testing

In the setting of property testing, we ask if some property is satisfied or far from being satisfied.

[Goldreich, Ron 99-02]: In the adjacency-list model for bounded-degree n-vertex graphs, the 
randomized query complexity of testing bipartiteness and expansion is £(n1/2).

Testing bipartiteness remains wide open: Is exponential speedup possible?

Can we rule out exponential speedup for any graph property? [ACL 11; Montanaro, de Wolf 13]

The answer could depend on the query model (adjacency matrix vs. adjacency list).

[Ambainis, Childs, Liu 11]: In the same model, the quantum query complexity of testing 
bipartiteness and expansion is O(n1/3). Testing expansion requires            queries.

<latexit sha1_base64="b3HAhWCBdCD5qQDXP3Km516zceo=">AAACDnicbVDLSsNAFJ34rPXRqEs3g0Wom5pIRZcFQdxZwT6gjWUynbRDJzNhZiKUkH9w71Z/wZ249Rf8Az/DSZuFbT1w4XDOfXH8iFGlHefbWlldW9/YLGwVt3d290r2/kFLiVhi0sSCCdnxkSKMctLUVDPSiSRBoc9I2x9fZ377iUhFBX/Qk4h4IRpyGlCMtJH6dql3F5IhqvDHxD2rpad9u+xUnSngMnFzUgY5Gn37pzcQOA4J15ghpbquE2kvQVJTzEha7MWKRAiP0ZB0DeUoJMpLpo+n8MQoAxgIaYprOFX/TiQoVGoS+qYzRHqkFr1M/M/rxjq48hLKo1gTjmeHgphBLWCWAhxQSbBmE0MQltT8CvEISYS1yWruSrZbC8FUaqJxF4NYJq3zqntRde5r5fpNHlIBHIFjUAEuuAR1cAsaoAkwiMELeAVv1rP1bn1Yn7PWFSufOQRzsL5+AYNBnAM=</latexit>

⌦(n1/4)



Theorem. R(f) = O(Q(f)6) for all graph properties f in the adjacency matrix model.

Theorem (informal). Let G be a primitive permutation group.
If G is “large” (superpolynomial base size) then any G-symmetric function has at most 
polynomial quantum speedup.
If G is “small” (polynomial base size) then there exists a G-symmetric function with 
superpolynomial quantum speedup.

Permutation groups are “large” iff they are hypergraph symmetries, so these are essentially the 
only symmetres that prevent exponential speedup.

Our results

Theorem. There is a graph property testing problem for bounded-degree graphs in the 
adjacency list model that can be solved with poly(log n) quantum queries, but that needs 
             classical queries.

<latexit sha1_base64="kHFd3SktzMnaLuYD7UaxaXaKv2w=">AAACEXicbVDLSsNAFJ3UV62vWJduBotQNyUpii4Lgrizgq2FJpbJdNIOnUeYmYgl9Cvcu9VfcCdu/QL/wM8wabOwrQcuHM65L04QMaqN43xbhZXVtfWN4mZpa3tnd8/eL7e1jBUmLSyZVJ0AacKoIC1DDSOdSBHEA0bug9Fl5t8/EqWpFHdmHBGfo4GgIcXIpFLPLtcfEu+GkwGqekwOoDiZ9OyKU3OmgMvEzUkF5Gj27B+vL3HMiTCYIa27rhMZP0HKUMzIpOTFmkQIj9CAdFMqECfaT6a/T+BxqvRhKFVawsCp+nciQVzrMQ/STo7MUC96mfif141NeOEnVESxIQLPDoUxg0bCLAjYp4pgw8YpQVjR9FeIh0ghbNK45q5ku42UTGfRuItBLJN2veae1Zzb00rjKg+pCA7BEagCF5yDBrgGTdACGDyBF/AK3qxn6936sD5nrQUrnzkAc7C+fgExN519</latexit>

2⌦(logn)

More generally, R(f) = O(Q(f)3k) for all k-uniform hypergraph properties f.



No superpolynomial speedup for
adjacency-matrix graph properties



Chailloux’s proof

[Chailloux 18]

Suppose                                 is permutation-invariant. 
<latexit sha1_base64="YDTH9BvmWtX3Sry1Ax8X5gcyOjM=">AAACKHicbVDLSgMxFM34flt16SZYBAUpM6LoUhDEZUVbhU4tmfROG8wkY3JHKEO/wf9w71Z/wZ24deVnmKldWOuBwOGc+8g9USqFRd//8CYmp6ZnZufmFxaXlldWS2vrdaszw6HGtdTmJmIWpFBQQ4ESblIDLIkkXEd3p4V//QDGCq2usJdCM2EdJWLBGTqpVdqNaVhMUbRKQ5tFFhDuaXgpOgm7VTRETcPc3wvCfqtU9iv+AHScBENSJkNUW6WvsK15loBCLpm1jcBPsZkzg4JL6C+EmYWU8TvWgYajiiVgm/ngpD7ddkqbxtq4p5AO1N8dOUus7SWRq0wYdu1frxD/8xoZxsfNXKg0Q1D8Z1GcSeoOLfKhbWGAo+w5wrgR7q+Ud5lhHF2KI1uK2ai1tEU0wd8gxkl9vxIcVvyLg/LJ2TCkObJJtsgOCcgROSHnpEpqhJNH8kxeyKv35L15797HT+mEN+zZICPwPr8BSLimYw==</latexit>

f : P ✓ ⌃n ! {0, 1}

Given an algorithm for computing f, if we replace the input            by  
for a random            , then the algorithm still correctly computes f.

<latexit sha1_base64="tuR4z/CIm4tEU/qgMSbDO96fwkA=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ae0g2TSTBuaSYbkjlhKt+7d6i+4E7f+h3/gZ5g+Frb1QOBw7rmPnCiVwqLvf3u5ldW19Y38ZmFre2d3r7h/ULc6M4zXmJbaNCNquRSK11Cg5M3UcJpEkjei/vW43njkxgqt7nGQ8jChXSViwSg6qfFE2kKR6kOx5Jf9CcgyCWakBDM4/0+7o1mWcIVMUmtbgZ9iOKQGBZN8VGhnlqeU9WmXtxxVNOE2HE7OHZETp3RIrI17CslE/dsxpIm1gyRyzoRizy7WxuJ/tVaG8VU4FCrNkCs2XRRnkqAm47+TjjCcoRw4QpkR7lbCetRQhi6huS3j2ai1tCMXTbAYxDKpn5WDi7J/d16q3MxCysMRHMMpBHAJFbiFKtSAQR9e4BXevGfv3fvwPqfWnDfrOYQ5eF+/b4mYzw==</latexit>

x 2 P
<latexit sha1_base64="nGykEQeN9jTqHbxHag7VuU8UtSo=">AAACK3icbZDLSgMxFIYzXuu96tJNsAgtlDIjim6EgiAuK9hW6AxDJk01mEmG5Iy0DPMSvod7t/oKrhS3go9h2s7C24HAx/+fk5P8USK4Add9dWZm5+YXFktLyyura+sb5c2tjlGppqxNlVD6KiKGCS5ZGzgIdpVoRuJIsG50ezr2u3dMG67kJYwSFsTkWvIBpwSsFJbrQ+xTrin2E45PcHUYZpaqXi2v+6KvwNQLRdbyWliuuA13UvgveAVUUFGtsPzp9xVNYyaBCmJMz3MTCDKigVPB8mU/NSwh9JZcs55FSWJmgmzyqxzvWaWPB0rbIwFP1O8TGYmNGcWR7YwJ3Jjf3lj8z+ulMDgOMi6TFJik00WDVGBQeBwR7nPNKIiRBUI1t2/F9IZoQsEG+WPL+G5QSpjcRuP9DuIvdPYb3mHDvTioNM+KkEpoB+2iKvLQEWqic9RCbUTRPXpET+jZeXBenDfnfdo64xQz2+hHOR9fuo6nEg==</latexit>

x � ⇡ = (x⇡(1), . . . , x⇡(n))
<latexit sha1_base64="R1CI8kZDC3RpquCUvT14uc/XtQw=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2lqYGUomzbShmWRIMkIp/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydKOdPGdb+d0srq2vpGebOytb2zu1fdP2hrmSlCW0RyqToR1pQzQVuGGU47qaI4iTh9jIbXuf/4RJVmUjyYUUrDBPcFixnBxkp+kDIUMIHuu6Jbrbl1dwq0TLyC1KBAs1v9CXqSZAkVhnCste+5qQnHWBlGOJ1UgkzTFJMh7lPfUoETqsPx9OQJOrFKD8VS2ScMmqp/O8Y40XqURLYywWagF71c/M/zMxNfhWMm0sxQQWaL4owjI1H+f9RjihLDR5Zgopi9FZEBVpgYm9Lclny2kZLriY3GWwximbTP6t5F3b07rzVuipDKcATHcAoeXEIDbqEJLSAg4QVe4c15dt6dD+dzVlpyip5DmIPz9QuLl5qE</latexit>

⇡ 2 Sn

Main idea: Replace ¼ by a random range-r function,                     with
<latexit sha1_base64="ZwZuUmXear+zG+miYvy4Nby5zho=">AAACGHicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZUXRZEMRlBfuAzlAyadqGZpIhyQhlKP6He7f6C+7ErTv/wM8w03ZhWy+EHM65zxMlnGnjed9OYWV1bX2juFna2t7Z3XP3DxpaporQOpFcqlaENeVM0LphhtNWoiiOI06b0fAm15uPVGkmxYMZJTSMcV+wHiPYWKrjHgWYJwOMgryVQG0RosDI/O+4Za/iTQItA38GyjCLWsf9CbqSpDEVhnCsddv3EhNmWBlGOB2XglTTBJMh7tO2hQLHVIfZ5IQxOrVMF/Wksk8YNGH/VmQ41noURzYzxmagF7Wc/E9rp6Z3HWZMJKmhgkwH9VKO7JG5H6jLFCWGjyzARDG7KyIDrDAx1rW5KXlvIyXXY2uNv2jEMmicV/zLind/Ua7ezkwqwjGcwBn4cAVVuIMa1IHAE7zAK7w5z8678+F8TlMLzqzmEObC+foFmEOgXQ==</latexit>

↵ : [n] ! [n]
<latexit sha1_base64="6PbsiGkEGM2RkAQH/ZLH3kAjr/w=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQNyURRTdCQRCXFWwtpKFMppN26GQmzEyUkvYn3LvVX3Anbv0D/8DPcNJmYVsPXDicc1+cIGZUacf5tgorq2vrG8XN0tb2zu6eXd5vKZFITJpYMCHbAVKEUU6ammpG2rEkKAoYeQiG15n/8EikooLf61FM/Aj1OQ0pRtpIXbs87iAWD1DV4/7JGF5B2bUrTs2ZAi4TNycVkKPRtX86PYGTiHCNGVLKc51Y+ymSmmJGJqVOokiM8BD1iWcoRxFRfjp9fQKPjdKDoZCmuIZT9e9EiiKlRlFgOiOkB2rRy8T/PC/R4aWfUh4nmnA8OxQmDGoBsxxgj0qCNRsZgrCk5leIB0girE1ac1ey3VoIpiYmGncxiGXSOq255zXn7qxSv8lDKoJDcASqwAUXoA5uQQM0AQZP4AW8gjfr2Xq3PqzPWWvBymcOwBysr18rtpzp</latexit>

|↵([n])| = r

Theorem [Zhandry 15]. Distinguishing a random range-r function from a random permutation 
requires             quantum queries.

<latexit sha1_base64="RH4DYyQlK7+1FirASwYLPLKpIR8=">AAACDnicbVDLSsNAFJ34rPXRqEs3g0Wom5r4QJcFQdxZwT6gjWUynbRDJzNhZiKUkH9w71Z/wZ249Rf8Az/DSZuFbT1w4XDOfXH8iFGlHefbWlpeWV1bL2wUN7e2d0r27l5TiVhi0sCCCdn2kSKMctLQVDPSjiRBoc9Iyx9dZ37riUhFBX/Q44h4IRpwGlCMtJF6dql7F5IBqsjHxD05S497dtmpOhPAReLmpAxy1Hv2T7cvcBwSrjFDSnVcJ9JegqSmmJG02I0ViRAeoQHpGMpRSJSXTB5P4ZFR+jAQ0hTXcKL+nUhQqNQ49E1niPRQzXuZ+J/XiXVw5SWUR7EmHE8PBTGDWsAsBdinkmDNxoYgLKn5FeIhkghrk9XMlWy3FoKp1ETjzgexSJqnVfei6tyfl2s3eUgFcAAOQQW44BLUwC2ogwbAIAYv4BW8Wc/Wu/VhfU5bl6x8Zh/MwPr6BYgpnAY=</latexit>

⌦(r1/3)

Taking r = Q(f)3, we see that a Q(f)-query quantum algorithm cannot distinguish         from 
        . But a quantum algorithm on          can be simulated with r classical queries.

<latexit sha1_base64="Rcu1DvL9TByrMFxTNc+1sBJYVcM=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjOi6LIgiMsKthU6Q8mkmTY0kwzJHbEM/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydMBDfgut9OaWV1bX2jvFnZ2t7Z3avuH7SNSjVlLaqE0g8hMUxwyVrAQbCHRDMSh4J1wtF17ncemTZcyXsYJyyIyUDyiFMCVuo+YZ9yTbGf8F615tbdKfAy8QpSQwWaveqP31c0jZkEKogxXc9NIMiIBk4Fm1T81LCE0BEZsK6lksTMBNn05Ak+sUofR0rbJwFP1b8dGYmNGcehrYwJDM2il4v/ed0Uoqsg4zJJgUk6WxSlAoPC+f9xn2tGQYwtIVRzeyumQ6IJBZvS3JZ8NiglzMRG4y0GsUzaZ3Xvou7endcaN0VIZXSEjtEp8tAlaqBb1EQtRJFCL+gVvTnPzrvz4XzOSktO0XOI5uB8/QLCMpqm</latexit>x � ⇡
<latexit sha1_base64="3+ovqwceOqIbEPthugdo7/oTJf8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ad0xpJJM21oJhmSjFhKP8G9W/0Fd+LWj/AP/Awz7Sxs64ELh3PuixMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuF15rceqdJMinszSmgQ475gESPYWOnhCfmEKYJ8zJMB7pYrbtWdAi0TLycVyFHvln/8niRpTIUhHGvd8dzEBGOsDCOcTkp+qmmCyRD3acdSgWOqg/H06wk6sUoPRVLZEgZN1b8TYxxrPYpD2xljM9CLXib+53VSE10FYyaS1FBBZoeilCMjURYB6jFFieEjSzBRzP6KyAArTIwNau5KtttIyfXERuMtBrFMmmdV76Lq3p1Xajd5SEU4gmM4BQ8uoQa3UIcGEFDwAq/w5jw7786H8zlrLTj5zCHMwfn6BSB0m/E=</latexit>x � ↵<latexit sha1_base64="3+ovqwceOqIbEPthugdo7/oTJf8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ad0xpJJM21oJhmSjFhKP8G9W/0Fd+LWj/AP/Awz7Sxs64ELh3PuixMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuF15rceqdJMinszSmgQ475gESPYWOnhCfmEKYJ8zJMB7pYrbtWdAi0TLycVyFHvln/8niRpTIUhHGvd8dzEBGOsDCOcTkp+qmmCyRD3acdSgWOqg/H06wk6sUoPRVLZEgZN1b8TYxxrPYpD2xljM9CLXib+53VSE10FYyaS1FBBZoeilCMjURYB6jFFieEjSzBRzP6KyAArTIwNau5KtttIyfXERuMtBrFMmmdV76Lq3p1Xajd5SEU4gmM4BQ8uoQa3UIcGEFDwAq/w5jw7786H8zlrLTj5zCHMwfn6BSB0m/E=</latexit>x � ↵

If a quantum algorithm distinguishes          from         , then it distinguishes ¼ from ®.
(If it cannot distinguish ¼ from ® then it cannot distinguish          from         .)

<latexit sha1_base64="Rcu1DvL9TByrMFxTNc+1sBJYVcM=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjOi6LIgiMsKthU6Q8mkmTY0kwzJHbEM/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydMBDfgut9OaWV1bX2jvFnZ2t7Z3avuH7SNSjVlLaqE0g8hMUxwyVrAQbCHRDMSh4J1wtF17ncemTZcyXsYJyyIyUDyiFMCVuo+YZ9yTbGf8F615tbdKfAy8QpSQwWaveqP31c0jZkEKogxXc9NIMiIBk4Fm1T81LCE0BEZsK6lksTMBNn05Ak+sUofR0rbJwFP1b8dGYmNGcehrYwJDM2il4v/ed0Uoqsg4zJJgUk6WxSlAoPC+f9xn2tGQYwtIVRzeyumQ6IJBZvS3JZ8NiglzMRG4y0GsUzaZ3Xvou7endcaN0VIZXSEjtEp8tAlaqBb1EQtRJFCL+gVvTnPzrvz4XzOSktO0XOI5uB8/QLCMpqm</latexit>x � ⇡
<latexit sha1_base64="3+ovqwceOqIbEPthugdo7/oTJf8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ad0xpJJM21oJhmSjFhKP8G9W/0Fd+LWj/AP/Awz7Sxs64ELh3PuixMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuF15rceqdJMinszSmgQ475gESPYWOnhCfmEKYJ8zJMB7pYrbtWdAi0TLycVyFHvln/8niRpTIUhHGvd8dzEBGOsDCOcTkp+qmmCyRD3acdSgWOqg/H06wk6sUoPRVLZEgZN1b8TYxxrPYpD2xljM9CLXib+53VSE10FYyaS1FBBZoeilCMjURYB6jFFieEjSzBRzP6KyAArTIwNau5KtttIyfXERuMtBrFMmmdV76Lq3p1Xajd5SEU4gmM4BQ8uoQa3UIcGEFDwAq/w5jw7786H8zlrLTj5zCHMwfn6BSB0m/E=</latexit>x � ↵<latexit sha1_base64="Rcu1DvL9TByrMFxTNc+1sBJYVcM=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjOi6LIgiMsKthU6Q8mkmTY0kwzJHbEM/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydMBDfgut9OaWV1bX2jvFnZ2t7Z3avuH7SNSjVlLaqE0g8hMUxwyVrAQbCHRDMSh4J1wtF17ncemTZcyXsYJyyIyUDyiFMCVuo+YZ9yTbGf8F615tbdKfAy8QpSQwWaveqP31c0jZkEKogxXc9NIMiIBk4Fm1T81LCE0BEZsK6lksTMBNn05Ak+sUofR0rbJwFP1b8dGYmNGcehrYwJDM2il4v/ed0Uoqsg4zJJgUk6WxSlAoPC+f9xn2tGQYwtIVRzeyumQ6IJBZvS3JZ8NiglzMRG4y0GsUzaZ3Xvou7endcaN0VIZXSEjtEp8tAlaqBb1EQtRJFCL+gVvTnPzrvz4XzOSktO0XOI5uB8/QLCMpqm</latexit>x � ⇡

<latexit sha1_base64="3+ovqwceOqIbEPthugdo7/oTJf8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ad0xpJJM21oJhmSjFhKP8G9W/0Fd+LWj/AP/Awz7Sxs64ELh3PuixMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuF15rceqdJMinszSmgQ475gESPYWOnhCfmEKYJ8zJMB7pYrbtWdAi0TLycVyFHvln/8niRpTIUhHGvd8dzEBGOsDCOcTkp+qmmCyRD3acdSgWOqg/H06wk6sUoPRVLZEgZN1b8TYxxrPYpD2xljM9CLXib+53VSE10FYyaS1FBBZoeilCMjURYB6jFFieEjSzBRzP6KyAArTIwNau5KtttIyfXERuMtBrFMmmdV76Lq3p1Xajd5SEU4gmM4BQ8uoQa3UIcGEFDwAq/w5jw7786H8zlrLTj5zCHMwfn6BSB0m/E=</latexit>x � ↵



More general symmetries

Graph symmetries have some additional constraints, but they are only “more well-shuffling”.

Let              be a permutation group. Say a function                                 is G-invariant if for all 
          and          , we have                 and                         .

<latexit sha1_base64="lsrj6AOzOwHh552A7VOk8DzuQdk=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFkQ1GVF+5B2KJk004ZmkiHJCGXo3r1b/QV34tbf8A/8DDPtLGzrgcDhnPvKCWLOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN7RMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4VXmN5+o0kyKBzOKqR/hvmAhI9hY6fEGdThF913RLZXdijsBWiReTsqQo9Yt/XR6kiQRFYZwrHXbc2Pjp1gZRjgdFzuJpjEmQ9ynbUsFjqj208nBY3RslR4KpbJPGDRR/3akONJ6FAW2MsJmoOe9TPzPaycmvPRTJuLEUEGmi8KEIyNR9nvUY4oSw0eWYKKYvRWRAVaYGJvRzJZstpGS67GNxpsPYpE0TiveecW9OytXr/OQCnAIR3ACHlxAFW6hBnUgEMELvMKb8+y8Ox/O57R0ycl7DmAGztcvse6ZfA==</latexit>

G  Sn

<latexit sha1_base64="4r2WI/9iQizE5JmIuAJ/DHrO8yQ=">AAACJ3icbVDLSgMxFM34flt16SZYBBdSZkTRpSCIy4rWFjq1ZNI7bTCTjMkdoQz9Bf/DvVv9BXeiS3d+hpnahVUPBA7n3EfuiVIpLPr+uzcxOTU9Mzs3v7C4tLyyWlpbv7I6MxxqXEttGhGzIIWCGgqU0EgNsCSSUI9uTgq/fgfGCq0usZ9CK2FdJWLBGTqpXdqJw2KIolUa2iyygHBLwwvRTdi1oiFqGub+bhAO2qWyX/GHoH9JMCJlMkK1XfoMO5pnCSjkklnbDPwUWzkzKLiEwUKYWUgZv2FdaDqqWAK2lQ8vGtBtp3RorI17CulQ/dmRs8TafhK5yoRhz/72CvE/r5lhfNTKhUozBMW/F8WZpO7QIh7aEQY4yr4jjBvh/kp5jxnG0YU4tqWYjVpLW0QT/A7iL7naqwQHFf98v3x8OgppjmySLbJDAnJIjskZqZIa4eSePJIn8uw9eC/eq/f2XTrhjXo2yBi8jy/qvKY5</latexit>

f : P ✓ ⌃n ! {0, 1}
<latexit sha1_base64="34vmQ1lXKy27NyReqhga/522XXU=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjOi6LIgqMsK9iGdoWTSTBuaSYbkjlBK9+7d6i+4E7f+hn/gZ5hpZ2FbDwQO59xXTpgIbsB1v53Cyura+kZxs7S1vbO7V94/aBqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh8DrzW09MG67kA4wSFsSkL3nEKQErPfoJxz6X+LZbrrhVdwq8TLycVFCOerf84/cUTWMmgQpiTMdzEwjGRAOngk1KfmpYQuiQ9FnHUkliZoLx9OAJPrFKD0dK2ycBT9W/HWMSGzOKQ1sZExiYRS8T//M6KURXwZjLJAUm6WxRlAoMCme/xz2uGQUxsoRQze2tmA6IJhRsRnNbstmglDATG423GMQyaZ5VvYuqe39eqd3kIRXRETpGp8hDl6iG7lAdNRBFMXpBr+jNeXbenQ/nc1ZacPKeQzQH5+sX34SZlw==</latexit>

⇡ 2 G
<latexit sha1_base64="tuR4z/CIm4tEU/qgMSbDO96fwkA=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2Ae0g2TSTBuaSYbkjlhKt+7d6i+4E7f+h3/gZ5g+Frb1QOBw7rmPnCiVwqLvf3u5ldW19Y38ZmFre2d3r7h/ULc6M4zXmJbaNCNquRSK11Cg5M3UcJpEkjei/vW43njkxgqt7nGQ8jChXSViwSg6qfFE2kKR6kOx5Jf9CcgyCWakBDM4/0+7o1mWcIVMUmtbgZ9iOKQGBZN8VGhnlqeU9WmXtxxVNOE2HE7OHZETp3RIrI17CslE/dsxpIm1gyRyzoRizy7WxuJ/tVaG8VU4FCrNkCs2XRRnkqAm47+TjjCcoRw4QpkR7lbCetRQhi6huS3j2ai1tCMXTbAYxDKpn5WDi7J/d16q3MxCysMRHMMpBHAJFbiFKtSAQR9e4BXevGfv3fvwPqfWnDfrOYQ5eF+/b4mYzw==</latexit>

x 2 P
<latexit sha1_base64="5r7+UC2wQmxNLCFq4P8Crp5qd8o=">AAACEHicbVDLSgMxFM34rPXV6tJNsAiuyowouiwI4rKCfUBnKJk004ZmkiG5o5bSn3DvVn/Bnbj1D/wDP8NMOwvbeiBwOOfc3MsJE8ENuO63s7K6tr6xWdgqbu/s7u2XygdNo1JNWYMqoXQ7JIYJLlkDOAjWTjQjcShYKxxeZ37rgWnDlbyHUcKCmPQljzglYKVuqfyEfco1xX7Csc8lrndLFbfqToGXiZeTCsph8z9+T9E0ZhKoIMZ0PDeBYEw0cCrYpOinhiWEDkmfdSyVJGYmGE9Pn+ATq/RwpLR9EvBU/TsxJrExozi0yZjAwCx6mfif10khugrGXCYpMElni6JUYFA46wH3uGYUxMgSQjW3t2I6IJpQsG3Nbcn+BqWEmdhqvMUilknzrOpdVN2780rtJi+pgI7QMTpFHrpENXSL6qiBKHpEL+gVvTnPzrvz4XzOoitOPnOI5uB8/QIJnZzW</latexit>

x � ⇡ 2 P
<latexit sha1_base64="YA8/VTRNVJNSvgt+j9QBgKbo6Vs=">AAACFHicbVDLSsNAFJ3UV62vqLhyM1iEdlMSUXQjFARxWcE+oAllMp20QyczYWYiltDfcO9Wf8GduHXvH/gZTtosbOuBC4dz7osTxIwq7TjfVmFldW19o7hZ2tre2d2z9w9aSiQSkyYWTMhOgBRhlJOmppqRTiwJigJG2sHoJvPbj0QqKviDHsfEj9CA05BipI3Us4/CyhP0MJUYejGtwmtohGrPLjs1Zwq4TNyclEGORs/+8foCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPnp9P0JPDVKH4ZCmuIaTtW/EymKlBpHgemMkB6qRS8T//O6iQ6v/JTyONGE49mhMGFQC5hlAftUEqzZ2BCEJTW/QjxEEmFtEpu7ku3WQjA1MdG4i0Esk9ZZzb2oOffn5fptHlIRHIMTUAEuuAR1cAcaoAkwSMELeAVv1rP1bn1Yn7PWgpXPHII5WF+/suOdng==</latexit>

f(x � ⇡) = f(x)

Suppose we need             quantum queries to distinguish a random range-r function from a 
random          . (We say such a G is well-shuffling.)

<latexit sha1_base64="PEtr26DysNEc2/umfhy25gGDT1g=">AAACDnicbVDLSsNAFJ3UV62PRl26GSxC3dREFF0WBHFnBfuANpbJdNIOncyEmYlQQv7BvVv9BXfi1l/wD/wMJ20WtvXAhcM598XxI0aVdpxvq7Cyura+UdwsbW3v7Jbtvf2WErHEpIkFE7LjI0UY5aSpqWakE0mCQp+Rtj++zvz2E5GKCv6gJxHxQjTkNKAYaSP17XLvLiRDVJWPiXuK05O+XXFqzhRwmbg5qYAcjb790xsIHIeEa8yQUl3XibSXIKkpZiQt9WJFIoTHaEi6hnIUEuUl08dTeGyUAQyENMU1nKp/JxIUKjUJfdMZIj1Si14m/ud1Yx1ceQnlUawJx7NDQcygFjBLAQ6oJFiziSEIS2p+hXiEJMLaZDV3JduthWAqNdG4i0Esk9ZZzb2oOffnlfpNHlIRHIIjUAUuuAR1cAsaoAkwiMELeAVv1rP1bn1Yn7PWgpXPHIA5WF+/1WmcNg==</latexit>

⌦(r1/c)
<latexit sha1_base64="34vmQ1lXKy27NyReqhga/522XXU=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjOi6LIgqMsK9iGdoWTSTBuaSYbkjlBK9+7d6i+4E7f+hn/gZ5hpZ2FbDwQO59xXTpgIbsB1v53Cyura+kZxs7S1vbO7V94/aBqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh8DrzW09MG67kA4wSFsSkL3nEKQErPfoJxz6X+LZbrrhVdwq8TLycVFCOerf84/cUTWMmgQpiTMdzEwjGRAOngk1KfmpYQuiQ9FnHUkliZoLx9OAJPrFKD0dK2ycBT9W/HWMSGzOKQ1sZExiYRS8T//M6KURXwZjLJAUm6WxRlAoMCme/xz2uGQUxsoRQze2tmA6IJhRsRnNbstmglDATG423GMQyaZ5VvYuqe39eqd3kIRXRETpGp8hDl6iG7lAdNRBFMXpBr+jNeXbenQ/nc1ZacPKeQzQH5+sX34SZlw==</latexit>

⇡ 2 G

If we can distinguish a random               from a random range-r2 function on [n2] with Q 
quantum queries, then we can distinguish a random             from a random range-r function on 
[n] with 2Q quantum queries.                               , so        is well-shuffling with c = 6.

<latexit sha1_base64="71s4h1PxtbVZ+o2W0kvWApNBLSQ=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQNyUpii4LgrisaGuhiWEynbZDJzNhZqKU0J9w71Z/wZ249Q/8Az/DSZuFbT1w4XDOfXHCmFGlHefbKqysrq1vFDdLW9s7u3t2eb+tRCIxaWHBhOyESBFGOWlpqhnpxJKgKGTkPhxdZv79I5GKCn6nxzHxIzTgtE8x0kYK7LIXU+hRDm8D/pBW6yeTwK44NWcKuEzcnFRAjmZg/3g9gZOIcI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I11COIqL8dPr6BB4bpQf7QpriGk7VvxMpipQaR6HpjJAeqkUvE//zuonuX/gp5XGiCcezQ/2EQS1glgPsUUmwZmNDEJbU/ArxEEmEtUlr7kq2WwvBVBaNuxjEMmnXa+5Zzbk5rTSu8pCK4BAcgSpwwTlogGvQBC2AwRN4Aa/gzXq23q0P63PWWrDymQMwB+vrF/XjnMo=</latexit>

⇡ 2 S(2)
n

<latexit sha1_base64="R1CI8kZDC3RpquCUvT14uc/XtQw=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2lqYGUomzbShmWRIMkIp/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydKOdPGdb+d0srq2vpGebOytb2zu1fdP2hrmSlCW0RyqToR1pQzQVuGGU47qaI4iTh9jIbXuf/4RJVmUjyYUUrDBPcFixnBxkp+kDIUMIHuu6Jbrbl1dwq0TLyC1KBAs1v9CXqSZAkVhnCste+5qQnHWBlGOJ1UgkzTFJMh7lPfUoETqsPx9OQJOrFKD8VS2ScMmqp/O8Y40XqURLYywWagF71c/M/zMxNfhWMm0sxQQWaL4owjI1H+f9RjihLDR5Zgopi9FZEBVpgYm9Lclny2kZLriY3GWwximbTP6t5F3b07rzVuipDKcATHcAoeXEIDbqEJLSAg4QVe4c15dt6dD+dzVlpyip5DmIPz9QuLl5qE</latexit>

⇡ 2 Sn
<latexit sha1_base64="Y8VKCyqH9lrFD5ODKx/r5l1cqQ0=">AAACGHicbVDLSgMxFM3UV62vUVfiJliEuqkz9bkRCoK4bME+oJ2WTJq2oZnJkGSEMgz+h3u3+gvuxK07/8DPMNPOwrYeCJyccx/JcQNGpbKsbyOztLyyupZdz21sbm3vmLt7dclDgUkNc8ZF00WSMOqTmqKKkWYgCPJcRhru6DbxG49ESMr9BzUOiOOhgU/7FCOlpa55UIU3UHQi+/Qs1qwgOqWT5HYZd828VbQmgIvETkkepKh0zZ92j+PQI77CDEnZsq1AORESimJG4lw7lCRAeIQGpKWpjzwinWjyhRgea6UH+1zo4ys4Uf92RMiTcuy5utJDaijnvUT8z2uFqn/tRNQPQkV8PF3UDxlUHCZ5wB4VBCs21gRhQfVbIR4igbDSqc1sSWYrzplMorHng1gk9VLRviha1fN8+S4NKQsOwREoABtcgTK4BxVQAxg8gRfwCt6MZ+Pd+DA+p6UZI+3ZBzMwvn4BSQueXg==</latexit>

Q = r1/3 = (r2)1/6
<latexit sha1_base64="EKm7E4oP4mKu3NoWJyJbbwSU1WA=">AAACBnicbVDLSgMxFM3UV62vqks3wSLUTZkpii4LgrisaB/SjiWTZtrQPIYkI5She/du9RfciVt/wz/wM8y0s7CtBwKHc+4rJ4gY1cZ1v53cyura+kZ+s7C1vbO7V9w/aGoZK0waWDKp2gHShFFBGoYaRtqRIogHjLSC0VXqt56I0lSKezOOiM/RQNCQYmSs9HDXE49JuXo66RVLbsWdAi4TLyMlkKHeK/50+xLHnAiDGdK647mR8ROkDMWMTArdWJMI4REakI6lAnGi/WR68ASeWKUPQ6nsEwZO1b8dCeJaj3lgKzkyQ73opeJ/Xic24aWfUBHFhgg8WxTGDBoJ09/DPlUEGza2BGFF7a0QD5FC2NiM5raks42UTKfReItBLJNmteKdV9zbs1LtOgspD47AMSgDD1yAGrgBddAAGHDwAl7Bm/PsvDsfzuesNOdkPYdgDs7XL+9nmaE=</latexit>

S(2)
n

Then by Chailloux’s argument, R(f) = O(Q(f)c).

For graph symmetries, consider               , mapping                                  for            .
<latexit sha1_base64="CTkYWIK4Pi9mZFdPW4dnOVDPnF8=">AAACCnicbVDLSsNAFL2pr1pfVZduBotQNyUpim6EgqAuK9oHtLFMptN26GQmzkyEEvoH7t3qL7gTt/6Ef+BnmLRZ2NYDFw7n3BfHCzjTxra/rczS8srqWnY9t7G5tb2T392raxkqQmtEcqmaHtaUM0FrhhlOm4Gi2Pc4bXjDy8RvPFGlmRT3ZhRQ18d9wXqMYBNL7jW6QHcd8RAVy8fjTr5gl+wJ0CJxUlKAFNVO/qfdlST0qTCEY61bjh0YN8LKMMLpONcONQ0wGeI+bcVUYJ9qN5o8PUZHsdJFPaniEgZN1L8TEfa1Hvle3OljM9DzXiL+57VC0zt3IyaC0FBBpod6IUdGoiQB1GWKEsNHMcFEsfhXRAZYYWLinGauJLuNlFwn0TjzQSySernknJbs25NC5SoNKQsHcAhFcOAMKnADVagBgUd4gVd4s56td+vD+py2Zqx0Zh9mYH39AsXXmo0=</latexit>

G = S(2)
n

<latexit sha1_base64="R1CI8kZDC3RpquCUvT14uc/XtQw=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCIC4r2lqYGUomzbShmWRIMkIp/QH3bvUX3Ilb/8I/8DPMtLOwrQcCh3PuKydKOdPGdb+d0srq2vpGebOytb2zu1fdP2hrmSlCW0RyqToR1pQzQVuGGU47qaI4iTh9jIbXuf/4RJVmUjyYUUrDBPcFixnBxkp+kDIUMIHuu6Jbrbl1dwq0TLyC1KBAs1v9CXqSZAkVhnCste+5qQnHWBlGOJ1UgkzTFJMh7lPfUoETqsPx9OQJOrFKD8VS2ScMmqp/O8Y40XqURLYywWagF71c/M/zMxNfhWMm0sxQQWaL4owjI1H+f9RjihLDR5Zgopi9FZEBVpgYm9Lclny2kZLriY3GWwximbTP6t5F3b07rzVuipDKcATHcAoeXEIDbqEJLSAg4QVe4c15dt6dD+dzVlpyip5DmIPz9QuLl5qE</latexit>

⇡ 2 Sn
<latexit sha1_base64="h8+8NZ+vGz4xAntlYZu4ZcQQP9M=">AAACHHicbVDLSgMxFM3UV62vUZciBIswA6XMiKLLgiAuK9gHdIaSSdM2NDMZkkyhDF35H+7d6i+4E7eCf+BnmGlnYVsPhBzOuTc39wQxo1I5zrdRWFvf2Nwqbpd2dvf2D8zDo6bkicCkgTnjoh0gSRiNSENRxUg7FgSFASOtYHSb+a0xEZLy6FFNYuKHaBDRPsVIaalrnlpJZWxDL0SxVBxaXkytxK5k19i2u2bZqTozwFXi5qQMctS75o/X4zgJSaQwQ1J2XCdWfoqEopiRaclLJIkRHqEB6WgaoZBIP52tMYXnWunBPhf6RArO1L8dKQqlnISBrgyRGsplLxP/8zqJ6t/4KY3iRJEIzwf1Ewb1wlkmsEcFwYpNNEFYUP1XiIdIIKx0cgtTsrcV50xOdTTuchCrpHlRda+qzsNluXaXh1QEJ+AMWMAF16AG7kEdNAAGT+AFvII349l4Nz6Mz3lpwch7jsECjK9fgYWgrQ==</latexit>

(u, v) 7! (⇡(u),⇡(v))



Exponential speedup for
adjacency-list graph property testing



Exponential speedup by quantum walk

Quantum analogs of random walks explore 
graphs in superposition.

[Childs, Cleve, Deotto, Farhi, Gutmann, Spielman 03]

This is not a graph property because the ENTRANCE is known and the property depends on 
how vertices are labeled.

“Welded trees” problem: given an adjacency-list 
black box for two binary trees joined by a 
random cycle, and given the name of one of the 
roots (the ENTRANCE), find the name of the 
other root (the EXIT).

ENTRANCE EXIT

<latexit sha1_base64="VmXggnfqNvqnkpZMeCO58LHOeLg=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkpii4Lgrizgn1AO5ZMmmlD8xiTjFCG/oF7t/oL7sStP+Ef+Blm2lnY1gMXDufcFyeIGNXGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqGStMGlgyqdoB0oRRQRqGGkbakSKIB4y0gtFV6reeiNJUinszjojP0UDQkGJkrORXH5LuLScDVBank16x5FbcKeAy8TJSAhnqveJPty9xzIkwmCGtO54bGT9BylDMyKTQjTWJEB6hAelYKhAn2k+mT0/giVX6MJTKljBwqv6dSBDXeswD28mRGepFLxX/8zqxCS/9hIooNkTg2aEwZtBImCYA+1QRbNjYEoQVtb9CPEQKYWNzmruS7jZSMp1G4y0GsUya1Yp3XnHvzkq16yykPDgCx6AMPHABauAG1EEDYPAIXsAreHOenXfnw/mcteacbOYQzMH5+gUX+ptc</latexit>

2⌦(n)

Theorem. For an n-vertex welded trees graph, a 
quantum walk finds the EXIT in time poly(log n), while 
a randomized classical algorithm needs time         .



Graph property speedup

Lemma 2. R estimates P.

Proof. Let x ∈ S ⊂ {0, 1}M be an input graph, and write z := P(x).
Since any F drawn from D∞ is a permutation of [M ] induced by a permutation of vertices [n], Eq. (18)

holds, i.e., P (Qx(F ) outputs z) ≥ 20
27 . So, by Eq. (21), we also have PF∼D∞

(Qx(F ) outputs z) ≥ 20
27 . So

P (R outputs z on input x) = PF∼Ds
(Qx(F ) outputs z)

≥ PF∼D∞
(Qx(F ) outputs z)−

2

27
≥

20

27
−

2

27
=

2

3
,

(28)

where the first equality follows from the definition of R and the first inequality follows from Eq. (27).
But x ∈ S was arbitrary. Therefore, the last bound of Eq. (28) says that R estimates P .

Now, the query complexity, cost(R), of R is the size of the set I = Im(F ) ∩ [M ], which is at most
(

s
l

)

.
Then, by substituting in the expression for s from Eq. (26), we deduce

R(P) ≤ cost(R) ≤
(43l)3l

l!
· q3l + (lower order terms in q) = O(Q(P)3l), (29)

because q = Q(P) by definition. Therefore, Result 1 is proved.

4 Example of exponential speedup in the adjacency list model

We show that an exponential quantum query speedup exists in the adjacency list model by presenting an
explicit example. Our example is based on the glued-trees problem of [CCD+03] but with a modification so
that the answer is invariant under vertex relabellings.

POINTERs

EXITENTRANCE

MARKERs

2k k k

Figure 2: An illustration of a modified glued-trees graph in the case k = 2. This graph has a vertex of degree
5, i.e., has graph property P5, when the three MARKERs are connected to EXIT. It does not have P5 when
these MARKERs are isolated.

Let k ∈ Z≥1. A glued trees graph of depth 2k + 1 is a graph consisting of two binary trees of equal
depth k joined together at their leaves by any cycle that alternates between the two trees. In Fig. 2, the
graph between ENTRANCE and EXIT (inclusive) is a glued tree with k = 2 of depth 5. Such graphs have
2(2k+1 − 1) vertices.

In the original glued-trees problem, we are given an oracle that provides a black-box description of a
graph that is the union of a glued-trees graph and a (much larger) number of isolated vertices (equivalently,
there are many labels that do not refer to any vertex), as well as the label of ENTRANCE. We are required
to output the label of EXIT. This is not a graph property because the answer depends on the labelling of the
vertices by definition. Moreover, it does not allow an unconditional comparison between R and Q since we

7

However, this is not a graph property testing problem: yes and no instances are close.

For “yes” instances, join three “marker” 
vertices to the EXIT.
Property: Is there a vertex of degree 5?

Connect a large binary tree (the “antenna”) to 
the ENTRANCE. A random vertex is a leaf of 
the antenna with probability about 1/2. From 
such a vertex it is easy to find the ENTRANCE 
and then run the quantum walk to find the 
EXIT.

A classical algorithm still needs          queries to solve the problem.
<latexit sha1_base64="VmXggnfqNvqnkpZMeCO58LHOeLg=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkpii4Lgrizgn1AO5ZMmmlD8xiTjFCG/oF7t/oL7sStP+Ef+Blm2lnY1gMXDufcFyeIGNXGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqGStMGlgyqdoB0oRRQRqGGkbakSKIB4y0gtFV6reeiNJUinszjojP0UDQkGJkrORXH5LuLScDVBank16x5FbcKeAy8TJSAhnqveJPty9xzIkwmCGtO54bGT9BylDMyKTQjTWJEB6hAelYKhAn2k+mT0/giVX6MJTKljBwqv6dSBDXeswD28mRGepFLxX/8zqxCS/9hIooNkTg2aEwZtBImCYA+1QRbNjYEoQVtb9CPEQKYWNzmruS7jZSMp1G4y0GsUya1Yp3XnHvzkq16yykPDgCx6AMPHABauAG1EEDYPAIXsAreHOenXfnw/mcteacbOYQzMH5+gUX+ptc</latexit>

2⌦(n)



Graph property testing speedup

To make a property testing problem, design a graph structure that can be detected efficiently by 
a quantum algorithm, but that a classical algorithm has a hard time distinguishing even from very 
different graphs.

one root with self-loop, while every interior vertex (i.e., non-weld and non-root) gets attached to an
antenna vertex in a candy graph where the parity of the number of self-loops is even.

Figure 2: Multiple candy (sub)graphs which together form a yes-instance graph with property Pk. In the
particular no instances we consider, the candy graphs are replaced by double-bow-tie graphs. Here, we only
show six of them and only five of the many “advice edges” (indicated by double lines) that connect each body
vertex to a distinct antenna vertex. The circles in the figure represent self-loops at the roots of the candy
graphs, which provide advice about whether a body vertex is in the interior or the weld. An even parity of
circles indicates interior, while an odd parity indicates weld.

While we do not claim that testing the above graph property is particularly useful, we can prove
that a quantum computer has an exponential advantage in testing this property. The intuition is the
following: this graph property is exponentially difficult to test on a classical computer because the
welded trees locally look like exponentially deep trees, unless the weld vertices can be distinguished.
This is where quantum computers get their advantage: a quantum computer can “read” the advice
hidden in the structure of the double edges very efficiently using the quantum walk algorithm of
Childs et al. [CCD+03]. Once we can tell apart the weld vertices from the other vertices, testing
the structure could be performed even on a classical computer.

We prove the following theorem in this section:

Theorem 56. In the adjacency list model, there exists a constant ε such that testing whether a
bounded-degree graph has property Pk or is ε-far from having it can be done by a quantum algorithm
using Q(Pk) = poly(k) queries, with constant success probability and perfect completeness. On the
other hand, any classical randomized algorithm that can test the property with bounded two-sided
error needs R(Pk) = exp(Ω(k)) queries.

Proof outline. First we prove in Section 6.1 that the property Pk can be tested with perfect com-
pleteness and constant success probability with poly(k) queries, given the proper advice. Then in
Section 6.2 we show that for graphs having property Pk the advice can be computed on a quantum
computer with probability 1. This completes the proof of our efficient quantum tester.

Finally, in Section 6.3 we show that there are two particular distributions of yes and no instances
that are exponentially difficult to distinguish on a classical computer, where the considered no
instances are constant-far from having property Pk with high probability. This rules out any sub-
exponential-time classical property tester of Pk that succeeds with constant probability.
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for any yes instance G′ = (V,E′) ∈ P with n vertices, the symmetric difference of the edge sets has
size |E"E′| ≥ εn, where we count edges with multiplicity. Since we work with graph properties,
we also require that P is invariant under permuting the vertices.
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Figure 1: An illustration of a candy graph in the yes instance (top right) and our shorthand symbol for
it (top left), and a double-bow-tie graph which appears in the particular no instances considered for our
classical lower bound proof (bottom right) and our shorthand symbol for it (bottom left).

The graph property Pk that we want to test is the following. A graph has the property Pk if
its single-edges form a graph that contains 2j(2k − 1) disconnected instances of “candy” graphs for
some j ∈ N, as shown in Figure 1. A candy graph is obtained from 4 binary trees of depth k: two
“antenna” trees A1, A2 and two “body” trees B1, B2. The candy graph is formed by first connecting
the leaves of B1 and B2 by a collection6 of alternating cycles containing all leaves of the body trees,
and then merging the roots of A1−B1 and A2−B2. Additionally, in the full graph, roughly half of
the candy (sub)graphs get a self-loop on exactly one of the roots, and the other candy graphs have
either no self-loops or both roots get a self-loop.7 There is also a double edge attached to every
non-root vertex of the candy graphs, namely every body vertex is connected to a distinct antenna
vertex by a double edge in the following way: if the body vertex is a “weld” vertex (i.e., it was a leaf
of a body tree), then it gets attached to an antenna vertex inside a candy graph that has exactly

6In the lower bound proof we assume that there is a single long cycle, but this is hard to test, so for the definition
of the property we allow smaller cycles as well.

7Strictly speaking, a 2k/(2k+1 − 2) fraction of candy graphs should get exactly one self-loop and the remaining
fraction should be split between getting two or zero self-loops, because there are 2·2k weld vertices while only 2·(2k−2)
interior vertices in each candy graph, cf. the following main text. With a slight modification to the construction this
could be balanced out, for example by replacing the roots by a path of length 5, and treating the middle vertex of
this length-5 path as the new root.
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Main idea: Use many copies of the welded trees. 
Add “advice edges” that let a quantum computer test 
whether a vertex is in the weld. This makes it easy 
for a quantum computer to test the graph structure. 
The advice requires traversing the welded tree, so it 
cannot be read by a classical algorithm.



Quantum testing algorithm

Consider “testing with advice”: Given untrusted advice indicating whether each vertex is a weld 
or non-weld vertex, even a classical computer can efficiently test the property.

one root with self-loop, while every interior vertex (i.e., non-weld and non-root) gets attached to an
antenna vertex in a candy graph where the parity of the number of self-loops is even.

Figure 2: Multiple candy (sub)graphs which together form a yes-instance graph with property Pk. In the
particular no instances we consider, the candy graphs are replaced by double-bow-tie graphs. Here, we only
show six of them and only five of the many “advice edges” (indicated by double lines) that connect each body
vertex to a distinct antenna vertex. The circles in the figure represent self-loops at the roots of the candy
graphs, which provide advice about whether a body vertex is in the interior or the weld. An even parity of
circles indicates interior, while an odd parity indicates weld.

While we do not claim that testing the above graph property is particularly useful, we can prove
that a quantum computer has an exponential advantage in testing this property. The intuition is the
following: this graph property is exponentially difficult to test on a classical computer because the
welded trees locally look like exponentially deep trees, unless the weld vertices can be distinguished.
This is where quantum computers get their advantage: a quantum computer can “read” the advice
hidden in the structure of the double edges very efficiently using the quantum walk algorithm of
Childs et al. [CCD+03]. Once we can tell apart the weld vertices from the other vertices, testing
the structure could be performed even on a classical computer.

We prove the following theorem in this section:

Theorem 56. In the adjacency list model, there exists a constant ε such that testing whether a
bounded-degree graph has property Pk or is ε-far from having it can be done by a quantum algorithm
using Q(Pk) = poly(k) queries, with constant success probability and perfect completeness. On the
other hand, any classical randomized algorithm that can test the property with bounded two-sided
error needs R(Pk) = exp(Ω(k)) queries.

Proof outline. First we prove in Section 6.1 that the property Pk can be tested with perfect com-
pleteness and constant success probability with poly(k) queries, given the proper advice. Then in
Section 6.2 we show that for graphs having property Pk the advice can be computed on a quantum
computer with probability 1. This completes the proof of our efficient quantum tester.

Finally, in Section 6.3 we show that there are two particular distributions of yes and no instances
that are exponentially difficult to distinguish on a classical computer, where the considered no
instances are constant-far from having property Pk with high probability. This rules out any sub-
exponential-time classical property tester of Pk that succeeds with constant probability.

27

Testing algorithm uses non-backtracking walks 
to perform various consistency checks:
• binary tree structure
• welds between pairs of binary trees
• consistency of advice
A yes instance definitely passes, and we prove 
that a no instance is likely to be rejected.

A quantum computer can efficiently produce 
the advice using classical non-backtracking 
walks and the welded tree traversal algorithm.



Classical hardness

We show that it is hard for a classical computer to distinguish a valid yes instance from similar 
instances in which the trees are “self-welded”:

vs.

for any yes instance G′ = (V,E′) ∈ P with n vertices, the symmetric difference of the edge sets has
size |E"E′| ≥ εn, where we count edges with multiplicity. Since we work with graph properties,
we also require that P is invariant under permuting the vertices.
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Figure 1: An illustration of a candy graph in the yes instance (top right) and our shorthand symbol for
it (top left), and a double-bow-tie graph which appears in the particular no instances considered for our
classical lower bound proof (bottom right) and our shorthand symbol for it (bottom left).

The graph property Pk that we want to test is the following. A graph has the property Pk if
its single-edges form a graph that contains 2j(2k − 1) disconnected instances of “candy” graphs for
some j ∈ N, as shown in Figure 1. A candy graph is obtained from 4 binary trees of depth k: two
“antenna” trees A1, A2 and two “body” trees B1, B2. The candy graph is formed by first connecting
the leaves of B1 and B2 by a collection6 of alternating cycles containing all leaves of the body trees,
and then merging the roots of A1−B1 and A2−B2. Additionally, in the full graph, roughly half of
the candy (sub)graphs get a self-loop on exactly one of the roots, and the other candy graphs have
either no self-loops or both roots get a self-loop.7 There is also a double edge attached to every
non-root vertex of the candy graphs, namely every body vertex is connected to a distinct antenna
vertex by a double edge in the following way: if the body vertex is a “weld” vertex (i.e., it was a leaf
of a body tree), then it gets attached to an antenna vertex inside a candy graph that has exactly

6In the lower bound proof we assume that there is a single long cycle, but this is hard to test, so for the definition
of the property we allow smaller cycles as well.

7Strictly speaking, a 2k/(2k+1 − 2) fraction of candy graphs should get exactly one self-loop and the remaining
fraction should be split between getting two or zero self-loops, because there are 2·2k weld vertices while only 2·(2k−2)
interior vertices in each candy graph, cf. the following main text. With a slight modification to the construction this
could be balanced out, for example by replacing the roots by a path of length 5, and treating the middle vertex of
this length-5 path as the new root.
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for any yes instance G′ = (V,E′) ∈ P with n vertices, the symmetric difference of the edge sets has
size |E"E′| ≥ εn, where we count edges with multiplicity. Since we work with graph properties,
we also require that P is invariant under permuting the vertices.
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Figure 1: An illustration of a candy graph in the yes instance (top right) and our shorthand symbol for
it (top left), and a double-bow-tie graph which appears in the particular no instances considered for our
classical lower bound proof (bottom right) and our shorthand symbol for it (bottom left).

The graph property Pk that we want to test is the following. A graph has the property Pk if
its single-edges form a graph that contains 2j(2k − 1) disconnected instances of “candy” graphs for
some j ∈ N, as shown in Figure 1. A candy graph is obtained from 4 binary trees of depth k: two
“antenna” trees A1, A2 and two “body” trees B1, B2. The candy graph is formed by first connecting
the leaves of B1 and B2 by a collection6 of alternating cycles containing all leaves of the body trees,
and then merging the roots of A1−B1 and A2−B2. Additionally, in the full graph, roughly half of
the candy (sub)graphs get a self-loop on exactly one of the roots, and the other candy graphs have
either no self-loops or both roots get a self-loop.7 There is also a double edge attached to every
non-root vertex of the candy graphs, namely every body vertex is connected to a distinct antenna
vertex by a double edge in the following way: if the body vertex is a “weld” vertex (i.e., it was a leaf
of a body tree), then it gets attached to an antenna vertex inside a candy graph that has exactly

6In the lower bound proof we assume that there is a single long cycle, but this is hard to test, so for the definition
of the property we allow smaller cycles as well.

7Strictly speaking, a 2k/(2k+1 − 2) fraction of candy graphs should get exactly one self-loop and the remaining
fraction should be split between getting two or zero self-loops, because there are 2·2k weld vertices while only 2·(2k−2)
interior vertices in each candy graph, cf. the following main text. With a slight modification to the construction this
could be balanced out, for example by replacing the roots by a path of length 5, and treating the middle vertex of
this length-5 path as the new root.
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This gives a specific set of no instances (they are typically far from the yes instances; in 
particular, they are typically far from bipartite).

An algorithm can only explore the graph locally. When exploring the central “body,” it is hard to 
distinguish the graph from a large 3-regular tree, as in the lower bound for the original welded 
tree problem.



Open problems

Is there a practical graph property testing problem (in the adjacency-list model) with 
exponential quantum speedup? How about testing bipartiteness? Can we show that testing 
monotone graph properties cannot have exponential speedup?

Can we fully characterize which permutation groups allow superpolynomial speedup?
(Our characterization is already close to this.)

What is the largest possible separation for testing (hyper)graph properties?
We know R(f) = O(Q(f)3k) for k-uniform hypergraphs.
For k = 1: R(f) = O(Q(f)3); best known separation is                                   .
For k > 1: best known separation is                               , using Forrelation.
Can we tighten this?
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