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Challenge: Can we systematically design 
“provably correct” deep neural networks? 
    - Theory       
    - Algorithms   
    - Implementation
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* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020.
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* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
 
** X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network 
Controllers Using Reachability Analysis," arXiv 2021. 
 
** X. Sun, W. Fatnassi, U. Santa Cruz, and Y. Shoukry, "Provably Safe 
Model-Based Meta Reinforcement Learning: An Abstraction-Based 
Approach," arXiv 2021.
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*** H. Khedr, J. Ferlez, and Y. Shoukry, "PEREGRiNN: Penalized-
Relaxation Greedy Neural Network Verifier,”CAV, 2021. 
 
*** J. Ferlez and Y. Shoukry, "Bounding the Complexity of Formally 
Verifying Neural Networks: A Geometric Approach," arXiv 2020.

* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
 
** X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network 
Controllers Using Reachability Analysis," arXiv 2021. 
 
** X. Sun, W. Fatnassi, U. Santa Cruz, and Y. Shoukry, "Provably Safe 
Model-Based Meta Reinforcement Learning: An Abstraction-Based 
Approach," arXiv 2021.
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Relaxation Greedy Neural Network Verifier,”CAV, 2021. 
 
*** J. Ferlez and Y. Shoukry, "Bounding the Complexity of Formally 
Verifying Neural Networks: A Geometric Approach," arXiv 2020. 
 
**** U. Santa Cruz, J. Ferlez, and Y. Shoukry, "Safe-by-Repair: A Convex 
Optimization Approach for Repairing Unsafe Two-Level Lattice Neural 
Network Controllers," arXiv 2021.

* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
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ẋ = f(x, u, w)

x 2 X , u 2 U , w 2 W
<latexit sha1_base64="wwfndvA8vWirhYVsEdWDNT8l0js="></latexit><latexit sha1_base64="wwfndvA8vWirhYVsEdWDNT8l0js="></latexit><latexit sha1_base64="wwfndvA8vWirhYVsEdWDNT8l0js="></latexit><latexit sha1_base64="wwfndvA8vWirhYVsEdWDNT8l0js="></latexit>

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

System-Level  
Specification

Imprecise Model

 
Training Data 

(offline or  
through interaction)

N
N

 A
rc

hi
te

ct
ur

e 
Assured 

Architecture 
Synthesis 

*

N
N

 W
ei

gh
ts

 

Formal NN  
Training 

**

*** H. Khedr, J. Ferlez, and Y. Shoukry, "PEREGRiNN: Penalized-
Relaxation Greedy Neural Network Verifier,”CAV, 2021. 
 
*** J. Ferlez and Y. Shoukry, "Bounding the Complexity of Formally 
Verifying Neural Networks: A Geometric Approach," arXiv 2020. 
 
**** U. Santa Cruz, J. Ferlez, and Y. Shoukry, "Safe-by-Repair: A Convex 
Optimization Approach for Repairing Unsafe Two-Level Lattice Neural 
Network Controllers," arXiv 2021.

* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
 
** X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network 
Controllers Using Reachability Analysis," arXiv 2021. 
 
** X. Sun, W. Fatnassi, U. Santa Cruz, and Y. Shoukry, "Provably Safe 
Model-Based Meta Reinforcement Learning: An Abstraction-Based 
Approach," arXiv 2021.



 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>



 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>



Core idea:  
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Piece-Wise Affine (CPWA) functions

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=



Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions

- Use reachability analysis to identify families 
of CPWA functions that satisfy the specs

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'



Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions

- Use reachability analysis to identify families 
of CPWA functions that satisfy the specs

f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>



Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions

- Use reachability analysis to identify families 
of CPWA functions that satisfy the specs

f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>



Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions
f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>
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step 2

- Use reachability analysis to identify families 
of CPWA functions that satisfy the specs
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of CPWA functions that satisfy the specs
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x(t+1) = f(x(t), u(t))
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<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2
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x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2
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- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

f
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...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

Recall:

NN = Continuous Piece-Wise Affine 
          (CPWA) functions

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

f
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...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

Recall:

NN = Continuous Piece-Wise Affine 
          (CPWA) functions

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

Recall:

NN = Continuous Piece-Wise Affine 
          (CPWA) functions

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="VWclpdmiAflQbzE8Pie0pChZxZg="></latexit>

Post(q1, P1) ?

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:
<latexit sha1_base64="VWclpdmiAflQbzE8Pie0pChZxZg="></latexit>

Post(q1, P1) ?

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:
<latexit sha1_base64="VWclpdmiAflQbzE8Pie0pChZxZg="></latexit>

Post(q1, P1) ?

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="CCcDNM71a8r7MiFt9fncMjf0mfI="></latexit>

Post(q1, P1) = {q2, q3, q4}



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="CCcDNM71a8r7MiFt9fncMjf0mfI="></latexit>

Post(q1, P1) = {q2, q3, q4}

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

<latexit sha1_base64="pQ6Y8EW7WmDlp+fG8MaoWvacRXo="></latexit>

u(t) = Kix
(t) + bi

<latexit sha1_base64="giNYZ2qyFygpKa7gFXbwvMjaVQE="></latexit>

P = {(K, b) | K 2 K|{z}
polytopic

, b 2 B|{z}
polytopic

}

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:

<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

<latexit sha1_base64="CCcDNM71a8r7MiFt9fncMjf0mfI="></latexit>

Post(q1, P1) = {q2, q3, q4}

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

Note: Computing the Post operator can be done using existing techniques for reachability analysis of nonlinear systems 
(with the caveat that existing tools focus on partitioning the “input” space instead of the “controller” space).

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="qmKh1xjvORY9vb4j91Tg6ppprm8="></latexit>

' = ⇤¬q4Specs (safety):



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="qmKh1xjvORY9vb4j91Tg6ppprm8="></latexit>

' = ⇤¬q4Specs (safety):
<latexit sha1_base64="kbT/0HbcFMgAfPY7UMIast+Wb18="></latexit>

CPWA'(q1) = P2 [ P3

CPWA'(q2) = . . .

CPWA'(q3) = . . .



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="qmKh1xjvORY9vb4j91Tg6ppprm8="></latexit>

' = ⇤¬q4Specs (safety):
<latexit sha1_base64="kbT/0HbcFMgAfPY7UMIast+Wb18="></latexit>

CPWA'(q1) = P2 [ P3

CPWA'(q2) = . . .

CPWA'(q3) = . . .



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="qmKh1xjvORY9vb4j91Tg6ppprm8="></latexit>

' = ⇤¬q4Specs (safety):
<latexit sha1_base64="kbT/0HbcFMgAfPY7UMIast+Wb18="></latexit>

CPWA'(q1) = P2 [ P3

CPWA'(q2) = . . .

CPWA'(q3) = . . .

Note: Same can be extended to liveness properties using 
an abstract model built using the Pre operator instead of 
the Post operator



step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs
<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

Transitions:
<latexit sha1_base64="nI0ptVlZVQ8+LqwP/8FUoOU2G6w="></latexit>

Post(qi, Pj) = {f(x,Kx+ b) | x 2 qi, (K, b) 2 Pj}

<latexit sha1_base64="LCNiVhXbIu22KIMP1ao4si3Ofk0="></latexit>

X = {q1, q2, . . . , qn}Abstract states:
<latexit sha1_base64="wPM5RN4XeUfA3l2Q5HfYlR3ozR4="></latexit>

P = {P1, P2, . . . , Pm}Controller Partitions:

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

<latexit sha1_base64="qmKh1xjvORY9vb4j91Tg6ppprm8="></latexit>

' = ⇤¬q4Specs (safety):
<latexit sha1_base64="kbT/0HbcFMgAfPY7UMIast+Wb18="></latexit>

CPWA'(q1) = P2 [ P3

CPWA'(q2) = . . .

CPWA'(q3) = . . .

Note: Same can be extended to liveness properties using 
an abstract model built using the Pre operator instead of 
the Post operator



Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions
f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 1
- Use reachability analysis to identify families 

of CPWA functions that satisfy the specs

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Core idea:  
- Regression ReLU NN are Continuous 

Piece-Wise Affine (CPWA) functions
f

↵ � �

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

=

<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="hwdti709qKlfATAe6VfgbAskQAI="></latexit>

f(x,KCPWA(x)) |= ' 8 KCPWA 2 CPWAsafe
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

 
Training Data (offline or  

through interaction)

Formal NN  
Training

<latexit sha1_base64="63VRVFTorgmC2yKj81SIISpvo58="></latexit>

x(t+1) = f(x(t), u(t))

'
<latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit><latexit sha1_base64="UQIlEW7GKdanAeSPNQf7jSmhDOk="></latexit>

<latexit sha1_base64="0KvqMzZbtSoIcuKvDAQWTLC29YU="></latexit>

f(x,NN (x)) |= '

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 1

step 2

- Use reachability analysis to identify families 
of CPWA functions that satisfy the specs



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

- For each abstract state, select one controller 
partition       from 

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

- For each abstract state, select one controller 
partition       from 

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” neural network         for each 
abstract state.

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="H0kOL8EzWy2mJZi1Z4otHQyK5jk="></latexit>

NNq



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

<latexit sha1_base64="Z/KVqIUmC43MZC5J8ULD+SKMK+s="></latexit>

NNq1

<latexit sha1_base64="SvNa7IBrdq0kdqt1ZsGp1zYrQ0U="></latexit>

NNq2

<latexit sha1_base64="H6f7m1jirXDlcQqn7Y8CAIu6bdg="></latexit>

NNq3

<latexit sha1_base64="FTkTM08gv8bpbU/LTO47bBYdMbU="></latexit>

NNq4

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” neural network         for each 
abstract state.

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="H0kOL8EzWy2mJZi1Z4otHQyK5jk="></latexit>

NNq



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

<latexit sha1_base64="G/zZJHmlsbiq4SBonHzvhcJoKUQ="></latexit>q1
<latexit sha1_base64="7F8XlufQwcfUzp3yq9NoLQqp/pI="></latexit>q2

<latexit sha1_base64="IaalfAIi4yYFN67SyAKAaHoN9jM="></latexit>q3
<latexit sha1_base64="SKVtFWdzV9HlIPseoug/eZLDASI="></latexit>q4

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1
<latexit sha1_base64="wX9OwdzxDC7UWiwTJfO1hkc+0n4="></latexit>

P1

<latexit sha1_base64="z9HHv2dxBNZpFLdsqQqX2nBk9QI="></latexit>

P2

<latexit sha1_base64="hzWaL9EBrV7eCIgXNFuD5l6e9l0="></latexit>

P3

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” neural network         for each 
abstract state. Either using offline data (imitation 
learning) or interaction with the environment 
(Reinforcement learning)

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="H0kOL8EzWy2mJZi1Z4otHQyK5jk="></latexit>

NNq

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

<latexit sha1_base64="Z/KVqIUmC43MZC5J8ULD+SKMK+s="></latexit>

NNq1

<latexit sha1_base64="SvNa7IBrdq0kdqt1ZsGp1zYrQ0U="></latexit>

NNq2

<latexit sha1_base64="H6f7m1jirXDlcQqn7Y8CAIu6bdg="></latexit>

NNq3

<latexit sha1_base64="FTkTM08gv8bpbU/LTO47bBYdMbU="></latexit>

NNq4



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

<latexit sha1_base64="Z/KVqIUmC43MZC5J8ULD+SKMK+s="></latexit>

NNq1

<latexit sha1_base64="SvNa7IBrdq0kdqt1ZsGp1zYrQ0U="></latexit>

NNq2

<latexit sha1_base64="H6f7m1jirXDlcQqn7Y8CAIu6bdg="></latexit>

NNq3

<latexit sha1_base64="FTkTM08gv8bpbU/LTO47bBYdMbU="></latexit>

NNq4

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” neural network         for each 
abstract state. Either using offline data (imitation 
learning) or interaction with the environment 
(Reinforcement learning) 
 
- Enumerate all “affine” functions             in each 
local NN. Can be done efficiently since local NN 
are typically small. 

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="z6T6FeBHVbDt5pK2D1m0DNZ2Xg4="></latexit>

min
cW

kW � cWk

s.t. (Ki, bi) 2 P ?, 8 (Ki, bi) 2 NN

<latexit sha1_base64="H0kOL8EzWy2mJZi1Z4otHQyK5jk="></latexit>

NNq



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” neural network         for each 
abstract state. Either using offline data (imitation 
learning) or interaction with the environment 
(Reinforcement learning) 
 
- Enumerate all “affine” functions             in each 
local NN. Can be done efficiently since local NN 
are typically small.  
 
- Projection:

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="z6T6FeBHVbDt5pK2D1m0DNZ2Xg4="></latexit>

min
cW

kW � cWk

s.t. (Ki, bi) 2 P ?, 8 (Ki, bi) 2 NN

<latexit sha1_base64="Z/KVqIUmC43MZC5J8ULD+SKMK+s="></latexit>

NNq1

<latexit sha1_base64="SvNa7IBrdq0kdqt1ZsGp1zYrQ0U="></latexit>

NNq2

<latexit sha1_base64="H6f7m1jirXDlcQqn7Y8CAIu6bdg="></latexit>

NNq3

<latexit sha1_base64="FTkTM08gv8bpbU/LTO47bBYdMbU="></latexit>

NNq4

<latexit sha1_base64="hkGwg4wYpzeSkLIfUq8y+FLYm8g="></latexit>

min
cW

kW � cWk

s.t. (Ki, bi) 2 P ? 8 (Ki, bi) 2 NNq

<latexit sha1_base64="H0kOL8EzWy2mJZi1Z4otHQyK5jk="></latexit>

NNq

(convex optimization problem if done layer-by-layer)



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

- For each abstract state, select one controller 
partition       from  
 
- Train one “local” NN for each abstract state. 
Either using offline data (imitation learning) or 
interaction with the environment (Reinforcement 
learning) 
 
- Enumerate all “affine” functions             in each 
local NN. Can be done efficiently since local NN 
are typically small.  
 
- Projection: 
 
 
 
(convex optimization problem if done layer-by-
layer)

<latexit sha1_base64="bRxPa994cpWJ/G/0hlE7BcMr8iI="></latexit>

P ? <latexit sha1_base64="S8bKaQAXL8ntAdCySDI7LBPwoUA="></latexit>CPWA'

<latexit sha1_base64="z6T6FeBHVbDt5pK2D1m0DNZ2Xg4="></latexit>

min
cW

kW � cWk

s.t. (Ki, bi) 2 P ?, 8 (Ki, bi) 2 NN

<latexit sha1_base64="HWOr5VkntY7PhkocAXAtqMHoWh0="></latexit>

min
cW

kW � cWk

s.t. (Ki, bi) 2 P ? 8 (Ki, bi) 2 NN

Consider the nonlinear system                      and a safety 
specification    . Define a “global” neural network controller 
as the composition of “local” neural network controllers: 
 
 
Then:

Theorem (informal):

X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network Controllers Using 
Reachability Analysis," arXiv 2021.

<latexit sha1_base64="J8vOFp9vMraKySI+g9L4IZNX5K4="></latexit>

NN = NNq1 ||NNq2 || . . .NNqn

<latexit sha1_base64="Oxron4zuyf2fCaa2OVihfnT70NE="></latexit>

f(x,NN(x)) |= '

<latexit sha1_base64="JpcIGLFN0oFxiRYzVA4yKdpiwjs="></latexit>

x+ = f(x, u)
<latexit sha1_base64="NaLyjzXz5cyDuVOePaI6AyPPPCA="></latexit>'



...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

Projection

<latexit sha1_base64="kUXOi3IEdbqK/qHpgMqr1KIR9BE="></latexit>

62 CPWA'
<latexit sha1_base64="C9u2TRkfuoICcvlJyzXz+EeRGJc="></latexit>

2 CPWA'

Training 
Training Data (offline or  

through interaction)
...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

step 2

<latexit sha1_base64="9pPbwl5iFJfir8dezqQ7Y3Yqth8="></latexit>x1

<latexit sha1_base64="ZqOpriSlheR4yzK0uqLyepRqqf0="></latexit>x2

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...

<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit>

...
<latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit><latexit sha1_base64="aob6yfo7DjevWJ/4C7HjbKaeLdU="></latexit> ...
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- For each abstract state, select one controller 
partition       from  
 
- Train one “local” NN for each abstract state. 
Either using offline data (imitation learning) or 
interaction with the environment (Reinforcement 
learning) 
 
- Enumerate all “affine” functions             in each 
local NN. Can be done efficiently since local NN 
are typically small.  
 
- Projection: 
 
 
 
(convex optimization problem if done layer-by-
layer)
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min
cW

kW � cWk

s.t. (Ki, bi) 2 P ?, 8 (Ki, bi) 2 NN
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min
cW

kW � cWk

s.t. (Ki, bi) 2 P ? 8 (Ki, bi) 2 NN

Consider the nonlinear system                      and a safety 
specification    . Define a “global” neural network controller 
as the composition of “local” neural network controllers: 
 
 
Then:

Theorem (informal):

X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network Controllers Using 
Reachability Analysis," arXiv 2021.
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f(x,NN(x)) |= '
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x+ = f(x, u)
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The result holds for liveness specifications under an 
additional assumption.
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x = ⇣(t)x +�t v cos(✓(t))

⇣(t+�t)
y = ⇣(t)y +�t v sin(✓(t))

✓(t+�t) = ✓(t) +�t u(t)
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- Safe data collected and used for training
- Same data used in both experiments
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Formal NN  
Training

NN  
Training

- Safe data collected and used for training
- Same data used in both experiments
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Training

Obstacle hit

- Safe data collected and used for training
- Same data used in both experiments
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Formal NN  
Training
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Training

Obstacle hit Obstacle hit

Obstacle hit

- Safe data collected and used for training
- Same data used in both experiments
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Localized Error and Plausible Fixes

ẋ = f(x, u, w)

x 2 X , u 2 U , w 2 W
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*** H. Khedr, J. Ferlez, and Y. Shoukry, "PEREGRiNN: Penalized-
Relaxation Greedy Neural Network Verifier,”CAV, 2021. 
 
*** J. Ferlez and Y. Shoukry, "Bounding the Complexity of Formally 
Verifying Neural Networks: A Geometric Approach," arXiv 2020. 
 
**** U. Santa Cruz, J. Ferlez, and Y. Shoukry, "Safe-by-Repair: A Convex 
Optimization Approach for Repairing Unsafe Two-Level Lattice Neural 
Network Controllers," arXiv 2021.

* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
 
** X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network 
Controllers Using Reachability Analysis," arXiv 2021. 
 
** X. Sun, W. Fatnassi, U. Santa Cruz, and Y. Shoukry, "Provably Safe 
Model-Based Meta Reinforcement Learning: An Abstraction-Based 
Approach," arXiv 2021.
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Unverified Network
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Safe-by-Design  
Safety Filters

Unverified Network
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Synthesis of NN-based Safety Filters



Without Root-of-Trust Network With Root-of-Trust Network

- J. Ferlez, M. Raffat, C. Fleming, and Y. Shoukry, “ShieldNN: A Provably Safe NN Filter for Unsafe NNControllers”, ArXiv 
2020.
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Localized Error and Plausible Fixes

ẋ = f(x, u, w)

x 2 X , u 2 U , w 2 W
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*** H. Khedr, J. Ferlez, and Y. Shoukry, "PEREGRiNN: Penalized-
Relaxation Greedy Neural Network Verifier,”CAV, 2021. 
 
*** J. Ferlez and Y. Shoukry, "Bounding the Complexity of Formally 
Verifying Neural Networks: A Geometric Approach," arXiv 2020. 
 
**** U. Santa Cruz, J. Ferlez, and Y. Shoukry, "Safe-by-Repair: A Convex 
Optimization Approach for Repairing Unsafe Two-Level Lattice Neural 
Network Controllers," arXiv 2021.

* J. Ferlez, X. Sun, and Y. Shoukry, "Two-Level Lattice Neural Network 
Architectures for Control of Nonlinear Systems," CDC 2020. 
 
* J. Ferlez and Y. Shoukry, "AReN: Assured ReLU NN Architecture for 
Model Predictive Control of LTI Systems," HSCC, 2020. 
 
** X. Sun and Y. Shoukry, "Provably Correct Training of Neural Network 
Controllers Using Reachability Analysis," arXiv 2021. 
 
** X. Sun, W. Fatnassi, U. Santa Cruz, and Y. Shoukry, "Provably Safe 
Model-Based Meta Reinforcement Learning: An Abstraction-Based 
Approach," arXiv 2021.
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