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What is a time-continuous neural network?

Chen et al. 
NeurIPS 2018

He et al. 
CVPR 2016

Dynamical systems
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Inputs

Model parameters 
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Figure Credit: Chen et al. NeurIPS 2018
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Neural ODE
Chen et al. NeurIPS, 2018

Continuous-time 
(CT) RNN
Funahashi et al. 1993

𝑑𝑥 𝑡
𝑑𝑡

= 𝑓(𝑥 𝑡 , 𝐼 𝑡 , 𝑡 ; 𝜃)

Figure Credit: Chen et al. NeurIPS 2018

𝑑𝑥 𝑡
𝑑𝑡 = −

𝑥 𝑡
𝜏 + 𝑓(𝑥 𝑡 , 𝐼 𝑡 , 𝑡 ; 𝜃)

Standard Recurrent 
Neural Network (RNN)
Hopfield 1982

𝑥 𝑡 + 1 = 𝑓(𝑥 𝑡 , 𝐼 𝑡 , 𝑡 ; 𝜃)

What is a time-continuous neural network?
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Numerical ODE solvers

𝑑𝐱(𝑡)
𝑑𝑡 ≈

𝐱 𝑡 + 𝛿𝑡 − 𝐱 𝑡
𝛿𝑡 ≈ 𝑓 𝐱 𝑡 , 𝑡, 𝜃

𝐱 𝑡 + 𝛿𝑡 = 𝐱 𝑡 + 𝛿𝑡 𝑓(𝐱 𝑡 , 𝑡, 𝜃)Forward-pass

Choice of the way we do an integration step determines forward pass complexity

Time-continuous neural networks
How to implement them?
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𝑑𝒙 𝑡
𝑑𝑡 = 𝑓(𝒙 𝑡 , 𝑡, 𝜃)

𝒂 𝑡 =
𝜕𝐿
𝜕𝑥(𝑡)

!𝒂 #
!# = −𝒂 𝑡 $ %&(𝒙 # , #, *)

%𝒙

Neural ODE

Adjoint Sensitivity Method 
[Pontryagin et al. 1962, Chen et al. NeurIPS, 2018]

Memory Complexity  𝑂 1 Per layer of 𝑓Time-continuous neural networks
How to train them?

Adjoint State

𝐿 𝒙 𝑡$ = 𝐿(ODESolve(𝒙 𝑡% , 𝑓, 𝑡%, 𝑡$, 𝜃)

𝑥

𝑥 𝑥
𝑥

𝑥

𝑥

𝑥

𝑥

Loss function

Figure Credit: Chen et al. NeurIPS 2018
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Backpropagation through-time (BPTT)
[Werbos, 1990, Gholami et. al, 2019, Lechner et al. 2019, Lechner et al. 2020, Hasani et al. 2020]

Perform a forward-pass 

𝐱 𝑡 + 𝛿𝑡 = 𝐱 𝑡 + 𝛿𝑡 𝑓 𝐱 𝑡 , 𝑡, 𝜃

Compute gradients through the ODE solver

dΘ =
𝑑𝐿

𝑑𝑥(𝑡 + 𝛿𝑡)
,
𝑑𝑥(𝑡 + 𝛿𝑡)
𝑑𝑥 𝑡

,
𝑑𝑥(𝑡 + 𝛿𝑡)

𝑑𝑓
,
𝑑𝑓
𝑑𝑥(𝑡)

,
𝑑𝑓
𝑑𝑡

,
𝑑𝑓
𝑑𝜃

Update parameters

Θ,-. ← Θ/0! + 𝛾 dΘ

Memory Complexity  𝑂 𝐿 ∗ 𝑇 Per layer of 𝑓

Depth sequence length

Time-continuous neural networks
How to train them?



Liquid Time-Constant Networks (LTCs)
Hasani et al. AAAI 2021

Lechner & Hasani 2020
Zhuang et al. 2020

Time-continuous neural networks
Better Stay with BPTT
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Neural ODE
Chen et al. 2018
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Autonomous Parking

Manipulating a robotic Arm by a DO-based Network  

Autonomous parking of a mobile robot by a DO-based Network

Coupling

Excitation Inhibition

Sequencing

Conservation

Selection

Design Operators (DO)

DO-based Neural Network

Excitatory Synapse

Inhibitory Synapse

Gap junction

…

…

…

…
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n actions

k

NI

Nc

n

1

1

1

1

n

DO-based Neural Network
Sensory 
neurons

Upper 
interneurons

Command 
interneurons

Motor neurons

C. elegans

© OpenWorm

Autonomous Arm Robot Manipulation

1
2

3

4
5

6

Time
!

+−

17 input observations     |     6 control outputs      |    ! = joint angle  

Learning Physical Dynamics

End-to-end Self-driving

Drone Navigation

Robot Decision 
Correction

Autonomous Racing CarsAutonomous Vehicle

Can Neural ODEs be as expressive as advanced RNNs in real-world applications?
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“Liquid” = variable

Liquid Time-Constant Networks
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LTCs have stable state and time-constant
System time-constant
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Liquid Time-Constant Networks are Universal Approximators
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Trajectory Length as a measure of expressivity of Deep networks
[Raghu et al. ICML 2017]  

[Raghu et al. ICML 2017]  

Projection to trajectory 
latent 2-D space

Input trajectory …

n hidden layers each of width k

Weights ∼ 𝒩(0, !!
"

" )
ReLU activations

Projection to trajectory 
latent 2-D space

Arc-length

Expressivity
Defining a better measure
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LTC
CT-RNN

Neural ODE
PCA

Input trajectory

activation functions:
ReLU, tanh, logistic sigmoid

Projection to a latent 
trajectory 2-D space

Let’s implement the trajectory space for time-continuous models 

Weights ∼ 𝒩(0, !"
#

"
)

PCA = Principle Component Analysis

Expressivity
Trajectory length as a measure of expressivity
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RK2(3) RK4(5) ABM1(13) TR-BDF2
ODE Solvers
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LTC:

Expressivity
Trajectory length lower bound Weight scale

Bias scale

System’s dynamic time-scale

Width
Depth

Number of discretization steps
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Performance
LTCs in modeling physical dynamics



Liquid Time-Constant Networks (LTCs)
Hasani et al. AAAI 2021

[5] Che et al. Nature Scientific Reports, 2018
[38] Moser et al. Arxiv, 2017

[47] Rubanova et al. NeurIPS 2019

Performance
LTCs in modeling irregularly sampled data
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[28] Hochreiter et al. 1997
[6] Chen et al. NeurIPS, 2018
[38] Moser et al. Arxiv, 2017

[47] Rubanova et al. NeurIPS 2019

Performance
LTCs in modeling real-life time series data
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Summary

ü A novel time-continuous neural networks for efficient time-series modelling
• LTCs are universal approximators
• LTCs are stable dynamical systems
• LTCs show better degrees of expressivity
• They can vary their behavior even post-training
• Learning irregularly-sampled data
• Their effectiveness in modeling continuous-time processes. 

What can we do with LTCs in real world? 



Liquid Time-Constant Networks (LTCs)
Hasani et al. AAAI 2021

Performance
High-fidelity autonomy by LTCs
end-to-end learning

Lechner* & Hasani* et al. Nature Machine Intelligence, 2020
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LTCs: Performance
High-fidelity autonomy by LTCs - end-to-end learning

What if we replace the fully connected layers by a recurrent neural network? 

LTC-based Networks? LSTMsODE-RNN

Lechner* & Hasani* et al. Nature Machine Intelligence, 2020
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LTCs: Performance
High-fidelity autonomy by LTCs
end-to-end learning of Neural Circuit Policies (NCP)

Now we compare properties of NCPs with a number of other models

Convolutional Neural Networks (CNNs)

A B C D E F G
Camera input

Convolutional 
Layers

NCP

NCPs

Camera input
Convolutional 

Layers

LSTM

Camera input
Convolutional 

Layers

CT-RNN
CT-RNNs

LSTMs

Lechner* & Hasani* et al. Nature Machine Intelligence, 2020
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LTCs: Performance
High-fidelity autonomy by LTCs
Parameter efficiency

Lechner* & Hasani* et al. Nature Machine Intelligence, 2020







LTCs: Performance
High-fidelity autonomy by LTCs
end-to-end learning
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LTCs: Performance
High-fidelity autonomy by LTCs

Lechner* & Hasani* et al. Nature Machine Intelligence, 2020
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LTCs: Performance
High-fidelity autonomy by LTCs – Robustness
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Neural Circuit Policies are Dynamic Causal Models

!(#)

%& %'

A

C

B

Dynamic causal modelLiquid time-constant RNN

!(#)

%& %'

(/*

B

W

w+(. )

+(. )

A intrinsic coupling
B dynamic modulator
C input regulator  

⁄( * intrinsic coupling
W.(. ) liquidity modulator
B input regulator  

Vorbach* & Hasani* et al. 2021, Under Revision
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Neural Circuit Policies
Performance – Attention

Visual Backprop Attention MapFlying Performance
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Neural Circuit Policies
Leader Following task
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Neural Circuit Policies
Leader Following task



Liquid Time-Constant Networks (LTCs)
Hasani et al. AAAI 2021

Thank you!

Feel free to

Check out our latest repositories

https://github.com/raminmh/liquid_time_constant_networks

https://github.com/mlech26l/keras-ncp

https://github.com/mlech26l/ode-lstms

and to reach out:
rhasani@mit.edu

Mathias Lechner       Alexander Amini             Daniela Rus               Radu Grosu


