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@ ¢: XxU — R denotes the cost function, and v < 1 the discount factor
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Q-function:
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@ For all states x and =’ in X,
P{X,11 =2"| X, =z, U, = u,and prior history} = P, (z,z")

@ ¢: XxU — R denotes the cost function, and v < 1 the discount factor
v

Bellman equation: Q* =TQ*
(TQ")(x,u) := c(z,u) +7vE[Q" (Xn41) | Xn = 2, Up = ]
= c(z,u) +7 Y Pulz,2)Q" (2

Q*(x) = n%in Q*(x,u)

v
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Q-learning and Galerkin Relaxation
Dynamic programming goal: Find Q* that satisfies Q* = T'Q*
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Dynamic programming goal: Find QQ* that satisfies Q* = T'Q*
E[C(Xm Un) + ’YQ*(Xn-H) - Q*(Xna Un) | ]:n] =0

Watkins' (tabular) Q-learning:

Given {Q? : 6 € R}, find 6* that solves the Projected Bellman equation:

]E(e*) = E[[C(Xm Un) + ’VQG* (Xn-H) - QG* (Xm Un)} Cn} =0

Linear parameterization: Q%(z,u) = 0™ (x, u)

Cn - w(Xm Un)
d = [X|x|U|, ¥i(x,u) = {z = 2*,u = u'} (complete basis)

F(67) =(TQ" - Q")

o II(i,i) = m(z*,u’), 7 is the stationary distribution of (X ,U)

v
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Relative Q-learning

Relative Q-learning Goal: Estimate H* that solves H* = T H*
(TH*)(w,u):=c(x, u)+y 3,0 Pulw, o) H* (') =0 - {u, HY)

o = = = = 9acn
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(TH*)(w,u):=c(x, u)+y 3,0 Pulw, o) H* (') =0 - {u, H")

@ 0 >0isascalar, p: X x U—=[0,1] is a pmf, and

%= Dt (2.0

e Q* from H*:  Q*(z,u) = H*(z,u)+ - (1 —~)"1 (u, H?)

But... do we need Q*7

Advantages of estimating H* instead of (Q*7
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SA: Convergence & Convergence Rates Basic Algorithm

Stochastic Approximation
Goal: Find the solution 6* to f(6*) = 0, where

f(0) =E[f(0,Wnr1)], 6€R?, J:RI R

[

Algorithm: ‘ On+1 = 0n + i1 f(0n, Wii1) | Robbins & Monro 1951)

We assume o, = g/(n+ 1) with g >0

Analysis: 6* is the stationary point of the ODE

d

a(t) = Fa(t)

SA is a noisy Euler discretization:

0n+1 = 9n + an+1[f(0n) + An-i—l] ; An—|—1 = f(‘gny Wn—l—l) - f(en)
MDS for Tabular Q-learning
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Convergence Rates of SA
Goal: Find * such that f(6*) =0  Algorithm: 0,11 = 0, + @ni1[f(0n) + Angi]

@ Error sequence: 6, :=0,, — 0*
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Asymptotic Variance Theory for SA
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v

@ Asymptotically Optimal SA Algorithms: A=1XA (A H)T
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Asymptotic Variance Theory for SA
@ Denote YA = E[A,1A] ] and A = o f(6 ‘0 or
If all Re (A(gA)) < —3, 29, solves the Lyapunov equation:

0=(gA+ DXl + 30 (gA+ 3I)"+ ¢°Za

If Re (\(gA)) > —3 for some eigenvalue, then %9 is (typically) infinite

Asymptotically Optimal SA Algorithms: A= '3 (A~ 1)T

Examples: LSTD()), Ruppert’s Stochastic Newton Raphson,
Polyak-Ruppert Averaging Technique, Zap Q-learning
[D. & Meyn, 2017], [D., 2019]
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Convergence Rates of Q-learning & Relative Q-learning

Watkins' ()-learning

Q-learning is SA:

Qn-i—l(X’ru Un) :Qn(XTm Un) + Q41 (C(Xna Un) + 'VQn(Xn—i-l) - Qn(Xna Un))

J
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Watkins' ()-learning

Q-learning is SA

Qn-i—l(XmU ) Qn(Xn7Un)+an+1( (XmU )+'7Q ( nt1)
Case 1: a, =1/n

Linearization Matrix

A_

Qn (X, Un))
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Convergence Rates of Q-learning & Relative Q-learning

Watkins' ()-learning

Q-learning is SA

Qn-i—l(X’ruU ) Qn(XTm Un) +04n+1( (XnaU )+'7Q ( nJrl)
Case 1: a, =1/n

Linearization Matrix

Qn (X, Un))

max {Re(\(

A—* [I*’}/Pd)*]
A)} = -

rg%xw(x w)
IS5 = o0 if v >3

max {Re(A(4))} > —

1

2

D¢
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Convergence Rates of Q-learning & Relative Q-learning Q-learning with state-independent step-size
. ’ .
Watkins' ()-learning

Q-learning is SA:
Qn+l(Xn7 Un) :Qn<Xn; Un) + Q41 (C(X’ru Un) + 'YQn(anLl) - Qn(Xru Un))

v

Case 1: a, =1/n

Linearization Matrix: A = —II[/ — v Py-]

max {Re(A\(4))} > — max7r(:L‘ u)

IS0 =00 if 7> L] max{Rer (4} > -3

“Asymptotic” MSE convergence rate is slower than 1/n2(1_7) if v > %
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Convergence Rates of Q-learning & Relative Q-learning

Relative Q-learning

Relative Q-learning Algorithm

Hn+1(Xn7 Un) = Hn(Xna Un)+an+1 (C(Xna Un>+'yﬂn(Xn+l>_Hn(Xna Un)_(S(,ua Hn>)

D¢
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Relative Q-learning

Relative Q-learning Algorithm
Hn—i—l(Xn; Un) :Hn(X’ru Un)+an+1 (C(Xna Un)+'7ﬂ7l(X1L+l)_Hn(Xny Un)_(S(My Hn>)

Eigenvalue test [D., & Meyn, 2020]

A=—I 7P +4-10y

@ )\; for eigenvector 1 is —(1 — v+ 9)
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Eigenvalue test [D., & Meyn, 2020]

A=—I 7P +4-10y

@ \; for eigenvector 1 is —(1 — v +9)

@ All other eigenvalues satisfy Re(A(A)) < —(1 —~vp*),
p* = max{Re(A(Py+)) : X # A1},

o Finite asymptotic variance with

an(z,w) = [n(z,u)] - (1 — py) !

1329 || is proportional to (1 — p*vy)~2 1l
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Relative Q-Iearnlng Eigenvalue Analysis

o A(Ps) A(4q) Amax T A(AR)
) 'i te . e N . e
L[] p* . . o

Dae
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Convergence Rates of Q-learning & Relative Q-learning B Ie ERTRC] T g =Sl 251

Application to Stochastic Shortest Path D

Maximal Bellman error for v = 0.999 and v = 0.9999

Q-learning: {Hg =1/{1-7) Relative Q-learning: g=1/(1—-py)
—g=1Y0a=-p
1/(1-7) = 10°

120

Maximal Bellman Error
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A Twist in the Tail



Convergence Rates of Q-learning & Relative Q-learning Stochastic Shortest Path

A Twist in the Tail Q-learning vs. Relative Q-learning

More Eigenvalue analysis [D., & Meyn, 2020]

Ahz—[l—’yp¢*+5-ﬂ®ﬂ]

A, =~ =Py

AM=—-(1-7+9)

M=—(1-7)
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o All other eigenvalues coincide: (A(Ay)) = (A(4g)), A # M1
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More Eigenvalue analysis [D., & Meyn, 2020]

Ap=—[I —vPp +0-1Q y A =—(1—v+0)

A, = =[] — 7Py AM=—(1-7)

o All other eigenvalues coincide: (A(Ay)) = (A(4g)), A # M1

o Forall v,w € {v: vl =0}, v"X% w is the same for both algorithms,
prov:ded same ¢ Is used!

o Convergence rate of the two algorithms is same, except in the
subspace corresponding to the constant basis function

11/14
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Application to Stochastic Shortest Path

)=
I \ > ﬁ
Span semi-norm of error for v = 0.999 and v = 0.9999 3

Q-learning: {#ﬂz i 1;8 : sz)
W va-y =10

Relative Q-learning: — g = 1/(1 — p*~)

nx10°
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Application to Stochastic Shortest Path

)=
I \ > ﬁ
Span semi-norm of error for v = 0.999 and v = 0.9999 3

Q-learning: {#ﬂz i 1;8 : sz)
W va-y =10

Relative Q-learning: — g = 1/(1 — p*~)

@ Does this property extend beyond tabular setting?
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@ Most “complexity” in classical Q-learning seems to be spent on estimating
the “constant” Policy is all that we care about..
Keeping everything relative doesn't hurt

@ The relative Q-learning algorithm results in asymptotic variance that is
uniformly bounded for all v < 1

It also directly gives us the Q-function.. but do we need It?
@ Same for TD-learning algorithms when used as a part of actor-critic or LSPI

@ The algorithm can be Zapped: AglEAA,Zl < Aq’lZAA;1
Globally stable even with non-linear function approximation
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@ The algorithm can be Zapped: AgleA,jl < Aq’lZAA;1
Globally stable even with non-linear function approximation

@ Can apply averaging, acceleration, variance reduction, etc.

@ Open problem: Finite-n analysis, and extension of theory to episodic RL

E6, — 0° < (1= py) - B/n ?
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