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What is Stochastic Approximation? F(0) = E[f(6,W)]

A simple goal: find solution to f(6*) =0

ODE algorithm: %ﬁt = f(%)
If stable: ¥; — 0* and f(9;) — f(0*) = 0.

Euler approximation: Oni1 = Op + a1 f(0n)

Stochastic Approximation

Ons1 =0 + anp1f(6n Wn+1)
= 0, + a1 { f(0,) + “NOISE" }

Under very general conditions:
the ODE, the Euler approximation, and SA are all convergent to 6*

Euler approximation is robust to measurement error



Stochastic Approximation Crash Course ODEs for Root Finding

What is Stochastic Approximation? F(0) = E[f(6,W)]

A simple goal: find solution to f(6*) =0

d _
ODE algorithm: £19t = f(D)
If stable: ¥; — 0* and f(9;) — f(0*) = 0.

Euler approximation: Oni1 = Op + a1 f(0n)

Stochastic Approximation

Ons1 =0 + anp1f(6n Wn+1)
= 0, + a1 { f(0,) + “NOISE" }

Under very general conditions:
the ODE, the Euler approximation, and SA are all convergent to 6*
[Robbins and Monro, 1951]  see Borkar's monograph [5]



I8 7 i T2
Algorithm Design F(0) = E[f(6,W)]

Stochastic Approximation
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= 0p + any1{f(0,) + "NOISE" }

Step 1: Design %Gt = f(9;) so that ¥, — 6* and f(8;) — f(6*) =0
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Algorithm Design F(0) = E[f(6,W)]

Stochastic Approximation

0n+1 = 9 + an-{—lf(‘gnaWn—I—l)
= On + any1{ f(6n) + “NOISE" }

Step 1: Design %ﬁt = f(9;) so that ¥, — 6* and f(9;) — f(6*) =0

You may have to modify the dynamics (spoiler alert!)
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Stochastic Approximation

9n+1 =0, + an+1f(9n7Wn+1)
= 0p + any1{f(0,) + "NOISE" }

Step 1: Design %St = f(9¢) so that ¥; — 0* and f(d;) — f(6*) = 0.
Step 2: Gain selection:
an+1 = g/(n + 1) gives optimal convergence rate

. 1
Efl|6n — 6"]%) = trace (X)

Only if 11 + gA* is Hurwitz, with A* = 9f (6*)
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Algorithm Design F(0) = E[f(6,W)]

Stochastic Approximation

en—l—l =0, + an+1f(9naWn+1)
= 0n + ant1{f(6,) + "“NOISE" }

Step 1: Design %ﬁt = f(9¢) so that ¥; — 0* and f(d;) — f(6*) = 0.
Step 2: Gain selection:
an+1 = g/(n + 1) gives optimal convergence rate

1
E[||6,, — 6*||*] = —trace (X)
n
Only if 11 + gA* is Hurwitz, with A* = 9f (6*):

0= [%I + gA*]EQ + 29[%1 + gA*]T + gQE‘NOISE"
— CLT, etc
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Stochastic Approximation Crash Course Two sources of estimation error

SA Error 6,1 =6, + an1{f(6,) + “NOISE"} 49, = f(9y)

n
1o,-9., ~N©OY where T, = Zak
k=1
2 9, — 0* exponentially fast, but T, is increasing slowly,

and nonlinear dynamics complicates gain selection

What can happen in RL, using a1 = g/(n+ 1)*:
@ 0, far from 6*, the dynamics are slow, need large ¢!

@ 0, =~ 0*, best gain is far smaller
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Two Sources of Error. Example: SGD

Stochastic Gradient Descent:

L(0) = E[L(0, ®p)]

-25

20 45 0 5 0 5 0 15 200
Oni1 = On — 2V L(On, Bpi1)
npP
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Two Sources of Error. Example: SGD

ODE bound using p =1

|191n _ 9*| < |9n _ 0*|60.34gn—0.34g

2 45 0 5 0 5 10 15 200

Ons1 = On — LNV L(On, Pri1)
npP

%ﬁt = f(V¢)

|19t _ 9*| S |90 _ 0*|e—().34t
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Two Sources of Error. Example: SGD

ODE bound using p =1

|191n _ 9*| < |9n _ 9*|60.34gn—0.34g

g > 2 to kill deterministic behavior,
but g* = 1/4 is best locally
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Two Sources of Error. Example: SGD

ODE bound using p =1

|8Tn _ 9*| < |9n _ 9*|60.34gn—0.34g

g > 2 to kill deterministic behavior,
but g* = 1/4 is best locally

Dynamics for g* = 1/4
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n
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TN < 3 for N = one million [De — 67[ < [B0 — 07|e
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Two Sources of Error. Example: SGD

ODE bound using p =1

|8Tn _ 9*| < |9n _ 9*|60.34gn—0.34g

g > 2 to kill deterministic behavior,

but g* = 1/4 is best locally

Dynamics for g* = 1/4

100

— o
B,

100
p=09

=53

o 8 &8 3 8
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: wetl Opat = O — =V L(0p, Prgr)
npP
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Ty < 3 for N = one million

CLT approximation: rapid for 6y =0

g L9, = (V)
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Stochastic Approximation Crash Course Two sources of estimation error

Two Sources of Error. Example: SGD

ODE bound using p =1

|8Tn _ 9*| < |9n _ 9*|60.34gn—0.34g

g > 2 to kill deterministic behavior,
but g* = 1/4 is best locally

Dynamics for g* = 1/4

100

o 100 100 20 45 -0 5 0 5 10 15 200
— O p=10 p=09 p=08 g

w0 w0 w0
ey e Ty =28 © =53 © =11 Ont1 = 0n — ;VL(GM(I%-H)

“w “w w

S S S

. S d £
o o 3 a —
o 5 10 T o 5 10 T o 5 0 T dtﬁt - f(ﬁt)
. _ p* _ p*|,—0.34t

TN < 3 for N = one million [Pt — 0% < [0 — 0|

CLT approximation: rapid for 6y = 0 slow for 6y = 100
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Two Sources of Error. Example: SGD

ODE bound using p =1

|191n _ 9*| < |9n _ 9*|60.34gn—0.34g

Ruppert-Polyak to the rescue

Niv p=10 5 p=09 p=08 .
VNON =3

1 2 -
773 25

2 45 0 5 0 5 10 15 200

Ny /\ /\ A Oni1 = On — %vuem%ﬂ)

dg _ F
Histograms from Ruppert-Polyak averaging: big and small g dtﬁt - f(ﬁt)
|19t _ 9*| < |190 _ 9*|e—0.34t
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Two Sources of Error. Example: Tabular Q-Learning

g>1/(1—p) required

120 T

Q-learning g = 1/(1 - 3)
== Q-learning g = gap

80

60 -

MaxBEQ ot

40 -

20

4 5 6 7 8
One million samples

Generic tabular Q-learning example.

10 x10°

Discount factor 8
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Two Sources of Error. Example: Tabular Q-Learning

g>1/(1—p) required

Q-learning g = 1/(1 - 8)
= Q-learning g = gap

120 T T

Ruppert-Polyak to the rescue?

= === Q-learning RP
p=085
T

80

MaxBEQ ot

40 -

20

4 5 6 7 8 9
One million samples

10 x10°

Generic tabular Q-learning example. Discount factor 8



Stochastic Approximation Crash Course Two sources of estimation error

Two Sources of Error.

Ruppert-Polyak to the rescue?

e QQ-learning g = 1/(1 — 3)

Example: Tabular Q-Learning

Culprit is Condition Number

====Q-learning RP
Q-learning g = gap o= 09.85
120 T T T T T T T T
100 [~ i
B0 F T e e i
g
g
m 60 1
x
©
=
Relative Q-learning g = gap
40 1
Relative Q-learning RP
Stay tuned!

4
One million samples

5 6 10 x10°

Generic tabular Q-learning example. Discount factor 8
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ODE Design begins with design of the ODE: 44 = f(¥)
Challenges we have faced with Q-learning:
@ How can we design dynamics for
(1] S_tability
@ f(0*) = 0 solves a relevant problem

@ How can we better manage problems introduced by 1/(1 — 3)?

Assuming we have solved 2, maybe we can create linear
dynamics (Newton-Raphson flow):

ST =—Fw)  giving (9) = Foo)e

Smale 1976
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Motivation

ODE Design begins with design of the ODE: 44 = f(¥)
Challenges we have faced with Q-learning:
@ How can we design dynamics for
(1] S_tability
@ f(0*) = 0 solves a relevant problem

@ How can we better manage problems introduced by 1/(1 — 3)?

Assuming we have solved 2, maybe we can create linear

dynamics (Newton-Raphson flow): \
d = = . a
&f(ﬁt) =—f(0)  giving [f(V¢) = ”\ /

The SA translation is Zap Stochastic Approximation
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Zap Algorithm
Newton-Raphson flow: %ﬂt = —AM) 1f(), A@B) = aif( )

Zap-SA (designed to emulate deterministic Newton-Raphson)

On+1 = 0pn + an+1(_gn+1)_1f(0na Ppy1)
A\n+1 A + '7n+1(An+1 - A\n)y An—i—l = 80f(0na <I>n-i—l)
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Zap Algorithm
Newton-Raphson flow: L9, = —A(d) "' f(¥:), A(0) = Z F(0)

Zap-SA (designed to emulate deterministic Newton-Raphson)

‘9n+1 = 971 + an+1(_A\n+1)_1f(0na (I)n-l—l)

AnJrl = A\n + '7n+1(An+l - A\n)y An+1 = 89f(0na <I>n-i—l)

AN

Requires A, ~ A(0,) = 0sf (6,)
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Zap Algorithm

Newton-Raphson flow: L9, = —A(d) "' f(¥:), A(0) = Z F(0)

Zap-SA (designed to emulate deterministic Newton-Raphson)

‘9n+1 = 971 + an+1(_A\n+1)_1f(0na (I)nJrl)
A\nJrl = A\n + '7n+1(An+1 - A\n)» An+1 = 86f(9na (I>n+1)

ﬁnﬂ ~ A(0,) requires high-gain, an_, 00, n — 0o
Qnp

Always: oy, = 1/n. Numerics that follow: 7, = (1/n)?, p € (0.5,1)

Stability? Virtually universal

Optimal variance, too!
Based on ancient theory from Ruppert & Polyak [10, 11, 9]




Zap Q-Learning

Q-learning: {Q%(z,u):0 €R?, ue U, z € X}
Find 6* such that f(6*) = 0, with




Zap Q-Learning

Q-learning: {Q%(z,u):0 € R, uec U, z X}
Find 6* such that f(6*) = 0, with
F(6) = E[{c(Xn, Un) + BQ (Xns1) — Q°(Xn, Un) } Gl

Example: ¢, = VoQ?(X,,,U,)
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Zap Q-Learning

Q-learning: {Q%(z,u):0 € R, uec U, z X}
Find 6% such that f(6*) = 0, with

f(@) = E[{C(Xm Un) + 6Q9(Xn+1) - Qe(Xm Un)}Cn]

Example: ¢, = VoQ?(X,,,U,)
This is the hidden goal of DQN

v
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Zap Q-Learning

Q-learning: {Q%(z,u):0 € R, uec U, z X}
Find 6 such that f(6*) = 0, with
.f(e) = E[{C(Xm Un) + ﬂQe(Xn—l-l) - Qe(Xn; Un)}(n]

Example: ¢, = VoQ?(X,,,U,)
This is the hidden goal of DQN

v

What makes theory difficult:
@ Does f have a root?
@ Does the inverse of A exist?

© SA theory is weak for a discontinuous ODE
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Zap Q-Learning

Q-learning: {Q%(z,u):0 € R, uec U, z X}
Find 6 such that f(6*) = 0, with
f(@) = E[{C(Xn-/ Un) + ﬂQe(Xn—&-l) - Qe(Xn; Un)}(n]

Example: ¢, = VoQ?(X,,,U,)
This is the hidden goal of DQN

v

What makes theory difficult:
@ Does f have a root?
@ Does the inverse of A exist?

© SA theory is weak for a discontinuous ODE

See NeurlPS video for 2 and 3 (and [1])
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Zap Examples

0= f(e*) = E[{C(Xna Un) + BQQ* (Xnt1) — Qe* (X, Un)}gn]
Cn = VQQQ(XTL) Un)’@:@*



Zap Q-Learning with Neural Networks

Zap Examples

0= f(0") = E[{c(Xn, Un) + BQ” (Xn11) — Q" (X0, Un) } G
Cn - VGQg(Xny Un)loze*

. Stunning reliability with QH parameterized by various neural networks

<

Mountain Car

Acrobot

Cartpole

NN:6x3

2 3 %100

NN: 16X 10x8

NN: 20 12 18

4 6
Episodes.

NN: 126

NN: 168
- 7550
— median
- 2575
025

i 3 3 %100

NN: 18x14x6

NN: 24x 16 10

i 2 R

o i 2 3 %0

NN:24x16x8

[] i 2 3 a0

NN: 30x24 % 16

8 100

4 6
Episodes.

B 100

o 2 5 000

)
Episodes
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@ Applications in Stochastic Optimization
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Conclusions & Future Work

Conclusions:

@ Reinforcement Learning is cursed by dimension, variance, and
nonlinear (algorithm) dynamics

@ Second order methods can ensure stability—use them when you can

Future work:

Beyond the projected Bellman error for Q-learning
Applications in Stochastic Optimization

Acceleration techniques (momentum and matrix momentum)

Further variance reduction using control variates
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