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Value-function approximation

• Use a restricted class of functions to approximate the optimal 
value function Q* 

• Batch mode: passively given data & no access to environment 
• Important for real-life RL: medical, customer relationship 

management, experience personalization, etc. 
• When can we guarantee sample-efficient learning?
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A “Batch RL 101” Result?

• Supervised learning 
• Data: (x, y) ~ PX,Y 
• A class of predictors F (assume finite), one of which is good
• Can find a good predictor w/ O(log|F|) samples (info-theoretic) 

• Reinforcement learning (batch-mode, VFA) 
• Data: (s, a, r, s’) from MDP     (to be defined) 

• Needs to be exploratory              (to be formalized) 
• F  (assume finite) s.t. Q* ∈ F (realizability)
• Can we find a near-optimal policy using O(log|F|) samples?

• Long-standing open problem
• Believed to be info-theoretically hard 

• This talk: Break the barrier!

seems too weak



• For t = 0, 1, 2, …, the agent 
• observes state st ∈ S     (very large) 

• st ~ P( · | st-1, at-1) for t ≥ 1
• chooses action at ∈ A    (finite & small) 
• receives reward rt = R(st, at) 

• Policy π: S → A 
• Expected return  
• Key solution concepts  

• Bellman eq:                  , where for any f,  

• Optimal policy π*  is greedy w.r.t. Q* 
• Occupancy: dπ(s, a) = (1 − γ)∑∞

t=0 γtℙ[st = s, at = a | π]
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Markov Decision Process (MDP)

transition dynamics 
P: S×A → ∆(S)

reward function  
R: S×A →[0,1]

J(⇡) := E[
P1

t=0 �
trt|s0 ⇠ d0;⇡]

<latexit sha1_base64="JRJcTV0KgZV9+/tDPkOn5qXdOF0="></latexit>

Q? = T Q?

<latexit sha1_base64="OglayMSbxD23i1C5aR3Yt3ai6WA=">AAACEXicbVDJSgNBEO2JW4xb1KOXxiDkFGYkoB6EoBePCWSDTAw9nUrSpGehu0YMQ37Bi7/ixYMiXr1582/sLIImPih4vFdFVT0vkkKjbX9ZqZXVtfWN9GZma3tndy+7f1DXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3g98Rt3oLQIgyqOImj7rB+InuAMjdTJ5l2Ee9Q4kkArt65GpugldX2GA85kUh3/qJ1szi7YU9Bl4sxJjsxR7mQ/3W7IYx8C5JJp3XLsCNsJUyi4hHHGjTVEjA9ZH1qGBswH3U6mH43piVG6tBcqUwHSqfp7ImG+1iPfM52TU/WiNxH/81ox9s7biQiiGCHgs0W9WFIM6SQe2hUKOMqRIYwrYW6lfMAU42hCzJgQnMWXl0n9tOAUCxeVYq50NY8jTY7IMckTh5yRErkhZVIjnDyQJ/JCXq1H69l6s95nrSlrPnNI/sD6+AZj7p1i</latexit>

(T f)(s, a) = R(s, a) + �Es0⇠P (s,a)[maxa0 f(s0, a0)]

<latexit sha1_base64="Uji9LCMFp0X8aRWm1/VrMJdUn1Y="></latexit>
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Batch learning in large MDPs

• Dataset D = {(s, a, r, s’)}
• (s, a) ~ µ (“data distribution”), r = R(s, a), s’ ~ P(· | s, a)
• Measure exploratoriness: concentrability coefficient C [Munos’03’07] 

• Function class F (finite) s.t. Q* ∈ F  (realizability) 
• see approximate ver. in paper (not considered in talk) 

• Goal: find f ≈ Q* s.t. its greedy policy is ε-optimal 

Back to the earlier question: 

Prior work—no, unless w/ stronger func-approx assumptions
• e.g.,                                 , no “inherent Bellman error” [Antos’08]

Can we achieve sample complexity 
poly(log|F|, 1/(1-γ), 1/ε, 1/δ, C)?

8f 2 F , T f 2 F

<latexit sha1_base64="9sr5zAw294nsRUUlsZi0WF9/DUc=">AAACIXicbVDLSgMxFM3UV62vUZeKBIvgQsqMCNZdURCXLfQFnaFk0kwbmskMSUYoQ5f+hht/oh/gxoUi3Ymf4E+YaQtq64HAyTn3cs+9XsSoVJb1YWSWlldW17LruY3Nre0dc3evLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vf5P6jXsiJA15VQ0i4gaoy6lPMVJaaptFxw8FYgz60KEcOgFSPYxYcjs8+/lUh4t228xbBWsCuEjsGcmXDkeVr4ejUbltjp1OiOOAcIUZkrJlW5FyEyQUxYwMc04sSYRwH3VJS1OOAiLdZLLhEJ5opQN1VP24ghP1d0eCAikHgacr04hy3kvF/7xWrPyim1AexYpwPB3kxwyqEKbngh0qCFZsoAnCguqsEPeQQFjpo+b0Eez5lRdJ/bxgXxSuKna+dA2myIIDcAxOgQ0uQQncgTKoAQwewTN4BW/Gk/FivBvjaWnGmPXsgz8wPr8B34anEw==</latexit>

standard-ish def: 
<latexit sha1_base64="oDVVAzUPlvbAS/dGpZgLVYFwSys=">AAACGXicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoBdB9OKxgrVCt5ZsOquhSXZJZsVl7c/w4l/x4kFBPOrJf2Nae/DrwTCP92ZI5kWpFBZ9/8MrTUxOTc+UZytz8wuLS9XllTObZIZDkycyMecRsyCFhiYKlHCeGmAqktCK+kdDv3UNxopEn2KeQkexSy1iwRk6qVvdChFu0GIugR7RfRoqdtMtwlQMwtvehetbocrCWycJHWM+6FZrft0fgf4lwZjUyBiNbvUt7CU8U6CRS2ZtO/BT7BTMoOASBpUws5Ay3meX0HZUMwW2U4wOG9ANp/RonBhXGulI/b5RMGVtriI3qRhe2d/eUPzPa2cY73UKodMMQfOvh+JMUkzoMCXaEwY4ytwRxo1wf6X8ihnG0WVZcSEEv0/+S1rb9WCnHgQnO7WDw3EeZbJG1skmCcguOSDHpEGahJM78kCeyLN37z16L97r12jJG++skh/w3j8BW9+hCw==</latexit>

C = max⇡ kd⇡/µk1
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Why realizability seems insufficient?
Intuition 1: Fitted Q-Iteration (FQI) 
• Initialize  f0 ∈ F arbitrarily 
• In iteration k, convert D to least-square regression dataset 

                   
and let  fk be the ERM 

• Can diverge even w/ realizable linear class & infinite data 
• Problem: the regression may NOT be realizable for fk-1 ≠ Q* 
• Resolved by   (  is Bayes optimal)

{((s, a), r + �maxa0 fk�1(s0, a0))}

<latexit sha1_base64="ytOxq7Rzv00FrCEV7CV878FQDZ0="></latexit>

8f 2 F , T f 2 F

<latexit sha1_base64="9sr5zAw294nsRUUlsZi0WF9/DUc=">AAACIXicbVDLSgMxFM3UV62vUZeKBIvgQsqMCNZdURCXLfQFnaFk0kwbmskMSUYoQ5f+hht/oh/gxoUi3Ymf4E+YaQtq64HAyTn3cs+9XsSoVJb1YWSWlldW17LruY3Nre0dc3evLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vf5P6jXsiJA15VQ0i4gaoy6lPMVJaaptFxw8FYgz60KEcOgFSPYxYcjs8+/lUh4t228xbBWsCuEjsGcmXDkeVr4ejUbltjp1OiOOAcIUZkrJlW5FyEyQUxYwMc04sSYRwH3VJS1OOAiLdZLLhEJ5opQN1VP24ghP1d0eCAikHgacr04hy3kvF/7xWrPyim1AexYpwPB3kxwyqEKbngh0qCFZsoAnCguqsEPeQQFjpo+b0Eez5lRdJ/bxgXxSuKna+dA2myIIDcAxOgQ0uQQncgTKoAQwewTN4BW/Gk/FivBvjaWnGmPXsgz8wPr8B34anEw==</latexit>

T fk�1

<latexit sha1_base64="Rni8lIr4s7ZpdSggsABXVTfnX28=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSRSUHdFNy4r9AVtKJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rbX1jc2t7dJOeXdv/+DQPqp0VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtP73K/+0ilYpFo6VlMvRCPBQsYwdpIQ7syCLGeEMzTVhYM0+mFmw3tqlNz5kCrxC1IFQo0h/bXYBSRJKRCE46V6rtOrL0US80Ip1l5kCgaYzLFY9o3VOCQKi+dZ8/QmVFGKIikeUKjufp7I8WhUrPQN5N5UrXs5eJ/Xj/RwbWXMhEnmgqyOBQkHOkI5UWgEZOUaD4zBBPJTFZEJlhiok1dZVOCu/zlVdK5rLn12s1Dvdq4LeoowQmcwjm4cAUNuIcmtIHAEzzDK7xZmfVivVsfi9E1q9g5hj+wPn8ABwiUcw==</latexit>

2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2

= argmin
✓

1

2
(✓ � �✓k�1fx2)

2 + (2✓ � �✓k�1fx2)
2

= argmin
✓

1

2
(✓ � �2✓k�1)2 + (2✓ � �2✓k�1)2

(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,

3

ψ(x1) = 1, ψ(x2) = 2
μ(x1) = ⅓, μ(x2) = ⅔
γ > ⅚

[Tsitsiklis & Van Roy’96]

bootstrapped target
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Why realizability seems insufficient?

Intuition 2: minimize  (BRM) 

• Naive:  

• Issue: expected =  

• Sol 1, “double sampling” [Baird’95]: produce 2 iid s’ from each (s, a)

• Sol 2, modified BRM [Antos et al’08] 

• requires:  (|F| realizability assumptions) 
• special case of G = F => no inherent Bellman error

kf � T fk22,µ + �2E(s,a)⇠µVars0⇠P (s,a)[max
a0

f(s0, a0)]

<latexit sha1_base64="kc8Cz6dbbz9SIT9OXXCndgWpKWU="></latexit>

<latexit sha1_base64="8l5poIMD4F7qgV630Uz3N2vIL8U="></latexit>

1
|D|

P
(s,a,r,s0)2D (f(s, a)� (r + �maxa0 f(s0, a0)))2

kf � T fk22,µ + �2E(s,a)⇠µVars0⇠P (s,a)[max
a0

f(s0, a0)]

<latexit sha1_base64="kc8Cz6dbbz9SIT9OXXCndgWpKWU="></latexit>

T f 2 G 8f 2 F

<latexit sha1_base64="A5yOFjCp7dg4nMgHrjDER036Mpw=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwVRIpPnZFQV1W6AuaUCbTSTt0MgkzE6GE+CVu/BU3LhQRd/0bJ20o2npg4HDOvcy5x4sYlcqyJkZhZXVtfaO4Wdra3tndM/cPWjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RjeZ334kQtKQN9Q4Im6ABpz6FCOlpZ557gRIDTFiSSOFPnQoh3PlLoVPjh8KxBj0tTM3btOeWbYq1hRwmdg5KYMc9Z757fRDHAeEK8yQlF3bipSbIKEoZiQtObEkEcIjNCBdTTkKiHST6X0pPNFKH+ok+nEFp+rvjQQFUo4DT09mEeWil4n/ed1Y+ZduQnkUK8Lx7CM/ZlCFMCsL9qkgWLGxJggLqrNCPEQCYaUrLekS7MWTl0nrrGJXK1cP1XLtOq+jCI7AMTgFNrgANXAP6qAJMHgGr+AdfBgvxpvxaXzNRgtGvnMI/sCY/ACwFKNq</latexit>

argmin
f2F

max
g2G

X

(s,a,r,s0)

✓
f(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2

�
✓
g(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2

<latexit sha1_base64="LuEmTbf4qNaK9tpZBOvO8WNOe9A="></latexit>



Why realizability seems insufficient?
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• All known algorithms fail under realizability, e.g., 
• ADP diverges 
• BRM over-estimates 
• “ALP-style” methods need to model dπ/μ, ∀π [Xie & Jiang’20a] 
• Importance sampling has exponential variance 
• etc, etc 

• Algorithmic ideas seems exhausted 
• … really?



Hint from State Abstractions
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• Learning w/ “Q*-irrelevant abstraction” is consistent [Gordon’95, Li 
et al’06] 

• Essentially: piecewise constant function class + realizability 
• aggregate (s, a) pairs if Q* values are the same 
• Solve the problem as if it were tabular (or FQI) 
• Sample complexity (vaguely) depends on #blocks 

• More formal: If µ is supported on SxA (can relax), Q* is the 
unique fixed point of  

•  is always γ-contraction 

• Empirical ver : let  be the piecewise-constant class

<latexit sha1_base64="6JdzwDyyVJrUkeV0c+XMgjGTeFo=">AAACKHicbVDNSsNAGNzUv1r/oh69LBbBU0lEUASl6EGPFVpbaGLYbDft0s0m7G6EEvo2XnwVL4IK0qtP4iYNUlsHFoaZb9jvGz9mVCrLmhilpeWV1bXyemVjc2t7x9zde5BRIjBp4YhFouMjSRjlpKWoYqQTC4JCn5G2P7zJ/PYTEZJGvKlGMXFD1Oc0oBgpLXnmlRMiNcCIpc2x58QD+uiECby4hE6DeumveTs1x7k7GzGrVs3KAReJXZAqKNDwzHenF+EkJFxhhqTs2las3BQJRTEj44qTSBIjPER90tWUo5BIN83vHMMjrfRgEAn9uIK5OptIUSjlKPT1ZLainPcy8T+vm6jg3E0pjxNFOJ5+FCQMqghmpcEeFQQrNtIEYUH1rhAPkEBY6WorugR7/uRF0j6p2ac1274/rdaviz7K4AAcgmNggzNQB3egAVoAg2fwCj7Ap/FivBlfxmQ6WjKKzD74A+P7B0vRpzw=</latexit>

T µ
� := ⇧µ

G�
T

T µ
�

<latexit sha1_base64="Y66UPVYRMKCje7eCTda1fOgqA8c=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjBXVXdOOyQl/QGYdMmmlDk8yQZIQ6FH/FjQtF3Pof7vwbM+0stPVA4HDOvdyTEyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG45vc7z4QqWgsWnqSEJ+joaARxUgbKbCPPI70CCOWtaaBl4zovcfTwK46NWcGuEzcglRBgWZgf3mDGKecCI0ZUqrvOon2MyQ1xYxMK16qSILwGA1J31CBOFF+Nks/hadGGcAoluYJDWfq740McaUmPDSTeVa16OXif14/1dGln1GRpJoIPD8UpQzqGOZVwAGVBGs2MQRhSU1WiEdIIqxNYRVTgrv45WXSOa+59drVXb3auC7qKINjcALOgAsuQAPcgiZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8A/7+VmQ==</latexit>

kQ? � bT µ
� Q?k

<latexit sha1_base64="oth/XLDeXyPYjqrYuqNxTbu0WH8=">AAACHXicbVC7SgNBFJ31bXxFLW0Gg2Bj2JWA2gVtLBMwRsgk4e5kYgZnH8zcVcKaH7HxV2wsFLGwEf/G2WQLjR4YOJxzLnPv8WMlDbrulzMzOze/sLi0XFhZXVvfKG5uXZoo0Vw0eKQifeWDEUqGooESlbiKtYDAV6Lp35xlfvNWaCOj8AKHsWgHcB3KvuSAVuoWK+y+3mEGQdMDyu5kTwwAUxYADjio9GI06rJ4IDssSGgeZPfdYsktu2PQv8TLSYnkqHWLH6wX8SQQIXIFxrQ8N8Z2CholV2JUYIkRMfAbuBYtS0MIhGmn4+tGdM8qPdqPtH0h0rH6cyKFwJhh4NtktraZ9jLxP6+VYP+4ncowTlCEfPJRP1EUI5pVRXtSC45qaAlwLe2ulA9AA0dbaMGW4E2f/JdcHpa9SvmkXilVT/M6lsgO2SX7xCNHpErOSY00CCcP5Im8kFfn0Xl23pz3SXTGyWe2yS84n9+GsaLa</latexit>

G�

<latexit sha1_base64="JhhzveciZ6SXKHELnMQqO1z3qoU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiqLuiC11WsA9oQphMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zwpQzpR3n26qsrW9sblW3azu7e/sH9uFRRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh+K7wuxMqFUvEk56m1I/xULCIEayNFNi2F2M9Ipjn97PAS0cssOtOw5kDrRK3JHUo0QrsL2+QkCymQhOOleq7Tqr9HEvNCKezmpcpmmIyxkPaN1TgmCo/nyefoTOjDFCUSPOERnP190aOY6WmcWgmi5xq2SvE/7x+pqNrP2cizTQVZHEoyjjSCSpqQAMmKdF8aggmkpmsiIywxESbsmqmBHf5y6ukc9FwLxs3j5f15m1ZRxVO4BTOwYUraMIDtKANBCbwDK/wZuXWi/VufSxGK1a5cwx/YH3+AMpZk8g=</latexit>

bT µ
� f := argming2G�

1
|D|

P
(s,a,r,s0)[(g(s, a)� r � �maxa0 f(s0, a0))2]

<latexit sha1_base64="UTq6dlfy3TUB6j6kVfC++tYQR9Y="></latexit>

Bellman op + projection



Hint from State Abstractions
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• Does a low-complexity φ always exist?  
• YES! Just partition SxA according to Q*

• Size of φ: O(1/ε) (ε is discretization error)

Q*

• Chicken-and-egg: only if I knew Q*…

same block
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• Ultimately want to handle exponentially large F 
• But problem is still nontrivial even when |F|=2! 

• One f1, f2 of is Q*: how to find out from data? 
• Partition SxA according to both functions in F simultaneously!  

• size of φ: O(1/ε2) — affordable!!! 

• Fixed point of  will be  
close to Q* => choose 

    the one w/ lower  
• Extend to large F? 

• Naive: generate partition 
of size O(1/ε|F|) 

bT µ
� f := argming2G�

1
|D|

P
(s,a,r,s0)[(g(s, a)� r � �maxa0 f(s0, a0))2]

<latexit sha1_base64="UTq6dlfy3TUB6j6kVfC++tYQR9Y="></latexit>

<latexit sha1_base64="lztbu9psAq94WS2/GwTdAWCEtdA=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBJRdFl047JCX9DEMJlMmqGTBzMTpaT5Bzf+ihsXirh1486/cdJmoa0HLhzOuZd773ETRoU0jG9tYXFpeWW1slZd39jc2tZ3djsiTjkmbRyzmPdcJAijEWlLKhnpJZyg0GWk6w6vC797T7igcdSSo4TYIRpE1KcYSSU5+rE19uEJtB6oRwIkMytEMsCIZa08dzIrCWh+Z4Up9K2xo9eMujEBnCdmSWqgRNPRvywvxmlIIokZEqJvGom0M8QlxYzkVSsVJEF4iAakr2iEQiLsbPJTDg+V4kE/5qoiCSfq74kMhUKMQld1FieLWa8Q//P6qfQv7YxGSSpJhKeL/JRBGcMiIOhRTrBkI0UQ5lTdCnGAOMJSxVhVIZizL8+TzmndPK8bt2e1xlUZRwXsgwNwBExwARrgBjRBG2DwCJ7BK3jTnrQX7V37mLYuaOXMHvgD7fMHox6eqA==</latexit>

kf � bT µ
� fk

Pairwise Comparison

   

same block

f2

f1

X
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Batch Value-Function Tournament [Xie & Jiang’20b]

• Algorithm:  

• Inspired by Scheffé tournament & tournament algorithms for 
model selection in RL [Hallak et al’13, Jiang et al’15] 

• Concern: not every φ is “good” (i.e., Q*-irrelevant) 
• For f = Q* : always tested on good φ => small error for all f’ 
• For bad f : tested on a good φ when f’ = Q* => large max error

<latexit sha1_base64="oc4X+0YnBgjhfapcNU2MKO+Msqw="></latexit>

argmin
f2F

max
f 02F

kf � bT�f,f0 fk2,D
partition created 

out of f and f’
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• Previous reasoning builds on consistency of Q*-irrelevant 
abstractions 

• Finite-sample guarantee additionally requires: 
1. Concentration bounds:  

• Part of it is to show , i.e., ERM close to 
population minimizer for non-realizable least-square! 

• Proof idea: all regression problems are effectively 
realizable in the eyes of histogram regressor 

• The other part:  with 1/√n rate 
2. Error-propagation: how  controls  

• In BRM:  
• In BVFT: 

kf � bT µ
� fk2,D ⇡ kf � T µ

� fk2,µ

<latexit sha1_base64="YlTUDkIqYL005e0TagKOfEve4Hs="></latexit>

bT µ
� f ⇡ T µ

� f

<latexit sha1_base64="DdANpcCbsBa16pPLtdExlesNqtc=">AAACLHicbVDLSgMxFM3UV62vqks3wSK4KjNSUHfFblxW6As6tdxJM21oZiYkGbUM80Fu/BVBXFjErd9h+lj04YHA4Zxzyb3HE5wpbdtjK7OxubW9k93N7e0fHB7lj08aKooloXUS8Ui2PFCUs5DWNdOctoSkEHicNr1hZeI3n6hULApreiRoJ4B+yHxGQBupm6+4z6xHB6ATNwA9IMCTWpp2E1cMWProBjH2sQtCyOgFLySWAt18wS7aU+B14sxJAc1R7eY/3F5E4oCGmnBQqu3YQncSkJoRTtOcGysqgAyhT9uGhhBQ1Ummx6b4wig97EfSvFDjqbo4kUCg1CjwTHKyr1r1JuJ/XjvW/k0nYaGINQ3J7CM/5lhHeNIc7jFJieYjQ4BIZnbFZAASiDb95kwJzurJ66RxVXRKxduHUqF8N68ji87QObpEDrpGZXSPqqiOCHpF7+gLja0369P6tn5m0Yw1nzlFS7B+/wAc/an1</latexit>

k · k2,D ⇡ k · k2,µ

<latexit sha1_base64="h/r+/SR1G+V9ZwbhUHilVzTI5do=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUpJSUHdFXbisYB/QhDCZTNqhk0yYmYgl7Ue48VfcuFDErQt3/o3TNgvbeuDC4Zx7ufceP2FUKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KXkqMGlgzrho+0gSRmPSUFQx0k4EQZHPSMvvX4/91gMRkvL4Xg0S4kaoG9OQYqS05JmnztDBAVfO0MsqZ/BmBB2UJII/wlnDidKRZ5assjUBXCR2TkogR90zv52A4zQiscIMSdmxrUS5GRKKYkZGRSeVJEG4j7qko2mMIiLdbPLUCB5rJYAhF7piBSfq34kMRVIOIl93Rkj15Lw3Fv/zOqkKL9yMxkmqSIyni8KUQcXhOCEYUEGwYgNNEBZU3wpxDwmElc6xqEOw519eJM1K2a6WL++qpdpVHkcBHIIjcAJscA5q4BbUQQNg8ARewBt4N56NV+PD+Jy2Lhn5zAGYgfH1CwacnjM=</latexit>

kf � bT µ
� fk2,D ⇡ kf � T µ

� fk2,µ

<latexit sha1_base64="YlTUDkIqYL005e0TagKOfEve4Hs="></latexit>

kf �Q?k2,µ

<latexit sha1_base64="dA96Fu1tuSSoAY0PFgpDffrl8B8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXGiZKQV1V3TjsgX7gM5YMmmmDU0yQ5IRyrRu/BU3LhRx61+4829M6yy09cCFwzn3cu89Qcyo0o7zZeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvJ76rXsiFY3ErR7FxOeoL2hIMdJG6toH3jiEZ7B+5ymNpDfupuVT6PFk0rWLTsmZAS4SNyNFkKHWtT+9XoQTToTGDCnVcZ1Y+ymSmmJGJgUvUSRGeIj6pGOoQJwoP519MIHHRunBMJKmhIYz9fdEirhSIx6YTo70QM17U/E/r5Po8MJPqYgTTQT+WRQmDOoITuOAPSoJ1mxkCMKSmlshHiCJsDahFUwI7vzLi6RZLrmV0mW9UqxeZXHkwSE4AifABeegCm5ADTQABg/gCbyAV+vRerberPef1pyVzeyDP7A+vgEHQJYC</latexit>

<latexit sha1_base64="YLuUPF+ivbuIj+zqDlx9GYTCpfo=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0VoEUsiim6EohvdtdAXNLFMppN26GQSZiZCCf0mN36J4EIXirj1I5y0WdjqgYEz597Dvfd4EaNSWdarkVtaXlldy68XNja3tnfM3b2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RTVpvPxAhacgbahwRN0ADTn2KkdJSz7zz4Qms3ztSIQGvYCn9OgFSQ4xY0phAvwyPYWlOWejIzOWeWbQq1hTwL7EzUgQZaj3z2emHOA4IV5ghKbu2FSk3QUJRzMik4MSSRAiP0IB0NeUoINJNpidP4JFW+tAPhX5cwan625GgQMpx4OnOdFe5WEvF/2rdWPmXbkJ5FCvC8WyQHzOoQpjmB/tUEKzYWBOEBdW7QjxEAmGlUy7oEOzFk/+S1mnFPq9Y9bNi9TqLIw8OwCEoARtcgCq4BTXQBBg8ghfwDj6MJ+PN+DS+Zq05I/PsgzkY3z9+Tadi</latexit>

f �Q? = (f � T f) + (T f � T Q?)

f �Q? = (f � T µ
� f) + (T µ

� f � T µ
� Q?)

<latexit sha1_base64="vKUiyJKVFGoDxjR1IeaH8HSha2w="></latexit>

Finite-sample analysis

controlled by alg determines error prop



Error propagation
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How  controls  

• Standard assumption: µ puts enough prob in each “block” of φ 
• Corresponds to well-conditioned design matrix for linear class 
• Problem: our φ is quite arbitrary 
• Any assumption that is independent of φ? 

• Key part:   [Munos’03] 
• Satisfiable in MDPs whose transition matrix 

admits low-rank stochastic factorization

kf � bT µ
� fk2,D ⇡ kf � T µ

� fk2,µ

<latexit sha1_base64="YlTUDkIqYL005e0TagKOfEve4Hs="></latexit>

kf �Q?k2,µ

<latexit sha1_base64="dA96Fu1tuSSoAY0PFgpDffrl8B8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXGiZKQV1V3TjsgX7gM5YMmmmDU0yQ5IRyrRu/BU3LhRx61+4829M6yy09cCFwzn3cu89Qcyo0o7zZeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvJ76rXsiFY3ErR7FxOeoL2hIMdJG6toH3jiEZ7B+5ymNpDfupuVT6PFk0rWLTsmZAS4SNyNFkKHWtT+9XoQTToTGDCnVcZ1Y+ymSmmJGJgUvUSRGeIj6pGOoQJwoP519MIHHRunBMJKmhIYz9fdEirhSIx6YTo70QM17U/E/r5Po8MJPqYgTTQT+WRQmDOoITuOAPSoJ1mxkCMKSmlshHiCJsDahFUwI7vzLi6RZLrmV0mW9UqxeZXHkwSE4AifABeegCm5ADTQABg/gCbyAV+vRerberPef1pyVzeyDP7A+vgEHQJYC</latexit>

P (s0|s, a)/µ(s0)  CS

<latexit sha1_base64="ujXdHSQx7wxpehk0d+3waMJsl6o=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0XagtRECuqu2I3LivYBTQiT6aQdOnkwMxFKzCe48VfcuFDErUt3/o2TNgutHhg4c8693HuPGzEqpGF8aYWl5ZXVteJ6aWNza3tH393rijDmmHRwyELed5EgjAakI6lkpB9xgnyXkZ47aWV+745wQcPgVk4jYvtoFFCPYiSV5OiVdlVU7sUxqsETaPmx+tWgxQhsOYnlIznGiCU3aeroZaNuzAD/EjMnZZCj7eif1jDEsU8CiRkSYmAakbQTxCXFjKQlKxYkQniCRmSgaIB8IuxkdlAKj5QyhF7I1QsknKk/OxLkCzH1XVWZ7SgWvUz8zxvE0ju3ExpEsSQBng/yYgZlCLN04JBygiWbKoIwp2pXiMeIIyxVhiUVgrl48l/SPa2bjfrFdaPcvMzjKIIDcAiqwARnoAmuQBt0AAYP4Am8gFftUXvW3rT3eWlBy3v2wS9oH9+CEJsU</latexit>

sample complexity:  
 



Limitations & Possibilities
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Computationally intractable for training 
Tractable for validation / model selection ✔ 
(choose among Q-functions produced by different training algs) 
• Stronger than existing results (e.g., [Jiang et al’15]) 
• Potentially practical—ongoing empirical evaluation 

Data assumption is very strong 
• Open: standard concentrability (more next slide)? 
• More challenging: data w/ insufficient coverage?



<latexit sha1_base64="Y3FYNf3AcmBb6YDitMgpF617saE=">AAACCnicbVC7TsMwFHV4lvIKMLIYKtRWqkqCQDBWsDAWiT6kJooc12mt2klkO4gqdGbhV1gYQIiVL2Djb3DbDNByJEvnnnOvru/xY0alsqxvY2FxaXllNbeWX9/Y3No2d3abMkoEJg0csUi0fSQJoyFpKKoYaceCIO4z0vIHV2O/dUeEpFF4q4YxcTnqhTSgGCkteeaBw9G9l8oKqsjiCNZLsvigizI8hg5PdFX2zIJVtSaA88TOSAFkqHvml9ONcMJJqDBDUnZsK1ZuioSimJFR3kkkiREeoB7paBoiTqSbTk4ZwSOtdGEQCf1CBSfq74kUcSmH3NedHKm+nPXG4n9eJ1HBhZvSME4UCfF0UZAwqCI4zgV2qSBYsaEmCAuq/wpxHwmElU4vr0OwZ0+eJ82Tqn1WtW5OC7XLLI4c2AeHoARscA5q4BrUQQNg8AiewSt4M56MF+Pd+Ji2LhjZzB74A+PzB2t1mCc=</latexit>

max
s,a,s0

P (s0|s, a)/µ(s0)
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speculation prior to 2020
• Variations in data assumptions are minor
• Linear F may be easy?

Finite-sample analyses of batch VFA

<latexit sha1_base64="anhw2mJIxbHo+Cmn72k8piJKqYM=">AAACBnicbVDLSgMxFM3UV62vqksRgkVwVWdE0WXRjcsK9gFNHTKZTBuaZIYkI5ZpV278FTcuFHHrN7jzb0wfC209cLmHc+4luSdIONPGdb+d3MLi0vJKfrWwtr6xuVXc3qnrOFWE1kjMY9UMsKacSVozzHDaTBTFIuC0EfSuRn7jnirNYnlr+gltC9yRLGIEGyv5xX0k8IOPEgbRILyz/RiJFA18xGRk+n6x5JbdMeA88aakBKao+sUvFMYkFVQawrHWLc9NTDvDyjDC6bCAUk0TTHq4Q1uWSiyobmfjM4bw0CohjGJlSxo4Vn9vZFho3ReBnRTYdPWsNxL/81qpiS7aGZNJaqgkk4eilEMTw1EmMGSKEsP7lmCimP0rJF2sMDE2uYINwZs9eZ7UT8reWdm9OS1VLqdx5MEeOABHwAPnoAKuQRXUAAGP4Bm8gjfnyXlx3p2PyWjOme7sgj9wPn8Adu6ZIA==</latexit>

max
⇡

kd⇡/µk1

<latexit sha1_base64="K0x9uNtyLedvNfSLPtTtC+GXA4k=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSUfRYFMRjC/YDmlg22027dLMJuxOhhF78K148KOLVn+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pOFWUNWksYtUJiGaCS9YEDoJ1EsVIFAjWDkY3ud9+ZErzWN7DOGF+RAaSh5wSMFLPPmw8eBqIwh6X2IsIDCkR2e2kZ1ecqjMFXiRuQSqoQL1nf3n9mKYRk0AF0brrOgn4GVHAqWCTspdqlhA6IgPWNVSSiGk/mz4wwSdG6eMwVqYk4Kn6eyIjkdbjKDCd+Yl63svF/7xuCuGVn3GZpMAknS0KU4EhxnkauM8VoyDGhhCquLkV0yFRhILJrGxCcOdfXiSts6p7UXUa55XadRFHCR2hY3SKXHSJaugO1VETUTRBz+gVvVlP1ov1bn3MWpesYuYA/YH1+QNaVJZB</latexit>

Q? 2 F

8f 2 F , T f 2 F

<latexit sha1_base64="9sr5zAw294nsRUUlsZi0WF9/DUc=">AAACIXicbVDLSgMxFM3UV62vUZeKBIvgQsqMCNZdURCXLfQFnaFk0kwbmskMSUYoQ5f+hht/oh/gxoUi3Ymf4E+YaQtq64HAyTn3cs+9XsSoVJb1YWSWlldW17LruY3Nre0dc3evLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vf5P6jXsiJA15VQ0i4gaoy6lPMVJaaptFxw8FYgz60KEcOgFSPYxYcjs8+/lUh4t228xbBWsCuEjsGcmXDkeVr4ejUbltjp1OiOOAcIUZkrJlW5FyEyQUxYwMc04sSYRwH3VJS1OOAiLdZLLhEJ5opQN1VP24ghP1d0eCAikHgacr04hy3kvF/7xWrPyim1AexYpwPB3kxwyqEKbngh0qCFZsoAnCguqsEPeQQFjpo+b0Eez5lRdJ/bxgXxSuKna+dA2myIIDcAxOgQ0uQQncgTKoAQwewTN4BW/Gk/FivBvjaWnGmPXsgz8wPr8B34anEw==</latexit>

✔✔

? (conj.  
[Chen&Jiang’19])

<latexit sha1_base64="mTgPiZZbfuz55HFNuRVsTpOiXik=">AAACJnicbVC7TsMwFHXKq5RXgJHFokIwQJUgECxIFSyMRaIPqQmR4zqtVTuJbAdRpfkaFn6FhaEIITY+BbfNQAtHtnR8zr26vsePGZXKsr6MwsLi0vJKcbW0tr6xuWVu7zRklAhM6jhikWj5SBJGQ1JXVDHSigVB3Gek6fdvxn7zkQhJo/BeDWLictQNaUAxUlryzCuHoycvdWJ6DAN9DjPoBALh1BkG8ES/naGXdh60n2UzmsOTLPPMslWxJoB/iZ2TMshR88yR04lwwkmoMENStm0rVm6KhKKYkazkJJLECPdRl7Q1DREn0k0na2bwQCsdGERC31DBifq7I0VcygH3dSVHqifnvbH4n9dOVHDppjSME0VCPB0UJAyqCI4zgx0qCFZsoAnCguq/QtxDOiWlky3pEOz5lf+SxmnFPq9Yd2fl6nUeRxHsgX1wBGxwAargFtRAHWDwDF7BCLwbL8ab8WF8TksLRt6zC2ZgfP8A3Tek1Q==</latexit>

max
⇡,f,f 0

kf � f 0kd⇡

kf � f 0kµ

✔

Both Wrong!

Example: low-rank MDPlow-rank 
stoch. fac.

linear F & 
<latexit sha1_base64="Qx+0iTPqR333Zqen0QOddVhhUes=">AAACF3icbVDNS8MwHE39nPOr6tFLcAieSiuKHocieJzgPqCtJc3SLSxpS5IORul/4cV/xYsHRbzqzf/GdOtBNx+EPN77/UjeC1NGpbLtb2NpeWV1bb22Ud/c2t7ZNff2OzLJBCZtnLBE9EIkCaMxaSuqGOmlgiAeMtINR9el3x0TIWkS36tJSnyOBjGNKEZKS4FpeRypYRjmN0WQezwrXG+MRDqksLofPJWkPvRkhjG0A7NhW/YUcJE4FWmACq3A/PL6Cc44iRVmSErXsVPl50goihkp6l4mSYrwCA2Iq2mMOJF+Ps1VwGOt9GGUCH1iBafq740ccSknPNSTZQo575Xif56bqejSz2mcZorEePZQlDGoEliWBPtUEKzYRBOEBdV/hXiIBMJKV1nXJTjzkRdJ59Ryzi377qzRvKrqqIFDcAROgAMuQBPcghZoAwwewTN4BW/Gk/FivBsfs9Elo9o5AH9gfP4AxAugQg==</latexit>

Eµ[''
>] � 0

X? X?X



<latexit sha1_base64="Y3FYNf3AcmBb6YDitMgpF617saE=">AAACCnicbVC7TsMwFHV4lvIKMLIYKtRWqkqCQDBWsDAWiT6kJooc12mt2klkO4gqdGbhV1gYQIiVL2Djb3DbDNByJEvnnnOvru/xY0alsqxvY2FxaXllNbeWX9/Y3No2d3abMkoEJg0csUi0fSQJoyFpKKoYaceCIO4z0vIHV2O/dUeEpFF4q4YxcTnqhTSgGCkteeaBw9G9l8oKqsjiCNZLsvigizI8hg5PdFX2zIJVtSaA88TOSAFkqHvml9ONcMJJqDBDUnZsK1ZuioSimJFR3kkkiREeoB7paBoiTqSbTk4ZwSOtdGEQCf1CBSfq74kUcSmH3NedHKm+nPXG4n9eJ1HBhZvSME4UCfF0UZAwqCI4zgV2qSBYsaEmCAuq/wpxHwmElU4vr0OwZ0+eJ82Tqn1WtW5OC7XLLI4c2AeHoARscA5q4BrUQQNg8AiewSt4M56MF+Pd+Ji2LhjZzB74A+PzB2t1mCc=</latexit>

max
s,a,s0

P (s0|s, a)/µ(s0)

16

speculation prior to 2020
• Variations in data assumptions are minor
• Linear F may be easy?

Finite-sample analyses of batch VFA

<latexit sha1_base64="anhw2mJIxbHo+Cmn72k8piJKqYM=">AAACBnicbVDLSgMxFM3UV62vqksRgkVwVWdE0WXRjcsK9gFNHTKZTBuaZIYkI5ZpV278FTcuFHHrN7jzb0wfC209cLmHc+4luSdIONPGdb+d3MLi0vJKfrWwtr6xuVXc3qnrOFWE1kjMY9UMsKacSVozzHDaTBTFIuC0EfSuRn7jnirNYnlr+gltC9yRLGIEGyv5xX0k8IOPEgbRILyz/RiJFA18xGRk+n6x5JbdMeA88aakBKao+sUvFMYkFVQawrHWLc9NTDvDyjDC6bCAUk0TTHq4Q1uWSiyobmfjM4bw0CohjGJlSxo4Vn9vZFho3ReBnRTYdPWsNxL/81qpiS7aGZNJaqgkk4eilEMTw1EmMGSKEsP7lmCimP0rJF2sMDE2uYINwZs9eZ7UT8reWdm9OS1VLqdx5MEeOABHwAPnoAKuQRXUAAGP4Bm8gjfnyXlx3p2PyWjOme7sgj9wPn8Adu6ZIA==</latexit>

max
⇡

kd⇡/µk1

<latexit sha1_base64="K0x9uNtyLedvNfSLPtTtC+GXA4k=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSUfRYFMRjC/YDmlg22027dLMJuxOhhF78K148KOLVn+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pOFWUNWksYtUJiGaCS9YEDoJ1EsVIFAjWDkY3ud9+ZErzWN7DOGF+RAaSh5wSMFLPPmw8eBqIwh6X2IsIDCkR2e2kZ1ecqjMFXiRuQSqoQL1nf3n9mKYRk0AF0brrOgn4GVHAqWCTspdqlhA6IgPWNVSSiGk/mz4wwSdG6eMwVqYk4Kn6eyIjkdbjKDCd+Yl63svF/7xuCuGVn3GZpMAknS0KU4EhxnkauM8VoyDGhhCquLkV0yFRhILJrGxCcOdfXiSts6p7UXUa55XadRFHCR2hY3SKXHSJaugO1VETUTRBz+gVvVlP1ov1bn3MWpesYuYA/YH1+QNaVJZB</latexit>

Q? 2 F

8f 2 F , T f 2 F

<latexit sha1_base64="9sr5zAw294nsRUUlsZi0WF9/DUc=">AAACIXicbVDLSgMxFM3UV62vUZeKBIvgQsqMCNZdURCXLfQFnaFk0kwbmskMSUYoQ5f+hht/oh/gxoUi3Ymf4E+YaQtq64HAyTn3cs+9XsSoVJb1YWSWlldW17LruY3Nre0dc3evLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw2vf5P6jXsiJA15VQ0i4gaoy6lPMVJaaptFxw8FYgz60KEcOgFSPYxYcjs8+/lUh4t228xbBWsCuEjsGcmXDkeVr4ejUbltjp1OiOOAcIUZkrJlW5FyEyQUxYwMc04sSYRwH3VJS1OOAiLdZLLhEJ5opQN1VP24ghP1d0eCAikHgacr04hy3kvF/7xWrPyim1AexYpwPB3kxwyqEKbngh0qCFZsoAnCguqsEPeQQFjpo+b0Eez5lRdJ/bxgXxSuKna+dA2myIIDcAxOgQ0uQQncgTKoAQwewTN4BW/Gk/FivBvjaWnGmPXsgz8wPr8B34anEw==</latexit>

✔✔

✔ (BVFT, 
general F)

? (conj.  
[Chen&Jiang’19])

<latexit sha1_base64="mTgPiZZbfuz55HFNuRVsTpOiXik=">AAACJnicbVC7TsMwFHXKq5RXgJHFokIwQJUgECxIFSyMRaIPqQmR4zqtVTuJbAdRpfkaFn6FhaEIITY+BbfNQAtHtnR8zr26vsePGZXKsr6MwsLi0vJKcbW0tr6xuWVu7zRklAhM6jhikWj5SBJGQ1JXVDHSigVB3Gek6fdvxn7zkQhJo/BeDWLictQNaUAxUlryzCuHoycvdWJ6DAN9DjPoBALh1BkG8ES/naGXdh60n2UzmsOTLPPMslWxJoB/iZ2TMshR88yR04lwwkmoMENStm0rVm6KhKKYkazkJJLECPdRl7Q1DREn0k0na2bwQCsdGERC31DBifq7I0VcygH3dSVHqifnvbH4n9dOVHDppjSME0VCPB0UJAyqCI4zgx0qCFZsoAnCguq/QtxDOiWlky3pEOz5lf+SxmnFPq9Yd2fl6nUeRxHsgX1wBGxwAargFtRAHWDwDF7BCLwbL8ab8WF8TksLRt6zC2ZgfP8A3Tek1Q==</latexit>

max
⇡,f,f 0

kf � f 0kd⇡

kf � f 0kµ

✔

X (even w/ 
linear F)

Both Wrong!

V$ V%��

�U

ĳ�V$� Ȗ ĳ�V%� �

Amortila et al’20, inspired 
by Wang et al’20

Example: low-rank MDPlow-rank 
stoch. fac.

linear F & 
<latexit sha1_base64="Qx+0iTPqR333Zqen0QOddVhhUes=">AAACF3icbVDNS8MwHE39nPOr6tFLcAieSiuKHocieJzgPqCtJc3SLSxpS5IORul/4cV/xYsHRbzqzf/GdOtBNx+EPN77/UjeC1NGpbLtb2NpeWV1bb22Ud/c2t7ZNff2OzLJBCZtnLBE9EIkCaMxaSuqGOmlgiAeMtINR9el3x0TIWkS36tJSnyOBjGNKEZKS4FpeRypYRjmN0WQezwrXG+MRDqksLofPJWkPvRkhjG0A7NhW/YUcJE4FWmACq3A/PL6Cc44iRVmSErXsVPl50goihkp6l4mSYrwCA2Iq2mMOJF+Ps1VwGOt9GGUCH1iBafq740ccSknPNSTZQo575Xif56bqejSz2mcZorEePZQlDGoEliWBPtUEKzYRBOEBdV/hXiIBMJKV1nXJTjzkRdJ59Ryzi377qzRvKrqqIFDcAROgAMuQBPcghZoAwwewTN4BW/Gk/FivBsfs9Elo9o5AH9gfP4AxAugQg==</latexit>

Eµ[''
>] � 0



Batch Value-function Approximation with Only Realizability. 
Tengyang Xie, Nan Jiang. arXiv-20. 

Additional References 
• A Variant of the Wang-Foster-Kakade Lower Bound for the Discounted Setting. Philip 

Amortila, Nan Jiang, Tengyang Xie. arXiv-20.
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