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Motivation

@ K. Osawa, S. Swaroop, A. Jain, R. Eschenhagen, R. E. Turner, R. Yokota, M. E. Khan (2019).
Practical Deep Learning with Bayesian Principles. NeurlPS.
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@ K. Osawa, S. Swaroop, A. Jain, R. Eschenhagen, R. E. Turner, R. Yokota, M. E. Khan (2019).
Practical Deep Learning with Bayesian Principles. NeurlPS.

© proposes a fast algorithm
to approximate the
posterior,

@ applies it to train Deep
Neural Networks on
CIFAR-10, ImageNet ...

© observation : improved
uncertainty quantification.

Picture : Roman Bachmann.
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@ K. Osawa, S. Swaroop, A. Jain, R. Eschenhagen, R. E. Turner, R. Yokota, M. E. Khan (2019).
Practical Deep Learning with Bayesian Principles. NeurlPS.

© proposes a fast algorithm
to approximate the
posterior,

@ applies it to train Deep
Neural Networks on
CIFAR-10, ImageNet ...

© observation : improved
uncertainty quantification.

Picture : Roman Bachmann.

Objective : provide a theoretical analysis of this algorithm.
First step : simplified versions.
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Bayesian inference and variational approximations

(Generalized) Bayesian inference

7"(0|X17}’17---7Xm}’n X exXp [ Uzé f6‘ XI ) Yi ] (9)
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Bayesian inference and variational approximations

(Generalized) Bayesian inference

7T(0|X17y17 C 7Xn;yn) X €Xp [_nzé(f‘@(xl)ayl)] 71-(9)

It is well known that

7(-[x1, y1, -+ 5 Xn, Vi)
= arg min {EGNp > Ufy(x), yi)
p

i=1 d

. KL(p,w)} |
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Bayesian inference and variational approximations

(Generalized) Bayesian inference

7"(0|X17}’17---7Xm}’n X exXp [ Uzg f6‘ XI ) Yi ] (8)

It is well known that

7(+|X1, Y15+ -+ s Xny V)

= arg min {E(;NP

n

S €(hi(x), )

p i=1

. KL(p,w)} |

Variational approximation

pPEF

TaPPIOY() 1= arg min {ngp

Zﬁfox, Vi) +M}

i=1 N
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Consistency of Bayesian estimators

@ in order to ensure consistency at
rate r,, many conditions
including the prior mass
condition :

log w(B,,) > nr,, where

B, =

{9 : Salefo (), yi) — fgx (i), yi) < r}

@ note that this condition implies,
for p = 7 restricted to B,,,

A.W. van der Vaart

i @(fe(x,'),yi)] " KLlp, ) _ Eia tlf5 (i), i)

+2ry.

n n

Eg~
9p|: n
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Consistency of variational approximations

B
B
[
B

P. Alquier, J. Ridgway , N. Chopin (2016). On the Properties of Variational Approximations of
Gibbs Posteriors. JMLR.

P. Alquier & J. Ridgway (2020). Concentration of tempered posteriors and of their variational
approximations. The Annals of Statistics.

Y. Yang, D. Pati & A. Bhattacharya (2020). a-Variational Inference with Statistical Guarantees.
The Annals of Statistics.

F. Zhang & C. Gao (2020). Convergence Rates of Variational Posterior Distributions. The Annals
of Statistics.

V.

These papers show that the variational approximation of the
posterior in F concentrates at the rate r, if there is p € F
such that

D i g(fe(xi%yi)]JrKL(Pa ™) o e U (%), )

< +2r,.
n n n

Bovs |

Question : can this be extended to the online setting ? |
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Bayesian learning and variational inference (VI)

Te41(0) = m(0xi, y1, - s Xe, Ye) OC exp (—nZ&@) (). J

s=1
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Bayesian learning and variational inference (VI)

Te41(0) = m(0xi, y1, - s Xe, Ye) OC exp (—nZ&@) ().

s=1

Formula for the online update of 7,1 :

Te41(0) o< exp (—nle(0)) 7 ().
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Bayesian learning and variational inference (VI)

Te41(0) = m(0xi, y1, - s Xe, Ye) OC exp (—nZ&@) ().

s=1

Formula for the online update of 7,1 :

Te41(0) o< exp (—nle(0)) 7 ().

Q1 : can we similarly define a sequential update for a
variational approximation ?
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Regret bounds for Bayesian inference

Theorem (classical result) for bounded loss ¢ < B

Bayes update leads to

Z ]E0~7rr [gt(g)]
<inf {ZEM[@ 77327 . KL(q, )}‘

n
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Regret bounds for Bayesian inference

Theorem (classical result) for bounded loss ¢ < B

Bayes update leads to

Z ]E0~7rr [gt(g)]
Inf{ZEQNq[f 77327 KL(q, )}‘

n
Under the prior mass condition with rr = 'OgTT and n ~ rr,
T T
D Eonn[e(0)] < inf > £(6) + O(v/T log(T)).
t=1 t=1
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Regret bounds for Bayesian inference

Theorem (classical result) for bounded loss ¢ < B

Bayes update leads to

Z ]E0~7rr [gt(g)]
Inf{ZEQNq[f nBZT KL(q, )}'

n

log T
T

Under the prior mass condition with rr = and n ~ rr,

D Eonn[e(0)] < inf > £(6) + O(v/T log(T)).

Q2 : can we derive similar results for online VI? )
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Online gradient algorithm (OGA)

Given
@ a set of predictors {fy,0 € © C R}, e.g fy(x) = (0, x),

@ an initial guess 61,

Ve = fo, (%) and 0,11 =0 — nVol(fy,(x:), yt)- J
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Online gradient algorithm (OGA)

Given
@ a set of predictors {fy,0 € © C R}, e.g fy(x) = (0, x),

@ an initial guess 61,

Je= falxe) and iy = 0r — Vle(6,) J
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Online gradient algorithm (OGA)

Given
@ a set of predictors {fy,0 € © C R}, e.g fy(x) = (0, x),
@ an initial guess 61,
Ve = fo.(xe) and 0.1 = 0; —nVeli(6:). J

Note that ;.1 can be obtained by :

t 16— 6:1°
. - V1
o {0 i) 15

Q min <9V9€(9)>+w :
0 ) t\Vt 277
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Two options for online VI

Parametric VI : F = {q,,n € M}.
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Two options for online VI

Parametric VI : F = {q,,n € M}.
© Sequential Variational Approximation (SVA) :

; 16 — 611
p— 1 / 77 1
01 argomm {<6’, Sg_l V9£5(95)> + 2 } ;

@ Streaming Variational Bayes (SVB) :

| 16 — 6:]1°
0,11 = argmin 0,Val.(0 +—
t+1 ge {< y Vo t( t)> 27] )
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Two options for online VI

Parametric VI : F = {q,,n € M}.
© Sequential Variational Approximation (SVA) :

. 16 — 611
p— | / 77 1
01 argomm {<6’, Sg_l V9£5(95)> - 2 } ;
t
: KL(q,,m
[le+1 = arg min {<,u, g V., Eonq,, [55(0)]> + —((Z]” )} .

H s=1

@ Streaming Variational Bayes (SVB) :

| 16 — 6:])*
0,11 = argmin 0,Val.(0 +—
t+1 ge {< y Vo t( t)> 27] ;
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Two options for online VI

Parametric VI : F = {q,,n € M}.
© Sequential Variational Approximation (SVA) :

. 16 — 611
p— | / 77 1
01 argomm {<6’, Sg_l V9£5(95)> - 2 } ;
t
: KL(q,,m
[le+1 = arg min {<,u, g V., Eonq,, [55(0)]> + —((Z]” )} .

H s=1

@ Streaming Variational Bayes (SVB) :

| 16 — 6:])*
0,11 = argmin 0,Val.(0 +—
t+1 ge {< y Vo t( t)> 27] ;

- KL(qu, 4
res1 = arg min {<M, Vg, [0(0)]) + %} |

I
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SVA & SVB are tractable, and not equivalent

Example : Gaussian prior § ~ m = N(0, s*/) and mean-field
Gaussian approximation, i = (m, o).

SVA : myyq < my — 15°Zpm, 81 < &t + 8oy
01 < h(nsgey1) s,

SVB : Meyq ¢ My — 102 Em,,
Oe1 < 0th(n0e&s,)

where h(x) :=+/1+ x? — x is applied componentwise, as well
as the multiplication of two vectors, and

0

G = — oo [0:(0)],
B = 5By o [0

_ 0
N ()|
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Theoretical analysis of SVA

Under convexity and L-Lipschitz assumption on the loss, under
a-strong convexity assumption on the KL term, SVA leads to

> Eoeg,, [0:(0)]
< mf {ZEM 1040 77L2T_|_ KL(qy, 7 )}'

n
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Theoretical analysis of SVA

Under convexity and L-Lipschitz assumption on the loss, under
a-strong convexity assumption on the KL term, SVA leads to

> Eoeg,, [0:(0)]
< mf {ZEM 1040 77L2T KL(qy, 7 )}'

n

Application to Gaussian approximation leads to
> Eog, [0:(0)] < inf Y £(0) + (1 + o(1))§ dT log(T)
0~qu, Lt =1y t o .
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Comments on the assumptions

The assumptions :
Q 11— Egq,[¢+(0)] is L-Lipschitz and convex ?
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Comments on the assumptions

The assumptions :
Q 11— Egq,[¢+(0)] is L-Lipschitz and convex ?

Proposition

Assume 0 — (,(0) is L/2-Lipschitz and convex, and
= (m,X) is a location scale parameter, then : satisfied.
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Proposition

Assume 0 — (,(0) is L/2-Lipschitz and convex, and
= (m,X) is a location scale parameter, then : satisfied.

Proof : Lipschitz : in our paper; convex :

@ J. Domke (2019). Provable smoothness guarantees for black-box variational inference. NeurlPS J
2019.
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Comments on the assumptions

The assumptions :
Q 11— Egq,[¢+(0)] is L-Lipschitz and convex ?

Proposition

Assume 0 — (,(0) is L/2-Lipschitz and convex, and
= (m,X) is a location scale parameter, then : satisfied.

Proof : Lipschitz : in our paper; convex :

@ J. Domke (2019). Provable smoothness guarantees for black-box variational inference. NeurlPS
2019.

Q@ 1 — KL(q,, ) is a-strongly convex?

— True for many examples, for example when g, and 7
are Gaussian (with upper-bounded variance).
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Theoretical analysis of SVB

Theorem 2

Using Gaussian approximations, assuming the loss is convex

L-Lipschitz and the parameter space bounded (diameter = D),
SVB with adequate 7 leads to

-
Zét(Equ ) mfZE 0) + DLV2T
t=1
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Theoretical analysis of SVB

Theorem 2

Using Gaussian approximations, assuming the loss is convex,
L-Lipschitz and the parameter space bounded (diameter = D),
SVB with adequate 7 leads to

-
Zét(Equ ) mfZE 0) + DLV2T
t=1

If, moreover, the loss is H-strongly convex,

gft(Eequ 0)) < mfZﬁ 1+I'jg(T)).
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Test on a simulated dataset

Classification - Toy Dataset
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Figure — Average cumulative losses on different datasets for
classification and regression tasks with OGA (yellow), OGA-EL
(red), SVA (blue), SVB (purple) and NGVI (green).
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Test on the Breast dataset

Classification - Breast Cancer

0.4
03
%3]
3
|

N

100 200 300 400 500

Figure — Average cumulative losses on different datasets for
classification and regression tasks with OGA (yellow), OGA-EL
(red), SVA (blue), SVB (purple) and NGVI (green).
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Open questions
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Open questions

© Analysis of SVB in the general case.
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© Analysis of the uncertainty quantification.
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Open questions

© Analysis of SVB in the general case.
© Analysis of the uncertainty quantification.

© NGVl is the next step in going closer to algorithms used
to train Neural Networks with Bayesian principles. But
being based on a different parametrization, it does not
satisfy our convexity assumption...
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Open questions

© Analysis of SVB in the general case.

© Analysis of the uncertainty quantification.

© NGVl is the next step in going closer to algorithms used
to train Neural Networks with Bayesian principles. But

being based on a different parametrization, it does not
satisfy our convexity assumption...

Uses exponential family approximations {q,, 1 € M}
where m is the mean parameter. Denoting A the natural
parameter (with A = F(u)),

A1 = (1 - p)>\t + pquequ [gt(e)] )

@ M. E. Khan, D. Nielsen (2018). Fast yet Simple Natural-Gradient Descent for Variational
Inference in Complex Models. ISITA.
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Thank you'!
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