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Stochastic Approximation?
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What is Stochastic Approximation? F(0) = E[f(6,W)]

A simple goal: find solution to f(6*) =0

d _
ODE algorithm: £19t = f(D)
If stable: ¥; — 0* and f(9;) — f(0*) = 0.

Euler approximation: Oni1 = Op + a1 f(0n)

Stochastic Approximation

Ons1 =0 + anp1f(6n Wn+1)
= 0, + a1 { f(0,) + “NOISE" }

Under very general conditions:
the ODE, the Euler approximation, and SA are all convergent to 6*

Euler approximation is robust to measurement error



What is Stochastic Approximation? ODEs for Root Finding

What is Stochastic Approximation? F(0) = E[f(6,W)]

A simple goal: find solution to f(6*) =0

d _
ODE algorithm: £19t = f(D)
If stable: ¥; — 0* and f(9;) — f(0*) = 0.

Euler approximation: Oni1 = Op + a1 f(0n)

Stochastic Approximation

Ons1 =0 + anp1f(6n Wn+1)
= 0, + a1 { f(0,) + “NOISE" }

Under very general conditions:
the ODE, the Euler approximation, and SA are all convergent to 6*
[Robbins and Monro, 1951]  see Borkar's monograph [59]
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Stochastic Approximation

0n+1 =0, + an-{—lf(‘gnawn—I—I)
= 0p + any1{f(0,) + "NOISE" }

Step 1: Design %Gt = f(9;) so that ¥, — 6* and f(8;) — f(6*) =0
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Algorithm Design F(0) = E[f(6,W)]

Stochastic Approximation

9n+1 =0, + an+1f(9n7Wn+1)
= 0p + any1{f(0,) + "NOISE" }

Step 1: Design %St = f(9;) so that ¥, — 6* and f(9;) — f(6*) =0
You may have to modify the dynamics.

Newton-Raphson Flow—an approach to ensure stability:
&R0 = ~F0)
pTEAND t

= Zap \’(
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Stochastic Approximation

9n+1 =0, + an+1f(9n7Wn+1)
= 0p + any1{f(0,) + "NOISE" }

Step 1: Design %St = f(9¢) so that ¥; — 0* and f(d;) — f(6*) = 0.
Step 2: Gain selection:
an+1 = g/(n + 1) gives optimal convergence rate

. 1
Efl|6n — 6"]%) = trace (X)

Only if 11 + gA* is Hurwitz, with A* = 9f (6*)
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Algorithm Design F(0) = E[f(6,W)]

Stochastic Approximation

en—l—l =0, + an+1f(9naWn+1)
= 0n + ant1{f(6,) + "“NOISE" }

Step 1: Design %ﬁt = f(9¢) so that ¥; — 0* and f(d;) — f(6*) = 0.
Step 2: Gain selection:
an+1 = g/(n + 1) gives optimal convergence rate

1
E[||6,, — 6*||*] = —trace (X)
n
Only if 11 + gA* is Hurwitz, with A* = 9f (6*):

0= [T+ gA" S + Sl + gA*]" + ¢°Sonorse
— CLT, etc
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Algorithm Design F(0) = E[f(6,W)]

Applications of interest:

TD, Q, gradient-free optimization, policy-gradient RL, ...
We create the noise!
Why would we settle for this crappy convergence rate?

E[l|6, — 6*|*] = n~! trace (Zg)

QSA to the rescue:  E[||6,, — 0% |*] = n* trace (Xy)

d - o
$®t = at f(Or) <= Design for your goals

d
aet = atf(e)ta Evt) <~ QSA (cts time is simplest)

Ont+1 = 0n + ant1f(On, £n+1) <= Euler/Runge-Kutta
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How?
Deterministic Markovian Noise %@t = a; (O, &)

Canonical choice is a mixture of sinusoids. Generalization:

& = [exp(jwit), ..., exp(jwit)]”

Key property: partial integrals are bounded in time:

t t
Eq{:/a'r’d’r7 {I:/aq{dr7
0 0



How?
Deterministic Markovian Noise %@t = a; (O, &)

Canonical choice is a mixture of sinusoids. Generalization:

& = [exp(jwit), ..., exp(jwit)]”

Final generalization Deterministic Markovian probing process:
d .
%Et = H(&) H: O — Q continuous.

&; evolves on Q (compact)



Quasi Stochastic Approximation How?

Deterministic Markovian Noise %@t = a; (O, &)
Canonical choice is a mixture of sinusoids. Generalization:
& = lexp(jwit), ..., exp(Jwkt)]"
Final generalization Deterministic Markovian probing process:
d .
%ﬁt = H(&) H: Q — Q continuous.
Ergodicity: invariant measure 7t unique, and for continuous g: Q — R,

— def

T
Jm /0 g(E)dt =% /Q g(2) m(dz)

works for complex exponentials
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Deterministic Markovian Noise %@t = a; (O, &)
Canonical choice is a mixture of sinusoids. Generalization:
& = lexp(jwit), ..., exp(Jwkt)]"
Final generalization Deterministic Markovian probing process:
d .
%ﬁt = H(&) H: Q — Q continuous.

Poisson's equation: center of CLT theory, and central here:

§(Es) = / "9(&) — gldt + (8

to

works for complex exponentials



Quasi Stochastic Approximation How?

Deterministic Markovian Noise %@t = a; (O, &)
Canonical choice is a mixture of sinusoids. Generalization:

& = [exp(jwit), ..., exp(jwit)]”

Final generalization Deterministic Markovian probing process:

%Et = H(&) H: QO — Q continuous.

Poisson’s equation: center of CLT theory, and central here:

§(Es) = / "9(&) — gldt + (8

to

= optimal rate in ergodic theorem, and more
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=== Histogram
—— Gaussian approximation

E[Jo(X)]

Number of observations in ith bin

02 0 02 04 0

—— ©,, Typical trajectory

Parameter estimate

Gradient-Free Optimization



Gradient-Free Optimization

Kiefer-Wolfowitz to Extremum Seeking Control min L(6)
€

o Kiefer-Wolfowitz: 6,41 = 0n + 1 f(On, Whi1) 16343

Simplest formulation:
1
J(On, Winy1) = —%G Wit {L(0n +eWng1) — L(0p — eWny1)}
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€

o Kiefer-Wolfowitz: 6,41 = 05 + 1 f(On, Wit1) 16343

Simplest formulation:

1
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Gradient-Free Optimization

Kiefer-Wolfowitz to Extremum Seeking Control min L(6)
€

o Kiefer-Wolfowitz: 6,41 = 05 + 1 f(On, Wit1) 16343
Simplest formulation:
1
f(ena Wn+1) = _gG Wn+l{L(9n + €Wn+l) - L(en - 6VVnJrl)}
Taylor series: (even terms cancel)
L(0 + ew) — L(0 — ew) = 2ew’VL(0) + <69 (0),w,w,w) + o(e®)

Mean dynamics: 49, = f(9;), with

F(0) = —GSwVL®) + O(c?)



Gradient-Free Optimization

Kiefer-Wolfowitz to Extremum Seeking Control min L(6)
€

o Kiefer-Wolfowitz: 6,41 = 05 + 1 f(On, Wit1) 16343

e Extremum seeking control: %@t = —a;VL(t) 10 92

Simplest example:

0 L®4> w _ atcl
Exploatory }w Z L(¥)— — ®—VL(t)

t)— @ —| L6, = —a,GVy(t)
=

Improved with LP Filter to smooth estimates, much like averaging to come




Gradient-Free Optimization

Kiefer-Wolfowitz to Extremum Seeking Control min L(0)
€

o Kiefer-Wolfowitz: 0,41 = 05, + g1 f(On, Wht1) 163,43

Simplest formulation:
1
f(ena Wn+1) - *%G Wn+1 {L(@n + €Wn+1) - L<9n - 5Wn+1)}

e Extremum seeking control: %@t = —a;VL(t) o1 9 92

d 1
® qSGD: EGt = _at2_€GEvt{L(®t +e&y) — L(Or - €E,t)}



Gradient-Free Optimization

Kiefer-Wolfowitz to Extremum Seeking Control min L(6)
€

o Kiefer-Wolfowitz: 0,41 = 05, + g1 f(On, Wht1) 163,43

e Extremum seeking control: %@t = —afﬁL(t) [91, 90, 92]

d 1
L] qSGD a@t = —CLtQ—EGE,t{L(@t + 5&15) — L(@t — E&ﬁ}

First seen in applications to finance: [77, 78]

What’s new? Complete theory for convergence and convergence rate
Results today from [76]
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Sca“ng and L|near|zat|0n %87& = atf(@t, E,t) ~ CLt{A*(:‘jt -+ Et}

d o _
Comparison: E@,g = a:f(O4), with O, = Oy,

Step 1: Stability of ODE (by design): tli}m O, = tli}m 0, = 0"

Interesting fact: for a; = g/(1 +1),
Rate of convergence of ©; is 1/t if and only if I + gA* is Hurwitz

» Emergency Exit
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d - o _

Comparison: E@t = a1 f(Oy), with Oy = Oy,

Step 1: Stability of ODE (by design): lim ©; = lim ©; = #*
t—o0 t—o0

Step 2: ODE for Z; = - (©; — ©;)

» Emergency Exit



Scaling and Linearization %@t = a,f (O, &) ~ a; {A*O, + 5}

d o _
Comparison: £®t = a1 f(Oy), with Oy = Oy,
Step 1: Stability of ODE (by design): lim ©; = lim ©; = #*
t—o0 t—o0

Step 2: ODE for Z; = - (©; — ©;)
A bit of calculus:

d ~
0= [rid + @ A" Ze+ 20, Ziy =0

with r; = —% log(ar) + o(ar) and =, = f(O, &) — f(©)



Scaling and Linearization %@t = a,f (O, &) ~ a; {A*O, + 5}

d o _
Comparison: £®t = a1 f(Oy), with Oy = Oy,
Step 1: Stability of ODE (by design): lim ©; = lim ©; = #*
t—o0 t—o0

Step 2: ODE for Z; = - (©; — ©;)
A bit of calculus:

d ~
0= [rid + @ A" Zy+ 2y, Ziy =0

with 7 = —% log(a¢) + o(at) and = f(©, &) — f(©y)
Stick to special case: a; = g/(1 +t)?, giving r = p/(1 +t) + o(ar):

d ag [A* + ()(l)] Zt + ét p < 1
~ 7, =

dt ag [g_lf—i—A*—l—()(l)]Zt—l—ét p=1



Scaling and Linearization %@t = a,f (O, &) ~ a; {A*O, + 5}

d o _
Comparison: £®t = a1 f(Oy), with Oy = Oy,
Step 1: Stability of ODE (by design): lim ©; = lim ©; = #*
t—o0 t—o0

Step 2: ODE for Z; = - (©; — ©;)
A bit of calculus:

d ~
0= [rid + @ A" Zy+ 2y, Ziy =0

Step 3: Change of variables, Yt Zt

d _
I —Y, = q A" [V, = Y + E} + o(1)] + [V + Ef]



Scaling and Linearization %@t = a,f (O, &) ~ a; {A*O, + 5}

d o _

Comparison: £®t = a1 f(Oy), with Oy = Oy,

Step 1: Stability of ODE (by design): lim ©; = lim ©; = #*
t—00 t—o00

Step 2: ODE for Z; = - (©; — ©;)
A bit of calculus:

d ~
0= [rid + @ A" Zy+ 2y, Ziy =0
Step 3: Change of variables, Yt Zt

d _
I —Y, = q A" [V, = Y + E} + o(1)] + [V + Ef]

Step 4: QSA 101: V; =Y + o(1) meaning ...



Some Theory Assumptions are required

Refinements and Warnings

Amazing conclusion: using a; = 1/(1 4+ t)*,

O = 0" + a;[Y +EL + 0(1)]
For p < 1 requires A* Hurwitz

t
g} = &) +/ FO*, &) dr = f(0%, &) — f(0*,&,) zero mean, bounded
0

V= (4" /Q 07167, 2) £ (6%, ) ni(d=) !



Some Theory Assumptions are required

Refinements and Warnings

Amazing conclusion: using a; = 1/(1 4+ t)*,

O = 0" + a;[Y +EL + 0(1)]
For p < 1 requires A* Hurwitz, and p = 1 requires [ + A* Hurwitz

Bias in qSGD is O(¢?) I don't think anyone is worried about that

=1 _

t
g} = &) +/ FO*, &) dr = f(0%, &) — f(0*,&,) zero mean, bounded
0

¥ = (47! /Q 07167, 2) £ (6%, ) ni(d=) !



Some Theory Assumptions are required

Refinements and Warnings

Amazing conclusion: using a; = 1/(1 + t)”,
O = 0" + a;[Y +EL 4 0(1)]

Ruppert-Polyak averaging for optimal rate?

1 T
®§P =7 / O, dt estimates {©;} obtained using p < 1
0

gl ==l +/ f(o*, & = F(6", &) — f(6",&,) zero mean, bounded

7 = 47! /Q o F (07, 2) F(0", ) m(d) !



Refinements and Warnings
Amazing conclusion: using a; = 1/(1 4 t)?,
O = 0 + a;[Y + EL + 0(1)]

Ruppert-Polyak averaging for optimal rate?

®§P =7 / O, dt estimates {©;} obtained using p < 1
0

Nope! This gives 1/T convergence rate if and only if ¥ =0

(a mysterious condition)

gl ==l +/ f(o*, & = F(6", &) — f(6",&,) zero mean, bounded

¥ = 47! /Q o F (07, 2) F(0", ) m(d) !
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Refinements and Warnings

Global convergence requires Lipschitz continuity of f

This gSGD algorithm has nearly identical f:

d 1
£®t = _atgGatL(Gt + &)

subject to zero-mean + symmetry assumption



Some Theory Assumptions are required

Refinements and Warnings

Global convergence requires Lipschitz continuity of f

This gSGD algorithm has nearly identical f:

d 1
E(H)t = —atgGE,tL(@t + &)

subject to zero-mean + symmetry assumption

E

qSGD sSGD*

inimbin

8

—— Histogram (1e3 independent runs)
—— Gaussian approximation

E[Jo(X)]

Number of observations in i bin

Number of

92 1 08 06 o4 02 0 02 o0& o050

pical trajectory

Parameter estimate

o T 7 3 0 5 nx10°

*Awful performance because f is not Lipschitz &
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Conclusions

Conclusions

Don't introduce volatility if you don’t have to!

What's next?

@ What is the best way to translate QSA ODE to algorithm?
Shall we call our quasi Monte Carlo friends?

@ Applications to constrained optimization (remember convex Q?)

@ Applications to RL ... stay tuned ...

Thank you, Simons Institute and organizers of 2018 program on RTDM!
During this time at Berkeley, Panayotis Mertikopoulos@CNRS engaged me and
Adithya Devraj to work on

Reinforcement learning in continuous games
with the main goal: rates of convergence for Kiefer and Wolfowitz!

The “quasi-theory” is so simple. | leave refinements of stochastic theory to others.
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