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Classical non‐local games

• It captures the 
complexity of many 
optimization problems.

• Computing 𝜔ሺ𝐺ሻ is NP‐
hard

x y

𝑎 𝑏

• 𝑥, 𝑦 ∼ 𝜇
• 𝑉 𝑥, 𝑦, 𝑎, 𝑏 ∈ ሼ0ሺ𝑙𝑜𝑠𝑒ሻ, 1ሺ𝑤𝑖𝑛ሻሽ
• 𝜔 𝐺 ≔the highest 

probability to win the game

PCP theorem. 
It is NP‐hard to 
approximate 𝜔 𝐺 to a 
constant precision.



Quantum non‐local games

x y

𝑎 𝑏

𝜔∗ 𝐺 ≔the highest probability to win the game


Q. What it the complexity of 
computing 𝜔∗ 𝐺 ?

• [JNWVY]  RE‐complete to 
approximate 𝜔∗ 𝐺 to a 
constant precision



Quantum non‐local games

x y

𝑎 𝑏

𝜔∗ 𝐺 ≔the highest probability to win the game

Q. What it the complexity of 
computing 𝜔∗ 𝐺 ?

• [JNWVY]  RE‐complete to 
approximate 𝜔∗ 𝐺 to a 
constant precision even if 
only sharing EPR states.

Q. Are strategies for non‐local games are robust against noise?



Quantum non‐local games

x y

𝑎 𝑏

ఌ


ఌ


Ψఌ ≔ ሺ1 െ 𝜀ሻ|Ψ⟩⟨Ψ|  𝜀
𝐼
4

• 𝜔 𝐺, Ψఌ, 𝑛 ≔ highest prob. 
if 𝑛 copies of Ψఌ are provided.

• 𝜔∗ 𝐺, Ψఌ ൌ lim
→ஶ

𝜔ሺ𝐺, Ψఌ, 𝑛ሻ

• Ji. et al. undecidable to a constant precision if 𝜀 ൌ 0

• The entanglement tends to infinity if 𝜀 is sufficiently small 

• Are strategies robust against the noise from the shared states?



Binary games with noisy EPR states

For any binary game, if the players only share  noisy 
EPR states, 

copies of the states  are sufficient to achieve the 
optimal value to precision  .

Main result

• Previous algorithms for 𝜔∗ሺ𝐺ሻ are via convex optimization, such as 

quantum XOR games,  quantum unique games.

• We simulate high‐entangled strategies by low‐entangled strategies



High level of the proofs

Q. What distributions 
can the players sample?

Ψఌ
, Ψఌ

 …

𝑎, 𝑏 ∼ 𝑞



High level of the proofs

Q. What distributions 
can the players sample?

𝑝, … , 𝑝, …

• Non‐interactive simulation 
of Joint distributions

• It roots back to 70’s  by Gács et.al. 

• The decidability was resolved recently by Ghazi et al. in a series 
of work using Boolean analysis

𝑎, 𝑏 ∼ 𝑞

• Yes.  ∃ 𝑛 and strategy to jointly 
sample 𝑞′ s.t. ||𝑞 െ 𝑞ᇱ||ଵ  𝜀 

• No.  ∀ 𝑛 and  strategy jointly 
sample 𝑞′, ||𝑞 െ 𝑞ᇱ||ଵ  2 𝜀



High level of the proofs

Q. What quantum states 
can players create?

𝜌, … , 𝜌, …

• Local state transformation

• It was first studied by Beigi



High level of the proofs

Q. What quantum states 
can players create?

Ψఌ, … , Ψఌ, …

• Local state transformation

• It was first studied by Beigi

• We proved that it is decidable if sharing noisy EPR states and 
the target state is a binary distribution

• It is via generalizing Boolean analysis to Hermitian operators 
and random operators.

𝑎, 𝑏 ∼ 0,1 ଶ



High level of the proofs

Player 1:  𝑃, 𝐼 െ 𝑃 ∈ 𝐻ଶ
⊗

Player 2: ሺ𝑄, 𝐼 െ 𝑄ሻ ∈ 𝐻ଶ
⊗

Player 1:  𝑃′, 𝐼 െ 𝑃′ ∈ 𝐻ଶ
⊗

Player 2: ሺ𝑄′, 𝐼 െ 𝑄′ሻ ∈ 𝐻ଶ
⊗

Requirements.

∃𝐷∀𝑛
1. 0  𝑃ᇱ, 𝑄ᇱ  𝐼
2. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 1 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ ் ᇲ

ଶವ ൎ ் 
ଶ

3. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 2 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ ் ொᇲ

ଶವ ൎ ் ொ
ଶ

4. Pr 𝑏𝑜𝑡ℎ 𝑜𝑢𝑡𝑝𝑢𝑡 1 ൌ 𝑇r 𝑃 ⊗ 𝑄 Ψఌ
⊗ ൎ 𝑇𝑟 𝑃ᇱ ⊗ 𝑄ᇱ Ψఌ

⊗

5. 𝑃′ only depends on 𝑃 and 𝑄′ only depends on 𝑄 (applicable for non‐
local games)



Fourier expansion

Pauli basis

𝜎 ൌ 𝐼, 𝜎ଵ ൌ 𝑋 ൌ 0 1
1 0 , 𝜎ଶ ൌ 𝑌 ൌ 0 𝑖

െ𝑖 0 , 𝜎ଷ ൌ 𝑍 ൌ 1 0
0 െ1

𝑃 ∈ 𝕄ଶ:  𝑃 ൌ 𝑃 0  𝜎  𝑃 1  𝜎ଵ  𝑃 2  𝜎ଶ  𝑃 3  𝜎ଷ

𝑃 ∈ ℍଶ: 𝑃 𝑖 ’s are reals

𝑃 ∈ 𝕄ଶ
⊗: 𝑃 ൌ ∑ 𝑃 𝑠 𝜎௦௦∈ ,ଵ,ଶ,ଷ  . 

𝜎௦ ≔ 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦

Parseval identity ∑ 𝑃 𝑠 ଶ
௦ ൌ |||𝑃|||ଶ

ଶ

Normalized 𝑝‐norm  |||𝑃|||୮ ≔ ଵ
ଶ ||𝑃||

 ଵ/



Constructions

1. Smooth the operators  by applying noise 
operators(depolarizing channels) 𝑇ఘ

𝑃 ൌ  𝑃 𝑠 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 



Constructions

ൌ 𝑃ଵ
ஸௗ  𝑃ଵ

வௗ

2.   Number of high influential coordinates are bounded

𝑃ଵ ൌ 𝑇ఘ𝑃 ൌ  𝑃 𝑠 𝜌|௦|𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

𝐼𝑛𝑓 𝑃 : ൌ |||𝑃 െ 𝑃  ⊗ 𝐼/2|||ଶ
ଶ ൌ  𝑃 𝑠

:௦ஷ

ଶ

 𝐼𝑛𝑓 𝑃


ൌ  𝑃 𝑠 ଶ

,௦:௦ஷ

 deg 𝑃 |||𝑃|||ଶ
ଶ  deg 𝑃

Exponentially 
small

1. Smooth the operators  by applying noise 
operators(depolarizing channels) 𝑇ఘ



Constructions

2. Number of high influential coordinates are bounded

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

H

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦శభ ⊗ 𝜎௦శమ ⊗ ⋯ ⋯ ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

𝒈௦శభ
ାଵ 𝒈௦శమ

ାଶ 𝒈௦


3. Substitute all basis elements in low influential coordinates 
by independent Gaussian variables 

𝒈
ାଵ ൌ 1, 𝒈ଵ

ାଵ , 𝒈ଶ
ାଵ , 𝒈ଷ

ାଵ , … , 𝒈ଷ




Constructions

2. Number of high influential coordinates are bounded

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

H

3. Substitute all basis elements in low influential coordinates 
by independent Gaussian variables 

𝒈
ାଵ ൌ 1, 𝒈ଵ

ାଵ , 𝒈ଶ
ାଵ , 𝒈ଷ

ାଵ , … , 𝒈ଷ




Constructions

3. Substitute all basis elements in low influential coordinates 
by independent Gaussian variables

4.   Dimension reduction for low‐deg polynomials on Gaussian 
space to reduce the # of Gaussian variables.

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

ൌ  𝑓௦ 𝒈 𝜎௦భ ⊗ 𝜎௦మ ⊗ ⋯ ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

𝑷𝟑 ൌ  𝑓ᇱ
௦

𝒈௦శభ … , 𝒈௦
𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⊗ 𝜎௦

௦∈ ,ଵ,ଶ,ଷ బ

𝑓௦ ’s are low‐deg polynomials.



Constructions

5. With some extra work, substitute Gaussian vars. by matrix bases

𝑷𝟑 ൌ  𝑓ᇱ
௦

𝒈௦శభ … , 𝒈௦
𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⊗ 𝜎௦

௦∈ ,ଵ,ଶ,ଷ బ

4. Dimension reduction for low‐deg polynomials on Gaussian 
space to reduce the # of Gaussian variables.

ൌ

 𝑃ଷ 𝑠, 𝑡  𝐻௧భ 𝒈ାଵ 𝐻௧మ 𝒈ାଶ … 𝐻௧ 𝒈ା 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦

௦∈ ,ଵ,ଶ,ଷ 

௧∈ಱబ


 

𝐻 𝑥 : Hermite polynomials

𝑃ସ ൌ  𝑃ସ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⊗ 𝜎௦ವ
௦∈ ,ଵ,ଶ,ଷ ವ



Constructions

Smooth
𝜎 → 𝜌ఋ,బ𝜎

𝑃 ൌ  𝑃 𝑠 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

𝑃ଵ ൌ  𝑃 𝑠 𝜌 ௦ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

ൌ 𝑃ଵ
ஸௗ  𝑃ଵ

வௗ

Exponentially 
small

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ 𝜎௦ర ⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

Bounded # of 
high inf. Coord.

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⋅ 𝒈௦ర
ସ ⋯ 𝒈௦ିଵ

ିଵ ⋅ 𝒈௦
ሺሻ

௦∈ ,ଵ,ଶ,ଷ 

 

Substitution
𝜎 → 𝒈

ሺሻ

𝑷𝟑 ൌ  𝑓௦ 𝒈௦శభ … , 𝒈௦
𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⊗ 𝜎௦

௦∈ ,ଵ,ଶ,ଷ బ

Dimension 
reduction

Substitution
𝒈 → 𝜎

𝑃ସ ൌ  𝑃ସ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⊗ 𝜎௦ವ
௦∈ ,ଵ,ଶ,ଷ ವ

Noise is 
required.



Constructions

Step 1 Smooth Low degree

Step 2 Regularization Bounded # of high 
influential coordinates

Step 3 Substitution: 
Pauli→ Gaussian

Bounded # of matrix 
bases & unbounded # of 
gaussian 

Step 4 Dimension reduction Bounded # of matrix 
bases & 
bounded # of gaussian 

Step 5 Substitution: 
Gaussian→Pauli

Bounded # of matrix 
bases



Constructions

Step 1 Smooth (unital & linear) Low degree

Step 2 Regularization Bounded # of high 
influential coordinates

Step 3 Substitution
Pauli→ Gaussian

Bounded # of matrix 
bases & unbounded # of 
gaussian 

Step 4 Dimension reduction (unital & 
linear)

Bounded # of matrix 
bases & 
bounded # of gaussian 

Step 5 Substitution 
Gaussian→Pauli

Bounded # of matrix 
bases



Constructions

Step 1 Smooth (unital & linear) Low degree

Step 2 Regularization Bounded # of high 
influential coordinates

Step 3 Substitution & rounding: 
Pauli→ Gaussian

Bounded # of matrix 
bases & unbounded # of 
gaussian 

Step 4 Dimension reduction (unital & 
linear)

Bounded # of matrix 
bases & 
bounded # of gaussian 

Step 5 Substitution & rounding: 
Gaussian→Pauli

Bounded # of matrix 
bases



Constructions

Step 1 Smooth (unital & linear) Low degree

Step 2 Regularization Bounded # of high 
influential coordinates

Step 3 Substitution & rounding: 
Pauli→ Gaussian (nonlinear)

Bounded # of matrix 
bases & unbounded # of 
gaussian 

Step 4 Dimension reduction (unital & 
linear)

Bounded # of matrix 
bases & 
bounded # of gaussian 

Step 5 Substitution & rounding: 
Gaussian→Pauli (nonlinear)

Bounded # of matrix 
bases



Constructions

Step 1 Smooth (unital & linear) Low degree

Step 2 Regularization Bounded # of high 
influential coordinates

Step 3 Substitution & rounding: 
Pauli→ Gaussian (nonlinear)
Quantum Invariance principle & 
Quantum hypercontractive ineq.

Bounded # of matrix 
bases & unbounded # of 
gaussian 

Step 4 Dimension reduction (unital & 
linear)

Bounded # of matrix 
bases & 
bounded # of gaussian 

Step 5 Substitution & rounding: 
Gaussian→Pauli (nonlinear)
Quantum Invariance principle & 
Quantum hypercontractive ineq.

Bounded # of matrix 
bases



Constructions
3.   Substitute all bases in low influential coordinates by 
independent Gaussian variables ሺ𝒈𝟎

ሺሻ ≔ 1, 𝒈𝟏
ሺሻ , 𝒈𝟐

ሺሻ, 𝒈𝟑
ሺሻሻ.

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦శభ ⊗ 𝜎௦శమ ⊗ ⋯ ⋯ ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

𝒈௦శభ
ାଵ 𝒈௦శమ

ାଶ 𝒈௦




Constructions

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

Requirement.

1. 0  𝑃ᇱ, 𝑄ᇱ  𝐼
2. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 1 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ ் ᇲ

ଶವ ൎ ் 
ଶ

3. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 2 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ ் ொᇲ

ଶವ ൎ ் ொ
ଶ

4. Pr 𝑏𝑜𝑡ℎ 𝑜𝑢𝑡𝑝𝑢𝑡 1 ൌ 𝑇r 𝑃′ ⊗ 𝑄′ Ψఌ
⊗ ൎ 𝑇𝑟 𝑃 ⊗ 𝑄 Ψఌ

⊗

5. 𝑃′ only depends on 𝑃 and 𝑄′ only depends on 𝑄 (applicable for non‐
local games)

3.   Substitute all bases in low influential coordinates by 
independent Gaussian variables ሺ𝒈𝟎

ሺሻ ≔ 1, 𝒈𝟏
ሺሻ , 𝒈𝟐

ሺሻ, 𝒈𝟑
ሺሻሻ.



Constructions

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

Requirement.

1. 0  𝑷ଶ, 𝑸ଶ  𝐼
2. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 1 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑷మ

ଶವ ൎ ் 
ଶ

3. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 2 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑸మ
ଶವ ൎ ் ொ

ଶ

4. Pr 𝑏𝑜𝑡ℎ 𝑜𝑢𝑡𝑝𝑢𝑡 1 ൌ 𝐸 𝑇r 𝑷ଶ ⊗ 𝑸ଶ Ψఌ
⊗ ൎ 𝑇r 𝑃 ⊗ 𝑄 Ψఌ

⊗

5. 𝑷𝟐 only depends on 𝑃 and 𝑸𝟐 only depends on 𝑄 (applicable for non‐
local games)

3.   Substitute all bases in low influential coordinates by 
independent Gaussian variables ሺ𝒈𝟎

ሺሻ ≔ 1, 𝒈𝟏
ሺሻ , 𝒈𝟐

ሺሻ, 𝒈𝟑
ሺሻሻ.



Constructions

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

Requirement.

1.0  𝑷ଶ, 𝑸ଶ  𝐼
2. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 1 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑷మ

ଶವ ൎ ் 
ଶ √

3. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 2 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑸మ
ଶವ ൎ ் ொ

ଶ √   

4. Pr 𝑏𝑜𝑡ℎ 𝑜𝑢𝑡𝑝𝑢𝑡 1 ൌ 𝐸 𝑇r 𝑷ଶ ⊗ 𝑸ଶ Ψఌ
⊗ ൎ 𝑇r 𝑃 ⊗ 𝑄 Ψఌ

⊗ √
5. 𝑷𝟐 only depends on 𝑃 and 𝑸𝟐 only depends on 𝑄 (applicable for non‐
local games) √ 

3.   Substitute all bases in low influential coordinates by 
independent Gaussian variables ሺ𝒈𝟎

ሺሻ ≔ 1, 𝒈𝟏
ሺሻ , 𝒈𝟐

ሺሻ, 𝒈𝟑
ሺሻሻ.



Constructions

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

Requirement.

1. 𝐸 distሺ𝑷ଶ, POVM elementsሻ ൎ 0. Same for 𝑸ଶ
2. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 1 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑷మ

ଶವ ൎ ் 
ଶ √

3. Pr 𝑃𝑙𝑎𝑦𝑒𝑟 2 𝑜𝑢𝑡𝑝𝑢𝑡𝑠 1 ൌ 𝐸 ் 𝑸మ
ଶವ ൎ ் ொ

ଶ √   

4. Pr 𝑏𝑜𝑡ℎ 𝑜𝑢𝑡𝑝𝑢𝑡 1 ൌ 𝐸 𝑇r 𝑷ଶ ⊗ 𝑸ଶ Ψఌ
⊗ ൎ 𝑇r 𝑃 ⊗ 𝑄 Ψఌ

⊗ √
5. 𝑷𝟐 only depends on 𝑃 and 𝑸𝟐 only depends on 𝑄 (applicable for non‐
local games) √ 

3.   Substitute all bases in low influential coordinates by 
independent Gaussian variables ሺ𝒈𝟎

ሺሻ ≔ 1, 𝒈𝟏
ሺሻ , 𝒈𝟐

ሺሻ, 𝒈𝟑
ሺሻሻ.



Quantum invariance principle

2.   Choose a bounded set  H of coordinates with high influence

𝑷𝟐 ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⋅ 𝒈௦శభ
ାଵ ⋅ 𝒈௦శమ

ାଶ ⋯ 𝒈௦


௦∈ ,ଵ,ଶ,ଷ 

3.   Substitute all bases in low influential coordinates by Gaussian 
variables

𝑃ଵ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య ⊗ ⋯ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦
௦∈ ,ଵ,ଶ,ଷ 

 

H

ଶ ଶ
ଶ



Quantum invariance principle

𝑅 𝑃ଵ ൌ 𝑃ଵ ⇒ 𝐸ሾ|||𝑅 𝑷ଶ െ 𝑷ଶ|||ଶ
ଶሿ ൎ 0

⇒ 𝐸 𝑇𝑟 𝜁 𝑷ଶ ൎ 0𝑇𝑟𝜁 𝑃ଵ ൌ 0

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 



Quantum invariance principle

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 

𝑷ሺሻ ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⊗ 𝒈௦శభ
ାଵ 𝜎 ⊗ ⋯ ⊗ 𝒈௦శ

ା 𝜎 ⊗ 𝜎௦శశభ ⊗ ⋯ 
௦

𝑸: ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⊗ 𝒈௦శభ
ାଵ 𝜎 ⊗ ⋯ ⊗ 𝒈௦శశభ

ା 𝜎 ⊗ 𝜎௦శశభ ⊗ ⋯ 
௦శశభୀ

𝑃ଵ ൌ 𝑷ሺሻ , 𝑷ଶ ൌ 𝑷ሺିሻ

𝑷ሺሻ ൌ 𝑸  𝑹ሺሻ , 𝑷ሺାଵሻ ൌ 𝑸  𝑹ሺାଵሻ

Goal:  𝑇𝑟𝜁 𝑃ଵ ൌ 0 ⇒ 𝐸 𝑇𝑟 𝜁 𝑷ଶ ൎ 0

𝑹  : ൌ  𝑃ଵ 𝑠 𝜎௦భ ⊗ ⋯ ⊗ 𝜎௦ ⊗ 𝒈௦శభ
ାଵ 𝜎 ⊗ ⋯ ⊗ 𝒈௦శ

ା 𝜎 ⊗ 𝜎௦శశభ ⊗ ⋯ 
௦శశభஷ



Quantum invariance principle

𝑇𝑟𝜁 𝑃ଵ ൌ 0 ⇒ 𝐸 𝑇𝑟 𝜁 𝑷ଶ ൎ 0

𝐸 𝑇𝑟 𝜁 𝑷ሺሻ ൎ 𝐸 𝑇𝑟 𝜁 𝑷ሺାଵሻ

Taylor expanding 𝑇𝑟 𝜁ሺ⋅ሻ at 𝑸

𝜁 ⋅ ∈ 𝐶ଵ not very smooth !

𝑷ሺሻ ൌ 𝑸  𝑹ሺሻ , 𝑷ሺାଵሻ ൌ 𝑸  𝑹ሺାଵሻ

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 

𝐸 |||𝑹  |||ଶ
ଶ ൌ ∑ 𝑃ଵ 𝑠 ଶ

:௦ஷ ൌ 𝐼𝑛𝑓ሺ𝑃ଵሻ is small!



Quantum invariance principle

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 

• 𝜁ఒ ൎ 𝜁
• 𝜁ఒ ∈ 𝐶ଶ

𝑇𝑟𝜁 𝑃ଵ ൌ 0 ⇒ 𝐸 𝑇𝑟 𝜁 𝑷ଶ ൎ 0

𝐸 𝑇𝑟 𝜁 𝑷ሺሻ ൎ 𝐸 𝑇𝑟 𝜁 𝑷ሺାଵሻ

𝑷ሺሻ ൌ 𝑸  𝑹ሺሻ , 𝑷ሺାଵሻ ൌ 𝑸  𝑹ሺାଵሻ

𝐸 |||𝑹  |||ଶ
ଶ ൌ ∑ 𝑃ଵ 𝑠 ଶ

:௦ஷ ൌ 𝐼𝑛𝑓ሺ𝑃ଵሻ is small!

𝐸 𝑇𝑟 𝜁ఒ 𝑷ሺሻ ൎ 𝐸 𝑇𝑟 𝜁ఒ 𝑷ሺାଵሻ



Quantum invariance principle

E 𝑇𝑟 𝜁ఒ 𝑷ሺሻ െ E 𝑇𝑟 𝜁ఒ 𝑸 ൌ

E 𝑇𝑟 𝑓ଵ 𝑸 𝑹ሺሻ + E 𝑇𝑟 𝑓ଶ 𝑸 𝑹ሺሻ𝑓ଷ 𝑸 𝑹ሺሻ  𝑓ସ 𝑸 𝑹  ଶ
+ 3rd term 

E 𝑇𝑟 𝜁ఒ 𝑷ሺାଵሻ െ E 𝑇𝑟 𝜁ఒ 𝑸 ൌ

 E 𝑇𝑟 𝑓ଵ 𝑸 𝑹ሺାଵሻ  + E 𝑇𝑟 𝑓ଶ 𝑸 𝑹ሺାଵሻ𝑓ଷ 𝑸 𝑹ሺାଵሻ  𝑓ସ 𝑸 𝑹 ାଵ ଶ
+ 3rd term 

Fréchet derivative: 

𝐷𝑓 𝐴 𝐵 ൌ
𝑑
𝑑𝑡 𝑓 𝐴  𝑡𝐵 ቚ

௧ୀ

𝑇𝑟𝜁 𝑃ଵ ൌ 0 ⇒ 𝐸 𝑇𝑟 𝜁ఒ 𝑷ଶ ൎ 0

𝑷ሺሻ ൌ 𝑸  𝑹ሺሻ , 𝑷ሺାଵሻ ൌ 𝑸  𝑹ሺାଵሻ

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 



Quantum invariance principle

• 1st order and 2nd order match.

• 3rd order terms  𝑂 𝐸 |||𝑹  |||ଷ
ଷ

• 𝐸 𝑇𝑟 𝜁 𝑷ଶ  𝑂 ∑ 𝐸 |||𝑹  |||ଷ
ଷ



• 𝐸 |||𝑹  |||ଶ
ଶ ൌ 𝐼𝑛𝑓ሺ𝑃ሻ is small

𝑷𝟐 ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎௦య

⊗ ⋯ ⊗ 𝒈௦షభ
ିଵ 𝜎 ⊗ 𝒈௦

ሺሻ𝜎௦∈ ,ଵ,ଶ,ଷ 

 𝑃ଵ ൌ 
𝑃ଵ 𝑠 𝜎௦భ ⊗ 𝜎௦మ ⊗ 𝜎ଷ
⊗ ⋯ ⊗ 𝜎௦షభ⊗ 𝜎௦௦∈ ,ଵ,ଶ,ଷ 

 

E 𝑇𝑟 𝜁ఒ 𝑷ሺሻ െ E 𝑇𝑟 𝜁ఒ 𝑸 ൌ
E 𝑇𝑟 𝑓ଵ 𝑸 𝑹ሺሻ + E 𝑇𝑟 𝑓ଶ 𝑸 𝑹ሺሻ𝑓ଷ 𝑸 𝑹ሺሻ  𝑓ସ 𝑸 𝑹  ଶ

+ 3rd term 

E 𝑇𝑟 𝜁ఒ 𝑷ሺାଵሻ െ E 𝑇𝑟 𝜁ఒ 𝑸 ൌ
 E 𝑇𝑟 𝑓ଵ 𝑸 𝑹ሺାଵሻ  + E 𝑇𝑟 𝑓ଶ 𝑸 𝑹ሺାଵሻ𝑓ଷ 𝑸 𝑹ሺାଵሻ  𝑓ସ 𝑸 𝑹 ାଵ ଶ

+ 3rd term 



Quantum hypercontractive inequality

|||𝑅|||ଶ  |||𝑅|||ଷ

𝐸 𝑇𝑟 𝜁 𝑷ଶ  𝑂 ∑ 𝐸 |||𝑹ଶ
 |||ଷ

ଷ


 3ை ௗ ∑ 𝐸 |||𝑹ଶ
 |||ଶ

ଶ


ଷ/ଶ

 3ை ௗ ∑ 𝐼𝑛𝑓 𝑃
య
మ  

 3ை ௗ ⋅ ∑ 𝐼𝑛𝑓 𝑃 ⋅ max


𝐼𝑛𝑓 𝑃

 3ை ௗ 𝑑 ⋅ 𝜖

 3
ୢୣ ோ

ଶ |||𝑅|||ଶ



Future directions & open problems

• Target distributions are 
non‐binary?
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• Decidability of general 
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Conjecture: decidable if 
shared states are noisy.



Future directions & open problems

𝜌, … , 𝜌 …

𝜎

• Target distributions are 
non‐binary?

• Decidability of general 
mono‐state games

Conjecture: decidable if 
shared states are noisy.

• Decidability of local state transformations and non‐local 
games with quantum answers and quantum predicates?



Future directions & open problems

• High dimensional quantum hypercontractive inequality? 

• Multivariate quantum invariance principle?

• Computability of tensored quantities: quantum channel 
capacities, regularized entanglement measures, quantum 
information complexity etc. 

• Other applications of Boolean analysis on quantum 
information theory and  quantum complexity theory




