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The successes of Deep RL
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A simple mobile robotics problem
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★ Robotic applications: Continuous state and action spaces
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Model-free approaches near  impossible?

!5

★ Deep RL: long training times, tuning hyper-parameters, no 
guarantees, random search…?

★ Train algorithms in simulation using a generative model

Courtesy: Bosch Center for CPS @ IISc, Bangalore

PPO, DDPG

H. Mania, A. Guy, and B. Recht. Simple random search provides a competitive approach to reinforcement learning. arXiv preprint arXiv:
1803.07055, 2018. 
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★ Value of policy,

★ Objective: V*(x) = sup! Vπ(x)       

!6

Finite State space X    Finite Action space U

xk

xk+1
u

𝛑(u|x)

(x,r)u
r(x,u)

Control

The problem of Reinforcement Learning

f  Known*

 State space X=Rn            Action space U=Rm

*Samples from a generative model available
Continuous State space X    Continuous Action space UMDP

xk+1=f(xk,uk,wk)

Agent

Environment

V⇡(x) = E⇡[
P1

t=0 �
tr(xt, ut)]

<latexit sha1_base64="nnFfo8B3xx9vltG17Qp1YFhBFog="></latexit>

0<𝛾<1
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Bellman’s Principle of Optimality

★ The dynamic programming equation

★ Bellman operator T is a contraction operator

★ Value Iteration:

‣ Vk →V* a.s.

||TV1 � TV2|| < ||V1 � V2||

E[V*(y)|x,u]

next state
from a 

generative model

V ⇤(x) = [TV ⇤](x) = supu{r(x, u) + �
P

y V
⇤(y)✓(y|x, u)}

<latexit sha1_base64="M0Rqkifhk2CmKgQL69FEcqkq28U="></latexit>

Vk+1(x) = [TVk](x) = supu{r(x, u) + �E![Vk( (x, u,!)}
<latexit sha1_base64="6X4TncBmF3TYIkuy9vc83JBk/Ek="></latexit>
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Outline

1. A `Quasi-Model-free’ RL Algorithm for finite MDPs

2. Continuous state MDPs

3. Continuous state-action MDPs

4. `Online’ RL for Continuous state MDPs

The Probabilistic Contraction Analysis Framework

!8
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★ Value of policy,

★ Objective: V*(x) = sup! Vπ(x) 

★       

!9

xk

xk+1
u

𝛑(u|x)

(x,r)u
r(x,u)

Control

Finite MDPs

f  Known*

*Samples from a generative model available
Finite State space X    Finite Action space UMDP

xk+1=f(xk,uk,wk)

Vk+1(x) = [TVk](x) = supu{r(x, u) + �E[Vk(y)|x, u]}
<latexit sha1_base64="8nWVmscj/zqE1nB7w90AFRIXews="></latexit>

V⇡(x) = E⇡[
P1

t=0 �
tr(xt, ut)]

<latexit sha1_base64="nnFfo8B3xx9vltG17Qp1YFhBFog="></latexit>

0<𝛾<1
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Empirical Value Learning

Value Iteration by simulation

★ EVL:

where ω’s are i.i.d. noise RVs

★                       is a random sequence

★    is a random operator,

★ Non-incremental updates

!10

E[ bT (V )] 6= T (V )

V̂k+1(x) = [T̂ V̂k](x)

:= sup
u
{r(x, u) + �Ên[V̂k( (x, u,!)]}

:= sup
u
{r(x, u) + �

n

nX

i=1

V̂k( (x, u,!k+1,i)]}
<latexit sha1_base64="FAppiHAH+zuDyTP1CfV1wZuwX8I="></latexit>
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Does EVL Converge?
Numerical Evidence

100 States, 5 actions, Random MDP

!11
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Policy iteration
EPI n = m = 5
EVI, n = 5
Exact Value Iteration
QL, � = 0.5
OPI, n = m = 5

How do they compare?

★ States=100, Actions=5, random MDP

★ Offline QL with n=5 samples/iteration:
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EVL

EPL
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Actual Runtime

★ States=5000, Actions=10, random MDP. 
‣ All simulations run on a Macbook Pro under near-identical conditions

!13
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The Empirical Bellman Operator and its Iterations

!14

Q. Can we prove convergence?

★ This is like product of random matrices

★ (Vk) is a Markov chain. [Diaconis & Freedman’99]

‣ Converges weakly 

★ Another way to look at it… whether      is 
probabilistically contracting, and has a (probabilistic) fixed 
point?

V̂k = T̂ (!k)V̂k�1 = T̂ (!k) · · · T̂ (!1)V0
<latexit sha1_base64="j2hVt6Yeu42iTLadvV/IfpzgCkQ="></latexit><latexit sha1_base64="QbjMkjk0MNuqN7RRwXmc1Ul3WEU="></latexit><latexit sha1_base64="QbjMkjk0MNuqN7RRwXmc1Ul3WEU="></latexit><latexit sha1_base64="qXi3KGHVvfwVvul/N48OjPNYKrw=">AAACQnicbZBLSwMxFIUzPmt9VV26CRahXVhm3OhGKLpxWaGdVtoyZNK0DZOZDMkdoQzz29z4C9z5A9y4UMStC9OHoG0PBD7OuZckx48F12DbL9bK6tr6xmZuK7+9s7u3Xzg4dLVMFGUNKoVULZ9oJnjEGsBBsFasGAl9wZp+cDPOmw9MaS6jOoxi1g3JIOJ9TgkYyyvcd4YEUjfzAnyFJ1zPSh0ZsgHxgvJvmAZnTrZ0gPYk6HnfKbue7RWKdsWeCC+CM4MimqnmFZ47PUmTkEVABdG67dgxdFOigFPBsnwn0SwmNCAD1jYYkZDpbjqpIMOnxunhvlTmRIAn7t+NlIRaj0LfTIYEhno+G5vLsnYC/ctuyqM4ARbR6UX9RGCQeNwn7nHFKIiRAUIVN2/FdEgUoWBaz5sSnPkvL4J7XnHsinNnF6vXszpy6BidoBJy0AWqoltUQw1E0SN6Re/ow3qy3qxP62s6umLNdo7QP1nfP9CjsEY=</latexit>

T̂
<latexit sha1_base64="jJovBbUcNFr1gLZ7htqL14b9R+M=">AAAB7nicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLGMkBskS5idzCZDZmeXmbNCWAK+go2FIra+ib2db+PkUmjiDwMf/38Oc84JUykMet63s7K6tr6xWdhyt3d29/aLB4cNk2Sa8TpLZKJbITVcCsXrKFDyVqo5jUPJm+HwdpI3H7g2IlE1HKU8iGlfiUgwitZqdgYU89q4Wyx5ZW8qsgz+HErXn+7VIwBUu8WvTi9hWcwVMkmNafteikFONQom+djtZIanlA1pn7ctKhpzE+TTccfk1Do9EiXaPoVk6v7uyGlszCgObWVMcWAWs4n5X9bOMLoMcqHSDLlis4+iTBJMyGR30hOaM5QjC5RpYWclbEA1ZWgv5Noj+IsrL0PjvOx7Zf/eK1VuYKYCHMMJnIEPF1CBO6hCHRgM4Qle4NVJnWfnzXmfla44854j+CPn4wfngJFu</latexit><latexit sha1_base64="LC4hLTRiJZ5BTN8RhmTNxZtveYk=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoI1lhNwgWcLsZJIMmZ0dZs4KYclD2FgoYmHjm9jbiG/j5FJo4g8DH/9/DnPOiZTgBn3/28mtrK6tb+Q33a3tnd29wv5B3SSppqxGE5HoZkQME1yyGnIUrKk0I3EkWCMa3kzyxj3ThieyiiPFwpj0Je9xStBajfaAYFYddwpFv+RP5S1DMIfi1Yd7qd6+3Eqn8NnuJjSNmUQqiDGtwFcYZkQjp4KN3XZqmCJ0SPqsZVGSmJkwm4479k6s0/V6ibZPojd1f3dkJDZmFEe2MiY4MIvZxPwva6XYuwgzLlWKTNLZR71UeJh4k929LteMohhZIFRzO6tHB0QTivZCrj1CsLjyMtTPSoFfCu78YvkaZsrDERzDKQRwDmW4hQrUgMIQHuAJnh3lPDovzuusNOfMew7hj5z3H9kPkuI=</latexit><latexit sha1_base64="LC4hLTRiJZ5BTN8RhmTNxZtveYk=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8UgWIVdG23EoI1lhNwgWcLsZJIMmZ0dZs4KYclD2FgoYmHjm9jbiG/j5FJo4g8DH/9/DnPOiZTgBn3/28mtrK6tb+Q33a3tnd29wv5B3SSppqxGE5HoZkQME1yyGnIUrKk0I3EkWCMa3kzyxj3ThieyiiPFwpj0Je9xStBajfaAYFYddwpFv+RP5S1DMIfi1Yd7qd6+3Eqn8NnuJjSNmUQqiDGtwFcYZkQjp4KN3XZqmCJ0SPqsZVGSmJkwm4479k6s0/V6ibZPojd1f3dkJDZmFEe2MiY4MIvZxPwva6XYuwgzLlWKTNLZR71UeJh4k929LteMohhZIFRzO6tHB0QTivZCrj1CsLjyMtTPSoFfCu78YvkaZsrDERzDKQRwDmW4hQrUgMIQHuAJnh3lPDovzuusNOfMew7hj5z3H9kPkuI=</latexit><latexit sha1_base64="M2bloRqARUNskRR+hblUGkt7WnM=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywj5guQIe5u9ZMnu3rE7J4QjP8LGQhFbf4+d/8ZNcoUmPhh4vDfDzLwolcKi7397G5tb2zu7pb3y/sHh0XHl5LRtk8ww3mKJTEw3opZLoXkLBUreTQ2nKpK8E03u537niRsrEt3EacpDRUdaxIJRdFKnP6aYN2eDStWv+QuQdRIUpAoFGoPKV3+YsExxjUxSa3uBn2KYU4OCST4r9zPLU8omdMR7jmqquA3zxbkzcumUIYkT40ojWai/J3KqrJ2qyHUqimO76s3F/7xehvFtmAudZsg1Wy6KM0kwIfPfyVAYzlBOHaHMCHcrYWNqKEOXUNmFEKy+vE7a17XArwWPfrV+V8RRgnO4gCsI4Abq8AANaAGDCTzDK7x5qffivXsfy9YNr5g5gz/wPn8AeEiPoQ==</latexit>

[5] A. Gupta, R. Jain and P. Glynn, “Probabilistic contraction analysis for iterated random operators”, submitted: Ann. Appl. Prob., Feb 2019.
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★ `Sample Complexity’ of EVL:  
★ No assumptions on MDPs needed!
★ `Online’ EVL converges under suitable recurrence 

conditions

Sample Complexity of EVL

!15

Theorem [1]: 

Given ϵ ∈ (0, 1), δ ∈ (0, 1), select 

Then, 

O(
1

✏2
, log

1

�
, log |X||A|)

P(||V̂k � V ⇤||  ✏) � 1� �.

n � C1

✏2
log

2|X||A|
�

, k � log
1

�µn,min

[1] W. Haskell, R. Jain and D. Kalathil, “Empirical Dynamic Programming”, Mathematics of Operations Research, 2016.

n samples, k iterations 

http://www-bcf.usc.edu/~rahuljai/Downloads/
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Outline

1. A `Quasi-Model-free’ RL Algorithm for finite MDPs

2. Continuous state MDPs

3. Continuous state-action MDPs

4. `Online’ RL for Continuous state MDPs

The Probabilistic Contraction Analysis Framework

!16
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★ Value of policy,

★ Objective: V*(x) = sup! Vπ(x)       

!17

xk

xk+1
u

𝛑(u|x)

(x,r)u
r(x,u)

Control

MDPs with Continuous States

f  Known*

*Samples from a generative model available
Continuous State space X    Finite Action space UMDP

V⇡(x) = E⇡[
1X

t=0

�tr(xt, at)]

`Universal’
Computationally simple

Arbitrarily good approximation
Non-asymptotic (Probabilistic) Guarantees

xk+1=f(xk,uk,wk)
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★ State space Aggregation methods often don’t work

★ Function approximation via 𝜙: X × Θ → ℝ

‣ Approximation error depends on d(𝚽(𝜣),V*), J, basis functions 
picked

★ (Deep) Neural Nets
‣ Universal function approximators [Cybenko’89, Hornik, et al’89, 

Barron’93]

‣ No guarantees: How much data? How many layers/arch.? When to stop? 
Lot of Computation. 

Continuous State Space MDPs

!18

V ⇤(x) ⇡
JX

j=1

↵j�(x,#j)

inf
↵,#

1

N

NX

n=1

|Ṽ (xn)�
JX

j=1

↵j�(xn,#j)|2
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★ Use 𝚽 = RKHS (Reproducible Kernel Hilbert Space)

‣ K(x,y) is a cont., symm., p.d. kernel

‣ 𝓗K = closure of linear-span of K(x,.) endowed with a natural ⟨.,.⟩

• Hilbert space dense in the space of continuous functions

★ Regularized L2 Function Fitting: 

★ By Representer Theorem, there exists a solution 

★ Determine Optimal weights αn determined by solving a linear 
system of equations involving 

Use ‘Universal’ Function Approx. Spaces

!19

inf
f2HK

1

N

NX

n=1

|Ṽ (xn)� f(xn)|2 + �||f ||2
HK

f̂(x) =
NX

n=1

↵nK(xn, x)

([K(xi, xj)] + �NI)↵ = (Ṽ (xn))
N
n=1

Vk+1(x) = b⇧HK [Ṽk(x1), · · · , Ṽk(xn)]
<latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="OoVsw8Cbvey7MQ+xinRZI4XYnKU="></latexit><latexit sha1_base64="OoVsw8Cbvey7MQ+xinRZI4XYnKU="></latexit><latexit sha1_base64="uhzN/1Iz8+flMq/2QRSIfrB1m3g="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit><latexit sha1_base64="CRgXR4ElZ05N6/aPml2vLtdrlPA="></latexit>

Randomized Function Approximation
in a Universal Function Approximation Space
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1. Sample xn ~ 𝜇, basis functions 𝜙n(x) = K(xn,x) 

2. EVL update:  

3. Randomized Function Approximation

A ‘universal’ algorithm for Cont. state MDPs

!20

EVL+RKHS: A simple random basis function fitting algorithm

Next state from xn

xn

.
..

. . X

Ṽk+1(xn) = [ bTMVk](xn) = maxu{r(xn, u) +
�
M

PM
m=1 Vk(X 0

m)
<latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit>

Vk+1(x) =
PN

n=1 ↵nK(xn, x) = b⇧HK [Ṽk(x1), · · · , Ṽk(xn)]
<latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit>



/39

Numerical Evidence
Optimal replacement problem

!21
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‣ Dependence of N on ϵ is bad! but we get sup-error
‣ Assumptions: Absolute continuity of 𝜽 wrt 𝜇 and boundedness of Radon-

Nikodym derivative d𝜽/d𝜇 needed!
‣ Proof: Randomized function fitting error concentration + Probabilistic 

Contraction Analysis of Iterated Random Operators 

Sample Complexity of EVL+RKHS

!22

Theorem [2]: 

Given ϵ ∈ (0, 1), δ ∈ (0, 1), select 

Then, 

with probability > 1-δ.

N sampled points, J(=N) basis functions,  M next states,  K iterations 

[2] W. Haskell, R. Jain, H. Sharma and P. Yu,,``An empirical dynamic programming algorithm for continuous state space MDPs”, to appear, IEEE TAC

N � N1(
1

✏6
, log

1

�
), M � M1(

1

✏2
), K � K1(log

1

�
)

||V̂k � V ⇤||1  ✏

2

RPBF

1
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Outline

1. A `Quasi-Model-free’ RL Algorithm for finite MDPs

2. Continuous state MDPs

3. Continuous state-action MDPs

4. `Online’ RL for Continuous state MDPs

The Probabilistic Contraction Analysis Framework

!23
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xk

xk+1
u

𝛑(u|x)

(x,r)u
r(x,u)

Control

Continuous MDPs

f  Known*

*Samples from a generative model available
Continuous State space X    Continuous Action space e.g., U=[-1,1]MDP

Ṽk+1(xn) = [ bTMVk](xn) = maxu{r(xn, u) +
�
M

PM
m=1 Vk(X 0

m)
<latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit><latexit sha1_base64="iJNIO3aSr98C09omZ062sdKIVZU="></latexit>

xk+1=f(xk,uk,wk)
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1. Sample xn ~ 𝜇, basis functions 𝜙n(x) = K(xn,x) 

2. Sample u1,…,un ~ Unif[U] (Can also do Adaptive Sampling, e.g., MCTS) 

3. EVL update:  

4. Randomized Function Approximation

A simple RL Algorithm for Cont. state-action MDPs

!25

RAEVL: Random Actions for Empirical Value Learning

Vk+1(x) =
PN

n=1 ↵nK(xn, x) = b⇧HK [Ṽk(x1), · · · , Ṽk(xn)]
<latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit><latexit sha1_base64="m9nxsM0ojyMm22UNmAmTr27jzTg="></latexit>

Ṽk+1(xn) = [ bTMVk](xn) = maxun
1
{r(xn, ui) +

�
M

PM
m=1 Vk(X 0

m)
<latexit sha1_base64="Ipn7wEyFBstCrMCbIHIracQtbDI="></latexit><latexit sha1_base64="Ipn7wEyFBstCrMCbIHIracQtbDI="></latexit><latexit sha1_base64="Ipn7wEyFBstCrMCbIHIracQtbDI="></latexit><latexit sha1_base64="Ipn7wEyFBstCrMCbIHIracQtbDI="></latexit>
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Numerical Evidence
An MDP with X=[0,1], U=[0,1], r(x,u) = -(x-u)2

V*(x)=0

!26

N sampled points, M next states,  L actions
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‣ Assumptions: Lipschitz continuity of r(x,.) and 𝜽(B|x,.)
‣ Assumptions: Absolute continuity of 𝜽 wrt 𝜇 and boundedness of Radon-

Nikodym derivative d𝜽/d𝜇 needed!
‣ Proof: V* is Lipschitz-cont., and bound sample complexity for approx optimal of 

a Lipschitz continuous function maximization by sampling

Sample Complexity of  RAEVL

!27

Theorem [3]: 

Given ϵ ∈ (0, 1), δ ∈ (0, 1), select 

Then, 

with probability > 1-δ.

N sampled points, J basis functions,  M next states,  L actions, K iterations 

[3] H. Sharma and R. Jain,``Empirical algorithms for stochastic systems with continuous states and actions”, submitted, March 2019

||V̂k � V ⇤||2  C1✏+ C2�
K

<latexit sha1_base64="vgaSIoR2S+XuwVRtmUR7roNGZJ4="></latexit><latexit sha1_base64="hV1Og9gpB5SQ3kJJHSTWH50/9c4="></latexit><latexit sha1_base64="hV1Og9gpB5SQ3kJJHSTWH50/9c4="></latexit><latexit sha1_base64="D8uyRhYuofRG464JP9mS2u+ZNWY="></latexit>

N � N2(
1

✏4
, log

1

�
), M � M2(

1
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Outline

1. A `Quasi-Model-free’ RL Algorithm for finite MDPs

2. Continuous state MDPs

3. Continuous state-action MDPs

4. `Online’ RL for Continuous state MDPs

The Probabilistic Contraction Analysis Framework

!28



/39

★ Fully randomized policy, 𝜋g :  β-mixing with geometric rate [Nummelin-
Tuominen’82]

★ Use N previous states, or from those visited so far     

!29

xk

xk+1
u

𝛑(u|x)

(x,r)u
r(x,u)

Control

An ‘Online’ RL Algorithm

f  Known*

*Samples from a generative model available
Continuous State space X    Finite Action space UMDP

𝜋g xk

xk-N+1

xk+1=f(xk,uk,wk)

~

~

Agent

Environment
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★ Pick basis functions randomly, optimize over weights

1. xn ~ [xk-N+1,…,xk], basis functions 𝜙n(x) = K(xn,x) 

2. EVL update:  

3. Randomized Function Approximation

A ‘Online’ RL Algorithm for Cont. state MDPs

!30

The Online-EVL algorithm

Ṽk+1(xn) = [ bTMVk](xn) = maxu{r(xn, u) +
�
M

PM
m=1 Vk(X 0

m)
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The Cartpole problem

Does Online EVL work?
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Numerical Evidence
The Cartpole problem

!32

Of   various  other  algorithms  (ridge  regression,  Nystrom,  Nearest-
neighbor), DQN performs best. Runtime better than all except ridge 
regression which has poor performance

Online-EVL

DQN has very 
high variance
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‣ Assumptions: Lipschitz continuity of r(.,u) and 𝜽(B|.,u)
‣ Assumptions: Absolute continuity of 𝜽 wrt 𝜇 and boundedness of Radon-

Nikodym derivative d𝜽/d𝜇 needed!
‣ Proof: Use beta-mixing to treat Markov chain samples as independent

Sample Complexity of  Online EVL

!33

Theorem [4]: 

Given ϵ ∈ (0, 1), δ ∈ (0, 1), select 

Then, 

with probability > 1-δ.

N sampled points, J basis functions,  M next states,  K iterations 

[4] H. Sharma and R. Jain,``A reinforcement learning algorithm for continuous state MDPs with finite time guarantees”, submitted, May 2019
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Outline

1. A `Quasi-Model-free’ RL Algorithm for finite MDPs

2. Continuous state MDPs

3. Continuous state-action MDPs

4. `Online’ RL for Continuous state MDPs

The Probabilistic Contraction Analysis Framework
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Key Analysis Idea:  
View Stochastic Recursive Algorithms as Iteration of a Random Operator

w.h.p.

Contraction Operator:

Random Operators:

Probabilistic Contraction Property:

(for example)

(for example)

[4] W. Haskell, R. Jain and D. Kalathil, “Empirical Dynamic Programming”, Mathematics of Operations Research, 2016.

http://www-bcf.usc.edu/~rahuljai/Downloads/
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Convergence to Probabilistic Fixed Points

!36

★ V is a Strong Probabilistic Fixed Point (SPFP) of {Tn} if 

Theorem. [4] We can obtain sample complexity bounds such that if            
n ≥ n0(𝜖,𝛿) and k > k0(𝜖,𝛿), then  

^ ^
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Probabilistic Contraction Analysis of Iterated 
Random Operators

★ Algorithm converges to `Weak probabilistic fixed points’  of 
random operators [1,5]

‣ Stochastic dominance via a Markov chain

‣ Stochastic optimization algorithms such as mini-batch versions of SGD, and 
SVRG can be shown to satisfy PCP1 and PCP2, and converge to WPFPs [5]

[5] A. Gupta, R. Jain and P. Glynn, “Probabilistic contraction analysis for iterated random operators”, submitted: Ann. Appl. Prob., Feb 2019.

Problem↓/Methods→ Direct/Alt Lyapunov Contraction

Deterministic Many Well-established Well-established

Stochastic Martingale/Markov Difficult None!
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Conclusions
★ `Empirical’ (RL) Algorithms are simple, `universal’, have good 

numerical performance, average-case also [6]
‣ `Quasi-model free’: Need a generative model

‣ Weaker performance guarantees, but good numerical performance

★ A new analytical tool for Stochastic Iterative Algorithms:
‣ “Probabilistic Contraction analysis” v. Stochastic Lyapunov techniques v. Direct 

methods

‣ Also useful for stochastic optimization algorithms: minibatch-SGD, SVRG, 
streaming variants

★ Future: 

‣ Solving the robotic problem

‣ Incorporating (safety) constraints 

!38
[6] H. Sharma, A. Gupta, R. Jain, “An Empirical Relative Value Learning Algorithm for Non-parametric MDPs with Continuous 

State Space”, ECC 2019.
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RL: Challenges

★ RL Literature has focused on discrete (finite) state 
and action spaces

‣ Continuous state and action space problems are way harder

★ Online R. Learning for continuous state (and action) 
spaces needs ideas beyond Posterior Sampling

‣ Search over Value function space

★ RL with constraints?

★ Formal RL for safety-critical applications

★ Multi-Agent RL

!39


