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Uniform stability

« DomainZ (e.g. X xY)
 DatasetS =(zq,...,z,) € Z"

* Learning algorithm A: Z™ - W
« Loss function £:W x Z - R*

Uniform stability [Bousquet,Elisseeff 02]:
A has uniform stability y w.r.t. € if

For all neighboring §,5',z€ Z
[2(A(S),z) — £(A(S"), z)| <y
\ _




Generalization error

Probability distribution P over Z, S ~ P™
Population loss: Ep[f(w)] = E,_p[£(w, 2)]
Empirical loss:

E5[e(w)] = an z)

Generalization error/gap:

As(£(A)) = Ep|2(A(9))]| — &[¢(A(S))]



Stochastic convex optimization

« W=B(1) ={w| lwll, <1}

« ForallzeZ, f(w,z)isconvex 1-Lipschitzin w
« Minimize Ep[?(W)] = E,_p[f(w, z)] over W
L = mei%Ep [2(w)]
w

For all P, A being SGD withraten = 1/+/n :
P, [Ep[f(A(S))] >[40 (Jlog(l/ ) )] <6

Vn

. d
Uniform convergence error. = \/;

: L d
ERM might have generalization error: =2 -

[Shalev-Shwartz,Shamir,Srebro,Sridharan '09; Feldman 16]



Stable optimization

Strongly convex ERM [BE 02, 5555 09]

A
Ax(S) = argminyey {«%[KW)] +5 lwllz
J

N

g

Ay s ﬁ uniformly stable and minimizes E[£(w)] within %

Gradient descent on smooth losses [Hardt,Recht,Singer 16]
Ar(S) . T steps of GD on &[?(w)] withn = \/if

Az s g uniformly stable and minimizes Eg[£(w)] within \%



Generalization bounds

For 4,¢ w/ range [0,1] and uniform stability y € E 1] (\/iﬁ)
[AsCeAN]| <y

E.
[Rogers,Wagner 78]

Pr.[AsCe(4)) = yy/nlog(1/8)| < 6
[Bousquet,Elisseeff 02]
Vacuous wheny > 1/4/n

< pp As(£(4)) 2y log(1/8)| < 6
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Comparison
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Second moment

\ 1 ¥
<" E [A(£(ANH < y2 4= (&F

S~pn

. y+1/\Vn
Chebyshev: FPr, [AS({’(A)) = ] <6

Previously
[Devroye,Wagner 79; BE 02]

JE [As(e())?] <y +7

Generalization error
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Implications

1
Pr. [Ep [£(A(S)]=L"+0 ( ST )] <6

. [/1og(1/8) )
Pr. [Ep [£(A(S)] = L* + 0( 13 <6
[Differenﬂolly—privo’re prediction [Dwork,Feldman 18] p
Z =X xXY.Arandomized algorithm A(S, x) has e-DP
prediction if forall §,S',x € X
/ <
9 DOO(A(S,x)HA(S ,x)) <e€ y

Foranyloss L:Y xY — [0,1],
EA[L(A(S, x),y)] has uniform stability e€ — 1 = €
Stronger generalization bounds for DP prediction algorithms
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Data-dependent functions

Consider M: Z"xZ - R. E.g. M(S,z) = 2(A(S), 2)

| o )
M has uniform stability y if
For all neighboring S,5',z€ Z
IM(S,z) —M(S',z)| <y
IM(S,-) = M(S" )l < v
g 4

Generalization error/gap:
Ag(M) = Ep[M(S)] — E[M(S)]



Generalization 1n expectation

Goal: ‘SEW[EP [M(S)] - EM©)]]| < v

JEEMO] = JE [M(S2)]

Foralliand z € Z, M(S,z;) < M(S'*%,z;) +vy
M(S,z;) < ZEP[M(Su—z Zi)] ty

SNPnI?:iN[n][M(S’ zl < S~ P”Z P,i~ [M(Sl<—Z Zl)] TY

= _E [M(S,Z)] +y

S~PMz
[EP M(S)]] Ty

¢ Pn (Si‘_z, Zl-) = p*tl = (S, 2) ]




Concentration via McDiarmid

For all neighboring S, S’

1
|Ag(M) — Agr(M)]| < 2y +£

1. ZEP[M(S,Z)]—ZEP[M(S',Z)] <YV

2. |E[M(S)] = Eg[M(S', 2]
< [EIM(S)] = Es[M(S", 2)]| + [E5IM(ST)] — Eg/ [M(S", 2)]]

1
< -
_)/+n

McDiarmid: Pr
S~pn

:AS(M) > U+ (2)/ + %) \/n log(1/5)] <0

As(M)] <y

ol



Proof technique

Based on [Nissim,Stemmer 15; BNSSSU 16]

Let Q be a distribution over R:

In 2
vlilb v =2 1hw.ﬂl;ImNQ[max{O, V1, ees U} ] < —
n In 2
Let S4,...,5,,~P™ form = —~
Need tobound . E  [maxjeqm {As,(M)]]
S1yeSm~PN, fzargmaxj{ASj (M)} [85{) [M (51’0)]] \g}

[Ep[M(S)N

E
S1,yeSm~PM, B:argmaxj{ASj (M)}



Exponential mechanism [McSherry, Talwar 07]

EM,,: sample j o e®*si*"

1. Stable: 2a (2)/ + %) differentially private

<
51,-..,Sm~§n,£:EMa [851? [M (Sf)]] =

E |Ep[M(Sp)]] + exp <2a <2y - 1)) —1+4vy

Sl,...,SmNPn,‘BZEMa n

2. Approximates max

Inm

A5, (D] = E [ maxeqm {As, (M) ] - ——

E
Sl,...,SmNPn,’BZEMa[ 1,...,Sm P a



Game over

E [manE[m] {AS]- (M)}]

<1nm+ 2 2 +1 1+
== exp| 2a | 2y - 1%
: _ Inm 1 1
Pick a = ey ge’r()(\/(y+;) In (E))

Let Q be a distribution over R:

In 2
Pr [v >2 E [max{0,vq, ...,vm}]] < —

UNQ vl,...,VmNQ



Conclusions

« Better understanding of uniform stability
 New technique
« Open
o Gap between upper and lower bounds
o High probability generalization without strong uniformity




