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“Is deep learning is just curve fitting? ”
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Smoothing spline, df=30

Figure 4: An example with n = 128 observations drawn from a model where the underlying function
has variable spatial smoothness, as shown in the top left panel. The cubic trend filtering estimate with
19 degrees of freedom, shown in the top right panel, picks up the appropriate level of smoothness at
di↵erent spatial locations: smooth at the left side of the domain, and wiggly at the right side. When
also allowed 19 degrees of freedom, the cubic smoothing spline estimate in the bottom left panel
grossly underestimates the signal on the right side of the domain. The bottom right panel shows the
smooth spline estimate with 30 degrees of freedom, tuned so that it displays the appropriate level of
adaptivity on the right side; but now, it is overly adaptive on the left side.
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Curve fitting isn’t easy
• 60 years of associated literature

• Since [Nadaraya, Watson, 1964] then Wahba, Donoho, Mammen, Van de
Geer, Barron, Bartlett, Schölkopf etc…
• Methods: Kernels, splines, local polynomials, Gaussian processes and

RKHS, CART, MARS, neural networks

3a.k.a., smoothing / filtering / denoising / signal processing / nonparametric regression.



Not whether you can “curve-fit” but how well
(and how efficiently) you can “curve-fit”

• Approximation theory

• Estimation
(generalization) theory

• Optimality 4

Deep Learning meets Nonparametric Regression:
Are Weight-Decayed DNNs Locally Adaptive?
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Abstract

We study the theory of neural network (NN) from the lens of classical nonparametric regres-

sion problems with a focus on NN’s ability to adaptively estimate functions with heterogeneous
smoothness — a property of functions in Besov or Bounded Variation (BV) classes. Existing

work on this problem requires tuning the NN architecture based on the function spaces and

sample sizes. We consider a “Parallel NN” variant of deep ReLU networks and show that the

standard weight decay is equivalent to promoting the `p-sparsity (0 < p < 1) of the coe�cient

vector of an end-to-end learned function bases, i.e., a dictionary. Using this equivalence, we

further establish that by tuning only the weight decay, such Parallel NN achieves an estimation

error arbitrarily close to the minimax rates for both the Besov and BV classes. Notably, it gets

exponentially closer to minimax optimal as the NN gets deeper. Our research sheds new lights

on why depth matters and how NNs are more powerful than kernel methods.

1 Introduction

Why do deep neural networks (DNNs) work better? They are universal function approximators [Cy-
benko, 1989], but so are splines and kernels. They learn data-driven representations, but so are the
shallower and linear counterparts such as matrix factorization. There is surprisingly little theoretical
understanding on why DNNs are superior to these classical alternatives.

In this paper, we study DNNs in nonparametric regression problems — a classical branch of
statistical theory and methods with more than half a century of associated literature [Nadaraya,
1964, De Boor et al., 1978, Wahba, 1990, Donoho et al., 1998, Mallat, 1999, Scholkopf and Smola,
2001, Rasmussen and Williams, 2006]. Nonparametric regression addresses the following fundamental
problem:
• Let yi = f(xi) + Noise for i = 1, ..., n. How can we estimate a function f using data points

(x1, y1), ..., (xn, yn) in conjunction with the knowledge that f belongs to a function class F?
Function class F typically imposes only weak regularity assumptions such as smoothness, which
makes nonparametric regression widely applicable to real-life applications under weak assumptions.
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Goal: Estimate the function using noisy data

  assume that
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2 Preliminary

In this section, we introduce the notations and definitions needed for understanding the rest of the
paper.

2.1 Notation and problem setup.

We denote regular font letters as scalars, bold lower case letters as vectors and bold upper case
letters as matrices. a . b means a  C1b + C2 for some constant C1, C2 that does not depend on a

or b, and a h b denotes a . b and b . a. See Table 1 for the full list of symbols used.
Let f0 be the target function to be estimated. The training dataset {(xi, yi), i 2 [n]} := Dn

satisfies that
yi = f0(xi) + ✏i, for i = 1, 2..., n,

where xi are fixed and ✏i are zero-mean, independent Gaussian noises with variance �
2. In the

following discussion, we assume xi 2 [0, 1]d, f0(xi) 2 [�1, 1], 8i.
We will be comparing estimators under the mean square error (MSE), defined as

MSE(f̂) := EDn

1

n

nX

i=1

(f̂(xi) � f0(xi))
2
.

The optimal worst-case MSE is described by R(F) := minf̂ maxf02F MSE(f̂), we say that f̂ is

optimal if MSE(f̂) h R(F).
The empirical (square error) loss is defined as L̂(f̂) := 1

n

Pn
i=1(f̂(xi) � yi)2. The corresponding

population loss is L(f̂) := E[ 1n
Pn

i=1(f̂(xi) � y
0
i)

2|f̂ ] where y
0
i are new data points. It is clear that

E[L(f̂)] = MSE[f̂ ] + �
2.

2.2 Besov Spaces and Bound Variation Space

Besov space, denoted as B
↵
p,q, is a flexible function class parameterized by ↵, p, q whose definition is

deferred to Section B.1. Here ↵ � 0 determines the smoothness of functions, 1  p  1 determines
the averaging (quasi-)norm over locations, 1  q  1 determines the averaging (quasi-)norm
over scale which plays a relatively minor role. Smaller p is more forgiving to inhomogeneity and
loosely speaking, when the function domain is bounded, smaller p induces a larger function space.
On the other hand, it is easy to see from definition that B

↵
p,q ⇢ B

↵
p,q0 , if q < q

0
. Without loss of

generalizability, in the following discussion we will only focus on B
↵
p,1.

The Besov space is closely connected to other function spaces including the Hölder space (C↵)
and the Sobolev space (W↵

p ). Specifically, if the domain of the functions is d-dimensional [Suzuki,
2018, Sadhanala et al., 2021],

• 8↵ 2 N, B
↵
p,1 ⇢ W

↵
p ⇢ B

↵
p,1, and B

↵
2,2 = W

↵
2 .

• For 0 < ↵ < 1 and ↵ 2 N , C↵ = B
↵
1,1.

• If ↵ > d/p, B
↵
p,q ⇢ C0.

When p = 1, the Besov space allows higher inhomogeneity, and it is more general than the Sobolev
or Hölder space.
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Figure 4: An example with n = 128 observations drawn from a model where the underlying function
has variable spatial smoothness, as shown in the top left panel. The cubic trend filtering estimate with
19 degrees of freedom, shown in the top right panel, picks up the appropriate level of smoothness at
di↵erent spatial locations: smooth at the left side of the domain, and wiggly at the right side. When
also allowed 19 degrees of freedom, the cubic smoothing spline estimate in the bottom left panel
grossly underestimates the signal on the right side of the domain. The bottom right panel shows the
smooth spline estimate with 30 degrees of freedom, tuned so that it displays the appropriate level of
adaptivity on the right side; but now, it is overly adaptive on the left side.
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“Curve fitting” is a perfect test-bed for
understanding the fundamental properties of
deep learning

• What functions do DNNs represent?

• Overparameterization

• How does training / regularization affect generalization?

5



Why do Neural Networks work better?

• Universal function approximation (Hornik et al, 1989)

• But so are kernels and splines!

• Flexible representation and modelling language
• So are graphical models / probabilistic programs

• Overparameterization
• Neural Tangent Kernels (Jacot et al., 2018; Du et al. 2019; etc)

• Interpolation regime / benign overfitting (Belkin, 2019, Bartlett et al. 2020, Frei, 2022 and more)

6



The “adaptivity” hypothesis

• Neural networks aren’t stronger than classical methods in any specific
problem

• But the standard practices of how people develop / train DNNs enjoy
strong adaptivity
• No need to carefully specify the problem
• Automatically choose the right level of abstraction
• Tune only standard hyperparameters.
• They match the best classical methods on each problem

7



Recent work from my group sheds light on how
DNNs are adaptive.

1. “Are Weight Decayed DNNs locally
adaptive?”

3. Generalization by Large Learning Rate 
in Gradient Descent

8

E[y|x] = f(x)
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Free knots Splines with adaptive orders  Doppler-like functions

E[y|x] = f(x)
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Can Weight Decayed ReLU DNN estimate such functions with
heterogeneous smoothness optimally (using noisy observations)?

Figure 1: Illustration of a function with heterogeneous smoothness and the problem of locally
adaptive nonparametric regression.

Local adaptivity. A subset of nonparametric regression techniques were shown to have the property
of local adaptivity [Mammen and van de Geer, 1997] in both theory and practice. These include
wavelet smoothing [Donoho et al., 1998], locally adaptive regression splines [Mammen and van de
Geer, 1997], trend filtering [Tibshirani, 2014, Wang et al., 2014] and adaptive local polynomials
[Baby and Wang, 2019, 2020]. We say a nonparametric regression technique is locally adaptive if it
can cater to local di↵erences in smoothness, hence allowing more accurate estimation of functions
with varying smoothness and abrupt changes. For example, a locally adaptive method will be
able to estimate a function f whose m-th order derivative f

(m) has bounded total variation (i.e.,
when F is a m-th order bounded variation class) with an optimal mean square error (MSE) of
O(n�(2m+2)/(2m+3)), while linear estimators such as kernel smoothing and smoothing splines have
an MSE of O(n�(2m+1)/(2m+2)).

In light of such a distinction, it is natural to consider the following question.

Are NNs locally adaptive, i.e., optimal in learning functions with heterogeneous smoothness?

This is a timely question to ask, partly because the bulk of recent theory of NN leverages its
asymptotic Reproducing Kernel Hilbert Space (RKHS) in the overparameterized regime [Jacot et al.,
2018, Belkin et al., 2018, Arora et al., 2019]. RKHS-based approaches, e.g., kernel ridge regression
with any fixed kernels are known to be suboptimal in estimating functions with heterogeneous
smoothness [Donoho et al., 1990]. Therefore, existing deep learning theory based on RKHS does not
satisfactorily explain the advantages of neural networks over kernel methods.

We build upon the recent work of Suzuki [2018] and Parhi and Nowak [2021a] who provided
encouraging first answers to the question above about the local adaptivity of NNs. Specifically, Parhi
and Nowak [2021a, Theorem 8] showed that a two-layer truncated power function activated neural
network with more than n neurons and a non-standard regularization is equivalent to the locally
adaptive regression splines (LARS) [Mammen and van de Geer, 1997]. This connection implies that
such non-standard NNs achieve the minimax rate for the (higher order) bounded variation (BV)
classes. Suzuki [2018] showed that multilayer ReLU DNNs can achieve minimax rate for the Besov
class, but requires the width, depth and an artificially imposed sparsity-level of the DNN weights to
be carefully calibrated according to parameters of the Besov class, thus is quite di↵erent from how
DNNs are typically trained in practice.

In this paper, we aim at addressing the same locally adaptivity question for a more commonly
used neural network with standard weight decayed training.

2

2. “Weight Decayed DNNs adapt to low-
dimensional manifolds” (will skip)



Locally adaptive nonparametric regression

• Some parts smooth, other parts wiggly.
• Wavelets [Donoho&Johnston,1998], adaptive kernel [Lepski,1999], adaptive

splines [Mammen&Van De Geer,2001], Trend filtering [Steidl,2006; Kim et. al. 2009,
Tibshirani, 2013; W., Smola, Tibshirani, 2014], adaptive online local polynomials [Baby
and W., 2018/19]
• a.k.a, multiscale, multi-resolution compression, used in JPEG2000. 9

Trend filtering in continuous space

Intuitively, trend filtering solution ✓̂ should exhibit the structure of
kth degree piecewise polynomial (since it penalizes changes in kth
derivatives across inputs)

●

●

●

●

●
●●

●

●

●

●

●

●

●●

●●
●
●●

●

●

●

●●

●

●

●

●

●

●

●

●

●●
●

●
●

●●

●●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●
●

●

●

●
●

●

●

●●

●

●●

●

●

●

●

●

●

●●

●

0.0 0.2 0.4 0.6 0.8 1.0

−2
0

2
4

6
8

10
12

●

●

●●

●

●

●

●
●

●

●

●
●

●●●

●

●

●

●

●

●●

●

●

●

●

●
●

●●●
●●

●

●●

●

●

●

●

●

●
●●
●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

0.0 0.2 0.4 0.6 0.8 1.0
0

2
4

6
8

10

●

●

●

●●●

●

●

●

●

●
●

●

●

●
●●

●
●

●

●

●

●
●

●
●

●

●

●●●
●
●

●

●

●

●

●

●

●

●
●

●

●
●
●
●

●

●

●
●

●

●

●

●●
●
●

●

●

●

●

●

●
●

●

●
●

●●
●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●●

●

●

●

●

●●
●
●

●

●

●

●

●

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

12

Constant, k = 0 Linear, k = 1 Quadratic, k = 2
(Fused lasso)

This idea can be formalized using falling factorial functions
(W., Smola, Tibshirani. 2014)

16 / 50

298 R. J. TIBSHIRANI

FIG. 5. An example with n = 1000 noisy observations of the Doppler function, f (x) =
sin(4/x) + 1.5, drawn in the top left panel. The top right and bottom left panels show the cubic
trend filtering and smoothing spline estimates, each with 50 degrees of freedom; the former captures
approximately 4 cycles of the Doppler function, and the latter only 3. If we nearly double the model
complexity, namely, we use 90 degrees of freedom, then the smoothing spline estimate is finally able
to capture 4 cycles, but the estimate now becomes very jagged on the right-hand side of the plot.

their integrated products of their ((k+1)/2)nd order derivatives, as in (8). Depend-
ing on exactly which basis we choose, computation of (11) can be fast or slow;
by choosing the B-spline basis functions, which have local support, the matrix
NT N + λ" is banded, and so the smoothing spline fitted values can be computed
in O(n) operations [e.g., see de Boor (1978)]. In practice, these computations are
extremely fast.

By comparison, Kim et al. (2009) suggest a primal–dual interior point method,
as mentioned in Section 1.1, that computes the trend filtering estimate (at any fixed
value of the tuning parameter λ) by iteratively solving a sequence of banded linear



NTKs are strictly suboptimal for locally
adaptive nonparametric regression
• Observations:

• TV-class:

• Minimax error rate: 
• Best achievable rate for linear smoothers (e.g., any kernel ridge

regression, including NTK.)

10(Tibshirani, 2014, Annals of Statistics) (Donoho, Liu, MacGibbon, 1990)

Fm =
n
f : TV(f (m))  C

o
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OP(n
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Example: merger of two black holes
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Example: merger of two black holes
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Example: merger of two black holes
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Are DNNs locally adaptive? Can they achieve
optimal rates for TV-classes / Besov classes?
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E[y|x] = f(x)
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Free knots Splines with adaptive orders  Doppler-like functions

E[y|x] = f(x)
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Can Weight Decayed ReLU DNN estimate such functions with
heterogeneous smoothness optimally (using noisy observations)?

Figure 1: Illustration of a function with heterogeneous smoothness and the problem of locally
adaptive nonparametric regression.

Local adaptivity. A subset of nonparametric regression techniques were shown to have the property
of local adaptivity [Mammen and van de Geer, 1997] in both theory and practice. These include
wavelet smoothing [Donoho et al., 1998], locally adaptive regression splines [Mammen and van de
Geer, 1997], trend filtering [Tibshirani, 2014, Wang et al., 2014] and adaptive local polynomials
[Baby and Wang, 2019, 2020]. We say a nonparametric regression technique is locally adaptive if it
can cater to local di↵erences in smoothness, hence allowing more accurate estimation of functions
with varying smoothness and abrupt changes. For example, a locally adaptive method will be
able to estimate a function f whose m-th order derivative f

(m) has bounded total variation (i.e.,
when F is a m-th order bounded variation class) with an optimal mean square error (MSE) of
O(n�(2m+2)/(2m+3)), while linear estimators such as kernel smoothing and smoothing splines have
an MSE of O(n�(2m+1)/(2m+2)).

In light of such a distinction, it is natural to consider the following question.

Are NNs locally adaptive, i.e., optimal in learning functions with heterogeneous smoothness?

This is a timely question to ask, partly because the bulk of recent theory of NN leverages its
asymptotic Reproducing Kernel Hilbert Space (RKHS) in the overparameterized regime [Jacot et al.,
2018, Belkin et al., 2018, Arora et al., 2019]. RKHS-based approaches, e.g., kernel ridge regression
with any fixed kernels are known to be suboptimal in estimating functions with heterogeneous
smoothness [Donoho et al., 1990]. Therefore, existing deep learning theory based on RKHS does not
satisfactorily explain the advantages of neural networks over kernel methods.

We build upon the recent work of Suzuki [2018] and Parhi and Nowak [2021a] who provided
encouraging first answers to the question above about the local adaptivity of NNs. Specifically, Parhi
and Nowak [2021a, Theorem 8] showed that a two-layer truncated power function activated neural
network with more than n neurons and a non-standard regularization is equivalent to the locally
adaptive regression splines (LARS) [Mammen and van de Geer, 1997]. This connection implies that
such non-standard NNs achieve the minimax rate for the (higher order) bounded variation (BV)
classes. Suzuki [2018] showed that multilayer ReLU DNNs can achieve minimax rate for the Besov
class, but requires the width, depth and an artificially imposed sparsity-level of the DNN weights to
be carefully calibrated according to parameters of the Besov class, thus is quite di↵erent from how
DNNs are typically trained in practice.

In this paper, we aim at addressing the same locally adaptivity question for a more commonly
used neural network with standard weight decayed training.
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Are DNNs locally adaptive? Can they achieve
optimal rates for TV-classes / Besov classes?
• Existing work:

• Suzuki (2019): Specific ReLU NN achieves minimax rate for Besov classes. (albeit 
with width, depth, sparsity constraints tailored to each problem)

• Liu, Chen, Zhao, Liao (2021): ConvResNets works too. No sparsity, but similarly 
requires the number of parameters to be small.

• Parhi and Nowak (2021): 2-layer NN is equivalent to Locally Adaptive Regression
Splines (LAR Splines)

15

Our results (Zhang and W. 2023): Parallel Deep NN achieves near-
optimal local adaptive rates, simultaneously for many classes
• Tuning only weight decay / no architecture search.
• Depth is important. Implicit sparsity solves both representation

learning and overparameterization.

*Disclaimer: We ignore computation and focus on understanding the statistical property of the ERM.



Let’s first look at an experiment: compare 
ReLU NN with L1 trend filtering
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L1-Trend Filtering Two-layer ReLU NN with weight decay



Let’s inspect the regularization paths
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L1-Trend Filtering Two-layer ReLU NN with weight decay



It turns out that they are equivalent!

18

L1-Trend Filtering 
(Kim, Koh and Boyd, 2009; Tibshirani, 2024)

(Sufficiently wide) Two-layer ReLU 
Neural Networks with Weight Decay

LAR Splines 
(Mammen and Van De Geer, 1997)

Reveals the effect of weight decay



Background: Splines are piecewise polynomials

• Where to choose knots?
• Smoothing splines: choose n of them, one on each input data point

and do L2 penalty on the coefficients

• LAR splines: select a sparse number of them using L1-penalty.
19

(Illustration from a Stats.Stackexchange contributor)

https://stats.stackexchange.com/questions/517375/splines-relationship-of-knots-degree-and-degrees-of-freedom


Background: Truncated power basis for splines

• Pick knots at
• A set of basis functions that spans the splines

20

t1, ..., tM
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1, x, x2, ..., xm, (x� t1)
m
+ , ..., (x� tM )m+
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Observation: Two-layer NNs are approximating Free-
Knot Splines

• Neural networks

• Splines / truncated power-basis

• Only difference
• Trend filtering / smoothing splines fixed the knots at input data points
• NN left them freely moving, i.e., free-knot splines (Jupp 1978; Kass et al. 2001)
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truncated power activation function. Let the neural network be

f(x) =
MX

j=1

vj�
m(wjx + bj) + c(x), (2)

where wj , vj denote the weight in the first and second layer respectively, bj denote the bias in the
first layer, c(x) is a polynomial of order up to m, �

m(x) := max(x, 0)m. Parhi and Nowak [2021a,
Theorem 8] showed that when M is large enough, The optimization problem

min
w,v

L̂(f) +
�

2

MX

j=1

(|vj |2 + |wj |2m) (3)

is equivalent to the locally adaptive regression spline:

min
f

L̂(f) + �TV (f (m)(x)), (4)

which optimizes over arbitrary functions that is m-times weakly di↵erentiable. The latter was
studied in Mammen and van de Geer [1997], which leads to the following MSE:

Theorem 1. Let M � n � m, and f̂ be the function (2) parameterized by the minimizer of (3),
then

MSE(f̂) = O(n�(2m+2)(2m+3)).

This indicates that the neural network (2) is minimax optimal for BV (m). In Appendix A, we
show a simpler proof in the univariate case due to Tibshirani [2022].

Let us explain a few the key observations behind this equivalence. (a) The truncated power
functions (together with an mth order polynomial) spans the space of an mth order spline. (b) The
neural network in (2) is equivalent to a free-knot spline with M knots (up to reparameterization).
(c) A solution to (4) is a spline with at most n � m knots [Parhi and Nowak, 2021a, Theorem 8]. (d)
Finally, by the AM-GM inequality

|vj |2 + |wj |2m � 2|vj ||wj |m = 2|cj |

where cj = vj |wj |m is the coe�cient of the corresponding jth truncated power basis. The mth order
total variation of a spline is equal to

P
j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.

6

f(x) =
MX

j=1

cj�
m(x� tj) + c̃(x)
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Weight decay = Total Variation Regularization

• Neural networks

• Weight decay

• AM-GM inequality
• Observed by (Neyshabur et al., 2014), (Parhi and Nowak, 2021), (Tibshirani,

2021) etc…
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truncated power activation function. Let the neural network be

f(x) =
MX

j=1

vj�
m(wjx + bj) + c(x), (2)

where wj , vj denote the weight in the first and second layer respectively, bj denote the bias in the
first layer, c(x) is a polynomial of order up to m, �

m(x) := max(x, 0)m. Parhi and Nowak [2021a,
Theorem 8] showed that when M is large enough, The optimization problem

min
w,v

L̂(f) +
�

2

MX

j=1

(|vj |2 + |wj |2m) (3)

is equivalent to the locally adaptive regression spline:

min
f

L̂(f) + �TV (f (m)(x)), (4)

which optimizes over arbitrary functions that is m-times weakly di↵erentiable. The latter was
studied in Mammen and van de Geer [1997], which leads to the following MSE:

Theorem 1. Let M � n � m, and f̂ be the function (2) parameterized by the minimizer of (3),
then

MSE(f̂) = O(n�(2m+2)(2m+3)).

This indicates that the neural network (2) is minimax optimal for BV (m). In Appendix A, we
show a simpler proof in the univariate case due to Tibshirani [2022].

Let us explain a few the key observations behind this equivalence. (a) The truncated power
functions (together with an mth order polynomial) spans the space of an mth order spline. (b) The
neural network in (2) is equivalent to a free-knot spline with M knots (up to reparameterization).
(c) A solution to (4) is a spline with at most n � m knots [Parhi and Nowak, 2021a, Theorem 8]. (d)
Finally, by the AM-GM inequality

|vj |2 + |wj |2m � 2|vj ||wj |m = 2|cj |

where cj = vj |wj |m is the coe�cient of the corresponding jth truncated power basis. The mth order
total variation of a spline is equal to

P
j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.
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At the optimal solutions



Two-layer Weight-Decayed NN is equivalent to LAR Splines
(Parhi and Nowak, 2021) when mildly overparameterized

• When the number of knots M > n - m
• Banach space representer Thm (Theorem 8 of Parhi and Nowak, 2021)

• By Mammen and Van De Geer (1997)
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only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.

6

over all functions!

(Minimax rate)



Checkpoint:  Overparameterize + Weight Decay in 
2-layer NN is an optimal smoother for TV1.
• Tuning weight decay is equivalent to tuning the TV1 radius.

• Explains what kernels cannot explain! are provably suboptimal.

• Limitations:
• Effect of depth?
• Adaptivity to smoother classes?  TV2, TV3, etc…

24

Can we generalize the result?
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Figure 1: Parallel neural network and the equivalent sparse regression model we discovered.

The more general definition is given in Section C.2. Bounded variation class is tightly connected to109

Besov classes. Specifically [8]:110

B
m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.111

Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵
2↵+d )112

and O(n�(2m+2)/(2m+3)) respectively . The minimax rate for linear estimators in 1D BV classes is113

known to be O(n�(2m+1)/(2m+2)) [22, 10].114
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Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU acti-116

vation functions called subnetworks. Each subnetwork has width w and depth L. The input is fed117

to all the subnetworks, and the output of the parallel NN is the summation of the output of each118

subnetwork. The architecture of a parallel neural network is shown in Figure 1a. Let W(`)
j and b(`)j119

denote the weight and bias in the `-th layer in the j-th subnetwork respectively. Training this model120

with weight decay returns:121

argmin
{W(`)

j ,b(`)
j }

L̂(f) + �

MX

j=1

LX

`=1

��W(`)
j

��2
F
, (2)

where f(x) =
PM

j=1 fk(x) denotes the parallel neural network, fj(·) denotes the j-th subnetwork,122

and � > 0 is a fixed scaling factor.123

Theorem 1. For any fixed ↵ � d/p > 1, r > 0, L � 3, given an L-layer parallel neural network124

satisfying125

• The width of each subnetwork is fixed and large enough: w & d. See Theorem 8 for the126

detail.127

• The number of subnetworks is large enough: M & m
d
n

1�2/L
2↵/d+1�2/(pL) .128

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (2) satisfies129

130

MSE(f̂) = Õ
�
n
� 2↵/d(1�2/L)

2↵/d+1�2/(pL)
�
+ Const. (3)

where Õ shows the scale up to a logarithmic factor, and the trailing constant term decreases expo-131

nentially with L.132

4

(Ergen&Pilanci, 2021; Haeffele & Vidal, 2017). Also, SqueezeNet, ResNeXT etc.
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MSE into an estimation error and approxmation error. Then we bound the two terms in Section 4.2182

and Section 4.3 respectively.183

4.1 Equivalence to `p sparse regression with a learned feature representation184

It is widely known that ReLU function is 1-homogeneous:185

�(ax) = a�(x), 8a � 0, x 2 R.
In any consecutive two layers in a neural network (or a subnetwork), one can multiply the weight186

and bias in one layer with a positive constant, and divide the weight in another layer with the same187

constant. The neural network after such transformation is equivalent to the original one:188

W(2)
�(W(1)x+ b(1) =

1

c
W(2)

�(cW(1)x+ cb(1)), 8c > 0,x. (4)

This property allows us to reformulate (2) to an `p sparsity constraint problem:189

Proposition 3. Fix the input dataset Dn and a constant c1 > 0. For every �, there exists P 0
> 0190

such that (2) is equivalent to the following problem:191

argmin
{W̄(`)

j ,b̄(`)
j ,aj}

L̂

⇣ MX

j=1

aj f̄j

⌘
=

1

n

X

i

(yi � f̄1:M (xi)
Ta)2

s.t. kW̄(1)
j kF  c1

p
d, 8j 2 [M ],

kW̄(`)
j kF  c1

p
w, 8j 2 [M ], 2  `  L, k{aj}k2/L2/L  P

0

(5)

where f̄j(·) is a subnetwork with parameters W̄(`)
j , b̄

(`)
j .192

This equivalent model is demonstated in Figure 1b. The proof can be found in Section D.1. The193

constraint kW̄(1)
j kF .

p
d, kW̄(`)

j kF . p
w, 8` > 1 is typical in deep learning for better numerical194

stability. The equivalent model in Proposition 3 is also a parallel neural network, but it appends one195

layer with parameters {ak} at the end of the neural network and the constraint on the Frobenius196

norm is converted to the 2/L norm on the factors {ak}. Since L � 2 in a typical application,197

2/L ⌧ 1 and this constraint can enforce a sparser model than that in Section B.198

There are two useful implications of Proposition 3. First, it gives an intuitive explanation on how199

a weight decayed Parallel NN works. Specifically, it can be viewed as a sparse linear regression200

with representation learning. Second, the conversion into the constrained form allows us to adapt201

generic statistical learning machinery (a self-bounding argument) from Suzuki [36, Proposition 4]202

for studying this constrained ERM problem.203

The adaptation is nontrivial because (1) our regression problem has a fixed design (so data points are204

not iid); (2) there is an unconstrained subspace with no bounded metric entropy. Specifically, our205

Proposition 14 shows that the MSE of the regression problem can be bounded by206

MSE(f̂) =O

✓
inf
f2F

MSE(f)
| {z }
approximation error

+
logN (Fk, �, k · k1) + d(F?)

n
+ �

| {z }
estimation error

◆

in which F decomposes into Fk⇥F?, where F? is an unconstrained subspace with finite dimension,207

and Fk is a compact set in the orthogonal complement with a �-covering number of N (Fk, �, k ·k1)208

in k·k1-norm. This decomposes MSE into an approximation errorand an estimation error. The novel209

analysis of these two represents the major technical contribution of this paper.210

4.2 Estimation Error Analysis211

The decomposition above reveals that to bound the estimation error, it suffices to compute the cov-212

ering number of the constraint set in the sup-norm of the function it represents.213

Previous results that bound the covering number of neural networks [46, 36] depends on the width214

of the neural networks explicitly, which cannot be applied when analysing a potentially infinitely215

wide neural network. In this section, we leverage the `p-norm bounded coefficients to avoid the216

dependence in M in the covering number bound.217
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A Parametric Learnable Dictionary
Each column is a ReLU DNN-k
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2 Preliminary

In this section, we introduce the notations and definitions needed for understanding the rest of the
paper.

2.1 Notation and problem setup.

We denote regular font letters as scalars, bold lower case letters as vectors and bold upper case
letters as matrices. a . b means a  C1b + C2 for some constant C1, C2 that does not depend on a

or b, and a h b denotes a . b and b . a. See Table 1 for the full list of symbols used.
Let f0 be the target function to be estimated. The training dataset {(xi, yi), i 2 [n]} := Dn

satisfies that
yi = f0(xi) + ✏i, for i = 1, 2..., n,

where xi are fixed and ✏i are zero-mean, independent Gaussian noises with variance �
2. In the

following discussion, we assume xi 2 [0, 1]d, f0(xi) 2 [�1, 1], 8i.
We will be comparing estimators under the mean square error (MSE), defined as

MSE(f̂) := EDn

1

n

nX

i=1

(f̂(xi) � f0(xi))
2
.

The optimal worst-case MSE is described by R(F) := minf̂ maxf02F MSE(f̂), we say that f̂ is

optimal if MSE(f̂) h R(F).
The empirical (square error) loss is defined as L̂(f̂) := 1

n

Pn
i=1(f̂(xi) � yi)2. The corresponding

population loss is L(f̂) := E[ 1n
Pn

i=1(f̂(xi) � y
0
i)

2|f̂ ] where y
0
i are new data points. It is clear that

E[L(f̂)] = MSE[f̂ ] + �
2.

2.2 Besov Spaces and Bound Variation Space

Besov space, denoted as B
↵
p,q, is a flexible function class parameterized by ↵, p, q whose definition is

deferred to Section B.1. Here ↵ � 0 determines the smoothness of functions, 1  p  1 determines
the averaging (quasi-)norm over locations, 1  q  1 determines the averaging (quasi-)norm
over scale which plays a relatively minor role. Smaller p is more forgiving to inhomogeneity and
loosely speaking, when the function domain is bounded, smaller p induces a larger function space.
On the other hand, it is easy to see from definition that B

↵
p,q ⇢ B

↵
p,q0 , if q < q

0
. Without loss of

generalizability, in the following discussion we will only focus on B
↵
p,1.

The Besov space is closely connected to other function spaces including the Hölder space (C↵)
and the Sobolev space (W↵

p ). Specifically, if the domain of the functions is d-dimensional [Suzuki,
2018, Sadhanala et al., 2021],

• 8↵ 2 N, B
↵
p,1 ⇢ W

↵
p ⇢ B

↵
p,1, and B

↵
2,2 = W

↵
2 .

• For 0 < ↵ < 1 and ↵ 2 N , C↵ = B
↵
1,1.

• If ↵ > d/p, B
↵
p,q ⇢ C0.

When p = 1, the Besov space allows higher inhomogeneity, and it is more general than the Sobolev
or Hölder space.
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Table 1: Symbols used in this paper
symbol Meaning
a/a/A scalars / vectors / matrices.
B

↵
p,q Besov space.

| · |B↵
p,q

Besov quasi-norm .
k · kB↵

p,q
Besov norm.

d Dimension of input.
Mm(·) m

th order Cardinal B-spline bases.
Mm,k,s(·) m

th order Cardinal B-spline basis function of resolution k at position s.
M # subnetworks in a parallel NN.
L # layers in a (parallel) NN.
n # samples.
w Width of a subnetwork.

W
(`)
j , b(`)j Weight and bias in the `-th layer in the j-th subnetwork.

R, Z, N Set of real numbers, integers, and nonnegative integers.
[a, b] {x 2 R : a  x  b}
[n] {x 2 N : 1  x  n}.

k · kF Frobenius norm.
k · kp `p-norm.
�(·) max(·, 0), ReLU activation function.

Bounded variation (BV) space is a more interpretable class of functions with spatially
heterogeneous smoothness [Donoho et al., 1998]. It is defined through the total variation (TV) of
a function. For (m + 1)th di↵erentiable function f : [0, 1] ! R, the mth order total variation is
defined as

TV
(m)(f) := TV (f (m+1)) =

Z

[0,1]
|f (m+1)(x)|dx,

and the corresponding mth order Bounded Variation class

BV (m) := {f : TV (f (m)) < 1}.

The more general definition is given in Appendix B.2.
Bounded variation class is tightly connected to Besov classes. Specifically [DeVore and Lorentz,

1993]:
B

m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.
Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵

2↵+d )
and O(n�(2m+2)/(2m+3)) respectively [Mammen and van de Geer, 1997, Donoho et al., 1998].

3 Warm-up: Two-layer Neural Network

We start by recapping the result of Parhi and Nowak [2021a] and formalizing its implication in
estimating BV functions. Parhi and Nowak [2021a] considered a two layer neural network with
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BV (m) :=
n
f 2 L1 : TV (f (m)) < 1
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Main theorem: Parallel ReLU DNN approaches the
minimax rates as it gets deeper.

• Theorem 2: Besov space

• Corollary 3 for BV(m) class:
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(b) Sparse Regression with Learned Representation

Figure 2: Parallel neural network and the equivalent sparse regression model we discovered.

The architecture of a parallel neural network is shown in Figure 2(a). Let W
(`)
j and b(`)j denote

the weight and bias in the `-th layer in the j-th subnetwork respectively. Training this model with
weight decay returns:

arg min
{W(`)

j ,b(`)
j }

L̂(f) + �

MX

j=1

LX

`=1

��W(`)
j

��2
F
, (5)

where f(x) =
PM

j=1 fk(x) denotes the parallel neural network, fj(·) denotes the subnetwork with

parameters {W(`)
j , b(`)j }, and � > 0 is a fixed scaling factor.

Theorem 2. Let ↵ � d/p > 1, r > 0, given a parallel neural network satisfying

• The depth of this neural network L � 3.

• The width of each subnetwork is fixed and large enough: w � wm,d h dm where wm,d is a
constant that depends only on m and d, m = d↵e. See Theorem 9 for the detail.

• The number of subnetworks is large enough: M & n
1�2/L

2↵/d+1�2/(pL) .

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (5) satisfies

MSE(f̂) = Õ
�
n
� 2↵/d(1�2/L)

2↵/d+1�2/(pL)
�

+ O(e�c6L) (6)

where Õ shows the scale up to a logarithmic factor, c6 > 0 is a numerical constant from Theorem 9.

We explain the proof idea in the next section but defer the full proof to Appendix E. Before
that, we comment on a few interesting aspects of the result.
Near optimal rates and the e↵ect of depth. The first term in the MSE bound is the estimation
error and the second term is (part of) the approximation error of this NN. Recall that the minimax

rate of a Besov class is O(n� 2↵
2↵+d ) thus as the depth parameter L increases it can get arbitrarily

7

close to the minimax rate. The e
�c6L would be a negligible O(1/n) factor if we choose L > c

�1
6 log n.

This result says that with only weight decay, deeper parallel neural networks achieves lower error
and gets closer to the statistical limit.
Overparameterization and sparsity. We also note that the result does not depend on M as
long as M > M̄ where M̄ increases sublinearly with n. This means that the neural network can
be arbitrarily overparameterized while not overfitting. The underlying reason is sparsity. As it
will become clearer in the proof sketch, weight decayed training of a parallel L-layer ReLU NNs is
equivalent to a sparse regression problem with an `p penalty assigned to the coe�cient vector of a
learned dictionary. Here p = 2/L which promotes even sparser solutions than an `1 penalty.
Bounded Variation classes. Thanks to the Besov space embedding of the BV class (1), our
theorem also implies the result for the BV class in 1D.

Corollary 3. If the target function is in bounded variation class f0 2 BV (m), For a neural network
satisfying the requirements in Theorem 2 with d = 1 and with proper choice of the parameter of
weight decay �, the NN f̂ parameterized by (8) satisfies

MSE(f̂) = Õ(n� (2m+2)(1�2/L)
2m+3�2/L ) + O(e�c6L),

where Õ shows the scale up to a logarithmic factor, c6 is the same constant.

It is known that any linear estimators such as kernel smoothing and smoothing splines cannot
have an error lower than O(n�(2m+1)/(2m+2)) for BV (m) [Donoho et al., 1998]. This partly explains
the advantage of DNNs over kernels.
Representation learning and adaptivity. The results also shed a light on the role of representa-
tion learning in DNN’s ability to adapt. Specifically, di↵erent from the two-layer NN we explained in
Section 3, which achieves the minimax rate of BV (m) by choosing appropriate activation functions
using each m, each subnetwork of a parallel NN can learn to approximate the spline basis of an
arbitrary order, which means that if we choose L to be su�ciently large, such Parallel NN with
optimally tuned � is simultaneously near optimal for m = 1, 2, 3, . . . . In fact, even if di↵erent regions
of the space has di↵erent orders of smoothness like in the example we gave in Figure 1, the NN will
still be able to learn appropriate basis functions in each local region. To the best of our knowledge,
this is a property that none of the classical nonparametric regression methods possess.
Synthesis vs Analysis methods. Our result could also inspire new ideas in estimator design.
There are two families of methods in non-parametric estimation. One called synthesis framework
which focuses on constructing appropriate basis functions to encode the contemplated structures
and regress the data to such basis, e.g., wavelets [Donoho et al., 1998]. The other is called analysis
framework which uses analysis regularization on the data directly (see, e.g., RKHS methods [Scholkopf
and Smola, 2001] or trend filtering [Tibshirani, 2014]). It appears to us that parallel NN is doing
both simultaneously. It has a parametric family capable to synthesizing an O(n) subset of an
exponentially large family of basis, then implicitly use sparsity-inducing analysis regularization to
select the relevant basis functions. In this way the estimator does not actually have to explicitly
represent that exponentially large set of basis functions, thus computationally more e�cient.

5 Proof Overview

We start by first proving that a parallel neural network trained with weight decay is equivalent to an
`p-sparse regression problem with representation learning (Section 5.1); which helps decompose its

8

Arbitrarily close to the minimax rates when we choose L = C log n.

Table 1: Symbols used in this paper
symbol Meaning
a/a/A scalars / vectors / matrices.
B

↵
p,q Besov space.

| · |B↵
p,q

Besov quasi-norm .
k · kB↵

p,q
Besov norm.

d Dimension of input.
Mm(·) m

th order Cardinal B-spline bases.
Mm,k,s(·) m

th order Cardinal B-spline basis function of resolution k at position s.
M # subnetworks in a parallel NN.
L # layers in a (parallel) NN.
n # samples.
w Width of a subnetwork.

W
(`)
j , b(`)j Weight and bias in the `-th layer in the j-th subnetwork.

R, Z, N Set of real numbers, integers, and nonnegative integers.
[a, b] {x 2 R : a  x  b}
[n] {x 2 N : 1  x  n}.

k · kF Frobenius norm.
k · kp `p-norm.
�(·) max(·, 0), ReLU activation function.

Bounded variation (BV) space is a more interpretable class of functions with spatially
heterogeneous smoothness [Donoho et al., 1998]. It is defined through the total variation (TV) of
a function. For (m + 1)th di↵erentiable function f : [0, 1] ! R, the mth order total variation is
defined as

TV
(m)(f) := TV (f (m+1)) =

Z

[0,1]
|f (m+1)(x)|dx,

and the corresponding mth order Bounded Variation class

BV (m) := {f : TV (f (m)) < 1}.

The more general definition is given in Appendix B.2.
Bounded variation class is tightly connected to Besov classes. Specifically [DeVore and Lorentz,

1993]:
B

m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.
Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵

2↵+d )
and O(n�(2m+2)/(2m+3)) respectively [Mammen and van de Geer, 1997, Donoho et al., 1998].

3 Warm-up: Two-layer Neural Network

We start by recapping the result of Parhi and Nowak [2021a] and formalizing its implication in
estimating BV functions. Parhi and Nowak [2021a] considered a two layer neural network with
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Minimax Rate Minimax Linear Rate

Besov Space

Bounded Variation n� 2m+2
2m+3
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Many interesting insights we can read off
from the theorem
1. Formal separation from kernels (NTK or other kernel ridge

regressions)
• Our upper bound + Donoho, Liu, MacGibbon (1990)’s linear smoother lower bound.

2. Deep NNs achieve smaller error than shallow NNs

3. Overparameterization does not cause overfitting
• Due to explicit regularization (i.e., weight decay) => sparsity

30



Comparing to classical nonparametric
regression methods

• DNNs adapt to different function classes
• By overparameterizing / learning representation and tuning

regularization weight via cross-validation (implicitly selecting a few
basis functions!)
• Paying almost no statistical price! 31

LAR Splines /
Trend filtering

Wavelet
smoothing

Parallel DNN

Basis
functions

Hard-coded for
each order of
smoothness

Hard-coded to
the chosen
wavelets

Parametric and
learned from
data.

Coefficient
vector

L1-sparsity L1 or L0-
sparsity

Lp sparsity
(p=2/L)

f̂(x) =
MX

i=1

gi(x)ci
<latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit>

[g1, ..., gM ]
<latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQoA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQoA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQoA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQoA==</latexit>

c1:M 2 RM
<latexit sha1_base64="zmikdmPMdpQOm/rFJEOPardmULM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJRFBcFd24KVSxF2himUwn7dDJJMxMhBLixldx40IRt76FO9/G6WWhrT8MfPznHOacP0g4U9pxvq2FxaXlldXCWnF9Y3Nr297Zbag4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGFyN6s0HKhWLxZ0eJtSPcE+wkBGsjdWx90kncy+qOfKYQF6EdT8Istv8vtqxS07ZGQvNgzuFEkxV69hfXjcmaUSFJhwr1XadRPsZlpoRTvOilyqaYDLAPdo2KHBElZ+NL8jRkXG6KIyleUKjsft7IsORUsMoMJ2jHdVsbWT+V2unOjz3MyaSVFNBJh+FKUc6RqM4UJdJSjQfGsBEMrMrIn0sMdEmtKIJwZ09eR4aJ2XX8M1pqXI5jaMAB3AIx+DCGVTgGmpQBwKP8Ayv8GY9WS/Wu/UxaV2wpjN78EfW5w906pY/</latexit><latexit sha1_base64="zmikdmPMdpQOm/rFJEOPardmULM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJRFBcFd24KVSxF2himUwn7dDJJMxMhBLixldx40IRt76FO9/G6WWhrT8MfPznHOacP0g4U9pxvq2FxaXlldXCWnF9Y3Nr297Zbag4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGFyN6s0HKhWLxZ0eJtSPcE+wkBGsjdWx90kncy+qOfKYQF6EdT8Istv8vtqxS07ZGQvNgzuFEkxV69hfXjcmaUSFJhwr1XadRPsZlpoRTvOilyqaYDLAPdo2KHBElZ+NL8jRkXG6KIyleUKjsft7IsORUsMoMJ2jHdVsbWT+V2unOjz3MyaSVFNBJh+FKUc6RqM4UJdJSjQfGsBEMrMrIn0sMdEmtKIJwZ09eR4aJ2XX8M1pqXI5jaMAB3AIx+DCGVTgGmpQBwKP8Ayv8GY9WS/Wu/UxaV2wpjN78EfW5w906pY/</latexit><latexit sha1_base64="zmikdmPMdpQOm/rFJEOPardmULM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJRFBcFd24KVSxF2himUwn7dDJJMxMhBLixldx40IRt76FO9/G6WWhrT8MfPznHOacP0g4U9pxvq2FxaXlldXCWnF9Y3Nr297Zbag4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGFyN6s0HKhWLxZ0eJtSPcE+wkBGsjdWx90kncy+qOfKYQF6EdT8Istv8vtqxS07ZGQvNgzuFEkxV69hfXjcmaUSFJhwr1XadRPsZlpoRTvOilyqaYDLAPdo2KHBElZ+NL8jRkXG6KIyleUKjsft7IsORUsMoMJ2jHdVsbWT+V2unOjz3MyaSVFNBJh+FKUc6RqM4UJdJSjQfGsBEMrMrIn0sMdEmtKIJwZ09eR4aJ2XX8M1pqXI5jaMAB3AIx+DCGVTgGmpQBwKP8Ayv8GY9WS/Wu/UxaV2wpjN78EfW5w906pY/</latexit><latexit sha1_base64="zmikdmPMdpQOm/rFJEOPardmULM=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJRFBcFd24KVSxF2himUwn7dDJJMxMhBLixldx40IRt76FO9/G6WWhrT8MfPznHOacP0g4U9pxvq2FxaXlldXCWnF9Y3Nr297Zbag4lYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGFyN6s0HKhWLxZ0eJtSPcE+wkBGsjdWx90kncy+qOfKYQF6EdT8Istv8vtqxS07ZGQvNgzuFEkxV69hfXjcmaUSFJhwr1XadRPsZlpoRTvOilyqaYDLAPdo2KHBElZ+NL8jRkXG6KIyleUKjsft7IsORUsMoMJ2jHdVsbWT+V2unOjz3MyaSVFNBJh+FKUc6RqM4UJdJSjQfGsBEMrMrIn0sMdEmtKIJwZ09eR4aJ2XX8M1pqXI5jaMAB3AIx+DCGVTgGmpQBwKP8Ayv8GY9WS/Wu/UxaV2wpjN78EfW5w906pY/</latexit>



Examples of Functions with Heterogeneous
Smoothness
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Learned basis functions.
Only a handful that are
active, i.e. sparsity.
Lottery ticket?

MSE comparison over
effective degree of
freedom

Fitted functions with
optimally tuned
parameter



Examples of Functions with even more
Heterogeneous Smoothness
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Learned basis functions.
Only a handful that are
active, i.e. sparsity.
Lottery ticket?

MSE comparison over
effective degree of
freedom

Fitted functions with
optimally tuned
parameter

Piecewise Linear Piecewise Cubic



Checkpoint: PNN with weight decay enjoys
amazing adaptivity.
• Overparameterize then tune weight decay
• Adapts to a broad class of functions
• Learns a sparse linear combination of learned functions
• New insight into depth, width and representation

• But, does not solve the curse of dimensionality?
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n� 2↵
2↵+d

<latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit>



Recent work from my group sheds light on how
DNNs are adaptive.

1. “Are Weight Decayed DNNs locally
adaptive?”

3. Generalization by Large Learning Rate 
in Gradient Descent
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E[y|x] = f(x)
<latexit sha1_base64="ShSFgwb01NVSyV3pK8fFzhq8oNc=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoJuhKIILivYC6ShTKaTdujkwsxEGmLd+CpuXCji1rdw59s4abvQ1h8GPv5zDnPO78WcSWVZ38bC4tLyymphrbi+sbm1be7sNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1zl9eY9FZJF4Z1KY+oGuBcynxGstNUx99sBVn3Py65HTooe0NBFF8gvD487ZsmqWGOhebCnUIKpah3zq92NSBLQUBGOpXRsK1ZuhoVihNNRsZ1IGmMywD3qaAxxQKWbjS8YoSPtdJEfCf1Chcbu74kMB1Kmgac7833lbC03/6s5ifLP3YyFcaJoSCYf+QlHKkJ5HKjLBCWKpxowEUzvikgfC0yUDq2oQ7BnT56HxknF1nx7WqpeTuMowAEcQhlsOIMq3EAN6kDgEZ7hFd6MJ+PFeDc+Jq0LxnRmD/7I+PwBp5yVsw==</latexit><latexit sha1_base64="ShSFgwb01NVSyV3pK8fFzhq8oNc=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoJuhKIILivYC6ShTKaTdujkwsxEGmLd+CpuXCji1rdw59s4abvQ1h8GPv5zDnPO78WcSWVZ38bC4tLyymphrbi+sbm1be7sNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1zl9eY9FZJF4Z1KY+oGuBcynxGstNUx99sBVn3Py65HTooe0NBFF8gvD487ZsmqWGOhebCnUIKpah3zq92NSBLQUBGOpXRsK1ZuhoVihNNRsZ1IGmMywD3qaAxxQKWbjS8YoSPtdJEfCf1Chcbu74kMB1Kmgac7833lbC03/6s5ifLP3YyFcaJoSCYf+QlHKkJ5HKjLBCWKpxowEUzvikgfC0yUDq2oQ7BnT56HxknF1nx7WqpeTuMowAEcQhlsOIMq3EAN6kDgEZ7hFd6MJ+PFeDc+Jq0LxnRmD/7I+PwBp5yVsw==</latexit><latexit sha1_base64="ShSFgwb01NVSyV3pK8fFzhq8oNc=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoJuhKIILivYC6ShTKaTdujkwsxEGmLd+CpuXCji1rdw59s4abvQ1h8GPv5zDnPO78WcSWVZ38bC4tLyymphrbi+sbm1be7sNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1zl9eY9FZJF4Z1KY+oGuBcynxGstNUx99sBVn3Py65HTooe0NBFF8gvD487ZsmqWGOhebCnUIKpah3zq92NSBLQUBGOpXRsK1ZuhoVihNNRsZ1IGmMywD3qaAxxQKWbjS8YoSPtdJEfCf1Chcbu74kMB1Kmgac7833lbC03/6s5ifLP3YyFcaJoSCYf+QlHKkJ5HKjLBCWKpxowEUzvikgfC0yUDq2oQ7BnT56HxknF1nx7WqpeTuMowAEcQhlsOIMq3EAN6kDgEZ7hFd6MJ+PFeDc+Jq0LxnRmD/7I+PwBp5yVsw==</latexit><latexit sha1_base64="ShSFgwb01NVSyV3pK8fFzhq8oNc=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIoJuhKIILivYC6ShTKaTdujkwsxEGmLd+CpuXCji1rdw59s4abvQ1h8GPv5zDnPO78WcSWVZ38bC4tLyymphrbi+sbm1be7sNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1zl9eY9FZJF4Z1KY+oGuBcynxGstNUx99sBVn3Py65HTooe0NBFF8gvD487ZsmqWGOhebCnUIKpah3zq92NSBLQUBGOpXRsK1ZuhoVihNNRsZ1IGmMywD3qaAxxQKWbjS8YoSPtdJEfCf1Chcbu74kMB1Kmgac7833lbC03/6s5ifLP3YyFcaJoSCYf+QlHKkJ5HKjLBCWKpxowEUzvikgfC0yUDq2oQ7BnT56HxknF1nx7WqpeTuMowAEcQhlsOIMq3EAN6kDgEZ7hFd6MJ+PFeDc+Jq0LxnRmD/7I+PwBp5yVsw==</latexit>

Free knots Splines with adaptive orders  Doppler-like functions

E[y|x] = f(x)
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Can Weight Decayed ReLU DNN estimate such functions with
heterogeneous smoothness optimally (using noisy observations)?

Figure 1: Illustration of a function with heterogeneous smoothness and the problem of locally
adaptive nonparametric regression.

Local adaptivity. A subset of nonparametric regression techniques were shown to have the property
of local adaptivity [Mammen and van de Geer, 1997] in both theory and practice. These include
wavelet smoothing [Donoho et al., 1998], locally adaptive regression splines [Mammen and van de
Geer, 1997], trend filtering [Tibshirani, 2014, Wang et al., 2014] and adaptive local polynomials
[Baby and Wang, 2019, 2020]. We say a nonparametric regression technique is locally adaptive if it
can cater to local di↵erences in smoothness, hence allowing more accurate estimation of functions
with varying smoothness and abrupt changes. For example, a locally adaptive method will be
able to estimate a function f whose m-th order derivative f

(m) has bounded total variation (i.e.,
when F is a m-th order bounded variation class) with an optimal mean square error (MSE) of
O(n�(2m+2)/(2m+3)), while linear estimators such as kernel smoothing and smoothing splines have
an MSE of O(n�(2m+1)/(2m+2)).

In light of such a distinction, it is natural to consider the following question.

Are NNs locally adaptive, i.e., optimal in learning functions with heterogeneous smoothness?

This is a timely question to ask, partly because the bulk of recent theory of NN leverages its
asymptotic Reproducing Kernel Hilbert Space (RKHS) in the overparameterized regime [Jacot et al.,
2018, Belkin et al., 2018, Arora et al., 2019]. RKHS-based approaches, e.g., kernel ridge regression
with any fixed kernels are known to be suboptimal in estimating functions with heterogeneous
smoothness [Donoho et al., 1990]. Therefore, existing deep learning theory based on RKHS does not
satisfactorily explain the advantages of neural networks over kernel methods.

We build upon the recent work of Suzuki [2018] and Parhi and Nowak [2021a] who provided
encouraging first answers to the question above about the local adaptivity of NNs. Specifically, Parhi
and Nowak [2021a, Theorem 8] showed that a two-layer truncated power function activated neural
network with more than n neurons and a non-standard regularization is equivalent to the locally
adaptive regression splines (LARS) [Mammen and van de Geer, 1997]. This connection implies that
such non-standard NNs achieve the minimax rate for the (higher order) bounded variation (BV)
classes. Suzuki [2018] showed that multilayer ReLU DNNs can achieve minimax rate for the Besov
class, but requires the width, depth and an artificially imposed sparsity-level of the DNN weights to
be carefully calibrated according to parameters of the Besov class, thus is quite di↵erent from how
DNNs are typically trained in practice.

In this paper, we aim at addressing the same locally adaptivity question for a more commonly
used neural network with standard weight decayed training.

2

2. “Weight Decayed DNNs adapt to
low-dimensional manifolds” (will skip)



Low-dimensional manifolds in high-
dimensional space

36



We prove near-optimal rate that adapts to intrinsic
dimension by overparameterization + weight
decay

Theorem: ResNeXt, or ConvResNeXt (or PNNs).
Lipschitz loss functions, bounded outputs. Choose
depth L = log(n), MN = O(n), then:

37

• No (exponential) dependence on the ambient dimension D.
• No need to know intrinsic dim d, and other parameters
• Tune only the weight decay



Checkpoint: Parallel NNs adapt to low-
dimensional manifolds in data
• Overcomes the curse of dimensionality
• Adapts to unknown low-dimensional structures by tuning only weight

decay
• ConvNet also works (as long as there are parallel or sequential

structures, e.g., ResNet or ResNeXt)

• But, still says nothing about computation…

38



Recent work from my group sheds light on how
DNNs are adaptive.

1. “Are Weight Decayed DNNs locally
adaptive?”

3. Generalization by Large Learning Rate 
in Gradient Descent

39

E[y|x] = f(x)
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Free knots Splines with adaptive orders  Doppler-like functions

E[y|x] = f(x)
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Can Weight Decayed ReLU DNN estimate such functions with
heterogeneous smoothness optimally (using noisy observations)?

Figure 1: Illustration of a function with heterogeneous smoothness and the problem of locally
adaptive nonparametric regression.

Local adaptivity. A subset of nonparametric regression techniques were shown to have the property
of local adaptivity [Mammen and van de Geer, 1997] in both theory and practice. These include
wavelet smoothing [Donoho et al., 1998], locally adaptive regression splines [Mammen and van de
Geer, 1997], trend filtering [Tibshirani, 2014, Wang et al., 2014] and adaptive local polynomials
[Baby and Wang, 2019, 2020]. We say a nonparametric regression technique is locally adaptive if it
can cater to local di↵erences in smoothness, hence allowing more accurate estimation of functions
with varying smoothness and abrupt changes. For example, a locally adaptive method will be
able to estimate a function f whose m-th order derivative f

(m) has bounded total variation (i.e.,
when F is a m-th order bounded variation class) with an optimal mean square error (MSE) of
O(n�(2m+2)/(2m+3)), while linear estimators such as kernel smoothing and smoothing splines have
an MSE of O(n�(2m+1)/(2m+2)).

In light of such a distinction, it is natural to consider the following question.

Are NNs locally adaptive, i.e., optimal in learning functions with heterogeneous smoothness?

This is a timely question to ask, partly because the bulk of recent theory of NN leverages its
asymptotic Reproducing Kernel Hilbert Space (RKHS) in the overparameterized regime [Jacot et al.,
2018, Belkin et al., 2018, Arora et al., 2019]. RKHS-based approaches, e.g., kernel ridge regression
with any fixed kernels are known to be suboptimal in estimating functions with heterogeneous
smoothness [Donoho et al., 1990]. Therefore, existing deep learning theory based on RKHS does not
satisfactorily explain the advantages of neural networks over kernel methods.

We build upon the recent work of Suzuki [2018] and Parhi and Nowak [2021a] who provided
encouraging first answers to the question above about the local adaptivity of NNs. Specifically, Parhi
and Nowak [2021a, Theorem 8] showed that a two-layer truncated power function activated neural
network with more than n neurons and a non-standard regularization is equivalent to the locally
adaptive regression splines (LARS) [Mammen and van de Geer, 1997]. This connection implies that
such non-standard NNs achieve the minimax rate for the (higher order) bounded variation (BV)
classes. Suzuki [2018] showed that multilayer ReLU DNNs can achieve minimax rate for the Besov
class, but requires the width, depth and an artificially imposed sparsity-level of the DNN weights to
be carefully calibrated according to parameters of the Besov class, thus is quite di↵erent from how
DNNs are typically trained in practice.

In this paper, we aim at addressing the same locally adaptivity question for a more commonly
used neural network with standard weight decayed training.

2

2. “Weight Decayed DNNs adapt to low-
dimensional manifolds” (will skip)



Let’s start with an example

40

Which ones of the following are true?

A. Global optimal solution has 0-loss.

B. Gradient descent finds global optimal 
(“interpolating”) solutions.

C. GD solution satisfies “Benign overfitting”

30 data points.  Noisy labels.
2-Layer ReLU NN with 1000 neurons.
Minimizing square loss.
No regularization.



It’s surprisingly difficult to find an 
interpolating solution with gradient descent. 
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Learning Rate = 0.4

42



Learning Rate = 0.3
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Learning Rate = 0.2

44



Learning Rate = 0.01
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Minima stability of Gradient Descent and SGD

• Need learning rate 𝜂 ≤ 2/𝛽 to converge for 𝜷-smooth
functions. Stable minima are those that GD can converge to.

46

𝑥!"# = 𝑥! − 𝜂 ∇ 𝐿𝑜𝑠𝑠(𝑥!)

(Wu et al. 2018,   Mulayoff et al. 2021)



“Edge of Stability” regime

47

Cohen et al (2021)  Gradient Descent on Neural Networks Typically 
Occurs at the Edge of Stability



Gradient Descent selects a set of points it can 
converge to (or stabilize around).
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What does this set of functions look like? 
A Weighted TV1 class. 

49
Mulayoff, Rotem, Tomer Michaeli, and Daniel Soudry. "The implicit bias of minima stability: A view from 
function space." NeurIPS’2021
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C = 1/⌘ + Õ(1)where



Flatness (in parameter space) implies 
smoothness (in function space)

• Tune learning rate => select smoothness of f
• Smoothness of f =>  Generalization bounds
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Theorem (Qiao, Zhang, Singh, Soudry and W., 2024): Consider a ReLU activated
two-layer NN / square loss. Let f be any function represented by the neural 
network parameterized by 𝜃. Assume 𝑓!is twice differentiable at 𝜃.  Assume f
interpolates.

Assume data is coming from 𝒚𝒊 = 𝒇𝟎 𝒙𝒊 + 𝒏𝒐𝒊𝒔𝒆, then w.h.p.



Key proof idea: Hessian Decomposition
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is connected to the TV1 of f).

(Mulayoff et al. 2021) showed that:

Interpolation helps here



1/η very precisely predicts the sharpness, and 
gives a classical U-shape risk curve.
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Generalization bounds that stem from these 
function space characterization

Theorem: We proved that in the strict interior of the data support:

1. Agnostic case, generalization gap = O(n^{-2/5}) 

2. If training loss smaller than 𝜎$ then w.h.p., get an MSE
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*Again, near minimax optimal, beating kernels.



It tells us something new about the energy landscape
of overparameterized NN training on noisy problems
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𝑓!

Training with GD automatically avoids these sharp solutions



“Representation learning” becomes learning 
knots, and knot “sparsity” but are they really zero?
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Take-home messages

• In simple “curve fitting” problem, appropriately tuned DNN models can be 
locally adaptive 
• Not revealed by NTK theory
• Not compatible with Benign overfitting

• Adaptivity advantage
• Tuning weight decay / Learning rate

• Implicit sparsity in a learned dictionary space
• Analysis vs Synthesis
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Implications on modern generalization theory?
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Classical generalization theory

VC-theory
Rademacher complexity

Metric entropy

Other empirical process theory 
for getting Uniform convergence

limitations
- Nothing about computation

- Unform convergence might not 
be needed

Modern generalization theory

NTK theory
Benign overfitting

Everything to do with 
optimization. 

limitations
Often restrictive in model classes 

/ data distribution
Dynamic theory is hard for 

complex architectures.

In between

Algorithmic stability

Minima stability

Edge-of-Stability

…



Thank you for your attention!
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