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Vision Transformer (ViT)

Transformer (Vaswani et al., 17’)
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(Alman & Song 23’) High quality ( ) 

entrywise approximation of requires 
nearly quadratic time assuming SETH
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No End-to-End approximation (in some works)

Only approximate matrix ்

Would like to:

Compute 
˜

×ௗ such that
˜

 is small

These methods do not support causal masking

(Alman & Song 23’) High quality ( ) 

entrywise approximation of is likely 
impossible in general 
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more important

less important

Find ‘Heavy’ elements of ் Estimate ‘Light’ elements of 𝐀 via 
uniform column sampling
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Approximate ,
∈[]

,
∈[]

 

more important

less important

Find ‘Heavy’ elements of ் Estimate ‘Light’ elements of 𝐀 via 
uniform column sampling

˜

, contribution of heavy elements + contribution of light elements
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Theorem (informal). If the maximum squared column norm in ୃ  is 
ଵ

భష భ and the ratio of max and min row sums in ୃ  after removing heavy 

elements is (ଵ) ,then 
˜

 can be computed in ଵା(ଵ)  time with:
ୃ

˜


ୃ

 

• Column norm bound non-trivial – allows for entries as large as 
ଵ

୬
భ
మ
ష భ

in softmax(QKୃ) 

• Estimating the contribution of light elements is non-trivial

• Tested assumption of squared column norms in first attention layer of  T2T-ViT on ImageNet

• For chatglm2-6b-32k and LongBeach, only the lexicographically first few columns had large norm
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Bounded column norms in ୃ avoids this hard instance!

Hardness:
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memory/runtime:

Finding Heavy contributions in practice

time

A GPU-friendly algorithm to compute 
heavy entries and minimize I/O

more important

less important

்
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memory/runtime: A Permutation algorithm that gathers 
heavy entries around the diagonal

more important

less important

்

Finding Heavy contributions in practice
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memory/runtime:

more important

less important

Self Attention

How can Heavy entries be gathered?

SortLSH (Locality Sensitive Hashing)

்

time
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Self Attention

Apply SortLSH to gather similar entries
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Self Attention

Apply SortLSH to gather similar entries
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Self Attention
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Self Attention

Apply SortLSH to gather similar vectors in buckets𝐪ଶ
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Causal Masking

ୃ
௨௦

Output embeddings only depend 
on input embeddings in the past 
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Causal Masking
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Dialog:
Marisol: it's so sweet he had been waiting
Jackie: we don't know yet when we'll get married but you are all invited ofc
Carlita: PLEASE don't pick June, I'll be in Canada then
Eunica: I hate weddings but I'll make an exception
Marisol: can't wait!

LongBench datasets with n = 32768


