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e—gmphs. as data structures
e—gmphs. QS dam\og
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useful ot so useful
&*YH2=X*W/ﬂ X*¥2=x<<]
X/ x=1 X*y=Yy*X

X*1=xX X=X%*1
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(x*p/z=x*W/ﬂ

X/ x=1
X*1=x

> a*xQ2/2D




a*2/?2 (@<<D /2 ;K wrongtumn
(—\OOP
(a*2) /2 2*a)/?2 *2)/?2

a 0\ X ‘\ 0\ X ‘\ X ‘\ - infinite size

pitfalls

but critical for X ¥2 =x<<]
other Inputs
X*¥y=Yy*X

X=X%*1
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X/ x=1 X*y=Yy*X
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e-graphs?

this e-class represents

(a*x2)/?2




growing an e-graph




growing an e-graph

this e-class represents
(a*2/2and (a<<D /2

this e-class represents
(a*2)and (@ <<
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growing an e-graph
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e—gmphs are compact
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saturation
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extraction

this e-class represents

(*2D/2 a ax*x .

p'\cK Tthe smallest (cheapesﬂ one

Knuth 76,
Generalization of Dijkstra’s Algo.
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extraction

a + /¢y, W) + *(x, 2)
*(X, W) + <<<X, Z.) x ........... / s
/(w W) +1 i s

gN\<><
nn n

% ¥
.........

whetre f(a, b) = ey
min/+ semi-ring element
in ferms of a. b
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equa\\fy saturation

[ initial Term } [e—gmph} [ oPT'\m'\zed Term }




e—ma’rch\ng

................................................ .

[

--------

--------

)

pattern Substs

fla, g(a)) 2=
{a~ 2}
@ Ny

Terms

f2, &(2))
fN, g(N)
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https://app.diagrams.net/?page-id=Sdr3cvBIpXlINCJNsRdY&scale=auto#G1fZtByQkqOzEH-4C6jaiZB1n1h51VUf2Q

e—ma’rch\ng

...................................................... .

)L ()

for e-class ¢ in e-graph E:

for f-node n in c:

subst = {root » ¢, o » n,.child }

for g-node n, in n .child :
if subst[o] = n,.child.:
yield subst

paﬂem
fla, g(a))

[ N2 time, but only N matches ]
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https://app.diagrams.net/?page-id=Sdr3cvBIpXlINCJNsRdY&scale=auto#G1fZtByQkqOzEH-4C6jaiZB1n1h51VUf2Q

e—ma’rch\ng

e existing impls are backtracking based & complex

e doesnt help with equality constraints

e N0 data con p\exm( results

o NP-hard in pattern size.. e-graph size??
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more than rewriting

o fhere’s more than syntactic rewriting

e sometimes, it's useful to consider semantics
o 17 +32 - 49, ..

o constant folding, nullability, tensor shape, non-zero,
Interval arithmetic, etc, ..
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more than rewriting

a ana\yses modulo eqpa\\fy

e uniform interface that works in many cases

e an understanding of analyses mean

&

N




constant foldin

ooooooooooooo

e Option<Number> per eclass

° Try To eval new e-Nnodes

oooooooooooooo

e Option ‘or" on merge e ._

.
ooooooo

-
oooooooo




constant foldin

ooooooooooooo

Option<Number> per eclass 2) 1]
i
try fo eval new e-nNodes :
0 )
OPT\OH ‘or' on Merge /\ ...... |
lal L2]
\‘\. P(OPGQGTQS UP\ — LA b

merge(a, 2)



e~class ana\yS\s

1 fact per e-class from a join-semilattice D

Mmake(n) — dC
o make a hew ana\ys'\s value for a new e-node

Jo’m(dd, d@) — dC
o combine tTwo ana\ys'\s values

mod'\fy(c) — C
o change The e-class (oPT'\ona\\\p
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constant foldin

ooooooooooooo

e D = Option<Number>

e Make = eval

oooooooooooooo

o J'o'm = OPT\OH “or’ e .

e modify = add the constant L=

-
oooooooo




detour: intervals

x in [0, 1
y n 0 21 X+Y in [ 3)



detour: intervals

x in [0, 1
v in 1, 21 -2y /&x+y) in 3,13

= (x—y)/(x+y) in  [-2 0}

= 2></(><+y)—1 in [T



Intervals modulo equa\\fy

x in L0, 1)
Y in 1, 21

1—2\//(><+y) in

- (x—y)/(x+y) in

= 2></(><+y)—1

n

\

(-3, 1/3])

(-2, O)

-1, 1)

J

>[-1, 01




e-class ana\yS\s uses

o |iff program analyses to e-graphs

e conditional & dynam'\c rewyites
o X/ x=1tx1=0

® (AN express other e—gmph “hacks'
o on—’rhe—ﬂy extraction
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e~class ana\yS\s invariant

for each e-class fixed point

Vee G. d. = \/ make(n) and modify(c) =c

nec

Analysis data is LUB
(lattice properties)



eqg: fast & easy e-graphs

e RusT \'\bmr\/ for generic e—gmphs and eqsa’r

° pacmged and documented: hT‘rp@://docw@/egg

e tutorials, industrial and academic users

POPL 21%
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https://docs.rs/egg

e-graphs, four ways

e—gmphs. as data structures

e—gmph§. as da’ra\og
.. but fast

.. QS dam\og again



whYP

o equa\‘vry saturation is monotonic -ish)
o move equa\\f\es, movre terms, No "destructive’ rewrites
o e—mmchmg is The bottleneck

o itsa bacKTmcK\ng search for substitutions that saﬂsf\/
a formula..



schema



rewrites as rules

o example:x+(y+2) > (X+Y)+Z

o +(X V. X\ +(xy, 7, root2) <- +(x, yz root), (Y. z, y2)
o fempting to put root there

e notf full existentials, just ADTs

o existentials a\wa\/s “resolved’ b\/ FD, need a hashmap



what about the "e?

o e—gmph IS an equ'\va\ence relation
0 congruence?

e pattern mmchmg modulo equ'\va\ence

o equ'\va\ence IS user-extensible!
o Think EGDs from chase



eq(x y)

e just make an equivalence relation
o Symmetyic transitive, reflexive

e all joins modulo eq
o R ). R(Y. 2) becormes

R(x, ;ﬂ), eq(;ﬂ, ;@, R(;@. 7)



rewrites with eq

examp\e: X + (y +2) > (x+ y) + Z
+(X, Y g). +(><y, Z. Y0012, eq(xyl xﬁ) <
+(X, yzw, root), +(y, Z yzZ), eq(yzl yzZ)

non-linear patterns tend fo be cyclic

o consider x + (y + X)



congruence

o eqL(ZW, 72) <-
+(x], y\. ZD), +(x2, y2, 72), eq(x\, yD, eq(xZ, yZ)



doesn't work

e 100 slow

e various Tricks dont fix it

o Spec'\a\'\zed eqre\ a la Souffle,
o subsumpﬂon
o See Y'\hong Zhang’s thesis



lattices

e downside of e-class oma\yses: there's on\y one
e datalog has nice, cooperating “analyses
o mu’rua\\\/ recuyrsive rules

O reqp\res recursive aggregm'\on

o LovverBound(expr, nuMmber)



e-graphs, four ways

e—gmphs. as data structures
e—gmphs. QS dam\og

.. but fast PLDI 23
.. as datalog again




what was the problem?

o eq(x, y) 00 slow
o N2 size, etfc

e NO canonicalization!



\f you dont canonicalize...

e-matching only vields R R |
canonical entries! [gfugf}
F(g(g(x)) : [g Hg }
HAGH@)RI(HEE))) /3i

fg,g, (. 7, (g, (M



canonicalize

e USe a union-find to define leader(x)
o leader(x) = \eader(y) I eqlx y)

e e-graph: explicit maintenance
o ifx= \ replace x, \ with leadetr(x)

o co\\ap§e e-nodes ), F(\/) to flleader(x))
o mass‘\ve\y shrinks the e—gmph



canonicalize the db

e could use some form of subsumption

o flleader(x)) ~ f(x)

o ) <=fly) = x = leader(x), x |= Y

o way too slow/hacky to implemment in, eg. Souftle
e lef's just do what e-graphs do

o congruence closure, “rebuilding



NoO more eq

® eq relation/joins are gonel
o ‘semantic’ equality becomes “syntactic' (againb
o R YD RY2 2), eqlyl, ¥2)  becormes

RO Y, R, 2)



egglog

o dam\og + functions + extensible equa\‘\”ry
o examp\es

o datalog: r_eachab'\\‘\’r\/

o dam\og + equa\ﬁy; reachab'\\'\‘r\/ with node Merging

® eqsa’r: §\mp\e_ arithmetic OPT'\m'\za’r'\on



https://egraphs-good.github.io/egglog/?example=path
https://egraphs-good.github.io/egglog/?example=path-union
https://egraphs-good.github.io/egglog/?example=eqsat-basic

egglog > eqsat

e simple implementation
O sepam’re oPﬂm’\za’r'\on PasSS

° mu\’r'\paﬁems
o axb = SP\'\T(\, (a++ O x b
O aAXC = SP\‘\T(Z. (a++ 0O x b

° '\ncremema\‘\’r\/ via semi-naive
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DB +

building
index takes time

log scale ~ 10 million x

(xpt-[9)/ W3 m=m
[©/W3

((x 503) X )

((xuis) T-«) | sunsas T

((x 503) T- «) | synsai 1

above line = faster

(X (x'S02) 1) | synsaJ T

(x(xuis)1) | sunsai 1

((x up) x p) | synsal T

((XT/)X %) | sunsaig

(X (2 x mod) 1)  synsai £

N
(T24) ((T2+) xmod) /)  synsai £

(((@u) (BxP)+) (1D6/) (4 xP) %) +) (b4 mod) +)  sINSSI BET

(64 mod) x p) | synsa1 goz

((T- g mod) e ) | s)nsal 058

((x((xaqn(exp)s) ) {(xanex)-) sunsasy96TT
-

((xB61)(xy1)-) | sunsa1 99€Z1

(x(bJ-)1)  sunsal ZET6T

.
((es)XPp) | sunsal Lvvze

5
((xB1) (x31) +)  SUNS3U 1862

|
(x(ge4)1) | sINS3J 0600€

Inl

((>9 +) e mod) = synsal 8ZOEE
((aT-+) e +)  suNsal TESHE

-
(((exp) g ((AXPp)ey) +) synsal gozsy
E
((ae+)xp)  sunsaiozzy9
B S
((> e mod) (g e mod) »)  SUNSBI ZGSG9

=
(x (B3 +)1)  sunsal ¥6,£99
f
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similar speed

(>(ge+)+)  sunsaJ z8SZOVY9T

simple patterns, ]

(

yzew
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functions + equa\\fy

o fla) =D, flO)=d
o equa\ﬁy IS extensible! user asserts a = ¢

o what happens?
o what happens in dam\og when fUx, y) and f(x, )
m laftices / semirings



merge expressions

e (function foo (iBH) B4 N

l

erge (min old new))

o examp\e
o (set (foo ) D)

o (set (foo N4
o (foo7) =4



merge expressions

e also works for conflicts coming from eqLua\'\Ty
e eXx: inferval arithmetic

o (function hi (Expr) Rational merge (Min old new))
(function lo Math) Rational merge (max old new))


https://egraphs-good.github.io/egglog/?example=interval

Terms?

e (function mul (Expr Exp) Expr .

o :Mmerge (union old New)
o -default (mkset))

e congruencel
e labeled null? dymm'\c lattice?



the chase

° very similar To the Skolem chase
e FGDs captuyre FDs and “extensible” equa\ﬁy
° egg\og has "stable” equa\ﬁy N a way

o the UF prevents oscillation that can result in the chase



what's wrong?

e Built-in eq relation is really special
o Requires infrastructure to do canonicalization
® semantic questions
o why does this work? what's special about union-find?

e limits us o eqpa\ﬁy, and on\y one version of it



review

good bad
o fast queries e NO terms!
o fast congruence o omy families of terms

e sSemantic qpes’r\ans

o on\y SUpports eq.
® rebu‘\\d'mg, extraction
are 5pec'\a\

e functions modulo eq
o for eg e-class analysis



e-graphs, four ways

e—gmphs. as data structures
e—gmphs. QS dam\og

WARNING
.. but fast braindump ahead

.. QS da’ra\og again




criteria

nNo "built-in’ equa\ﬁy

o what are the features needed to support this?
cant lose terms

fast e-matching, congruence, efc.

o Via canonicalization?

other relations

o partial orders, Indexed equality, efc



New encoding

e cant canonicalize the term tables
e Capture The good part of the union-find
e ‘term tables' Add, Mul are immutable

o a 'mutable’ union-find captures the eqye\

o canonicalization rules create new terms



New encoding

X+¥W+z = AddX Y. xy), Add(xy, z, 001
Add(x, . xyD, Add(xy2, z, root),

leader(xyl, xy2),

leader(x, X), leader(y, v), leader(z, )



egglog views

e Vviews modulo ‘joining relations like eq

o Addeq=1{ C(leader(x), leader(y), leader(x)
X V. D inAdd )

e some Kind of notion of monotonicity

o why does this work? what's the a\gebm'\c structure?



monotonicity’?

e some kind of notion of monoTon\cﬁy
o why does this work? what's the a\gebm'\c structure?

e leader is also aggregation over eqye\



payoﬁ‘

e Oother relations than eq.

o non-symmetric: reduction relations

o other equalities

o Indexed equality: eqlexpt, exp) -> semiring
m context as a set of assumptions



example

a+3b=a+b (Mod 3

eq(x, . mod)

plus(a, b, ab), eqlab, root, 3)  <-

plus(a, ml, root), eq(ml, M2, D, Mul(3, b, M2)
eqx. V. ), <= eq(x, v, KO, factork £



payott

PVOVQHOHCQ
semi-naive
o can you re-derive congruence closure?

ToP—down via demand transformation

closer 1o “regu\ar“ dam\og
o oOther app\'\cm\ons?



qpesﬂons

can any of this be implemented efficiently?

o what algebraic structures are compatible with UF?
o difficult IVM problem

e queryab\e semirings?

how to control the application of rules?

o Demand fransformation, explicit schedules, efc..

a morve flexible notion of monoTon\c\Ty
Termination?



