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Difference between two distributions
Data: two distributions 𝑃 and 𝑄 over state space Ω
Question: how to measure the difference between 𝑃 and 𝑄 

𝑃 𝑄

• Total variation distance (TV distance): 𝑑!" 𝑃, 𝑄 = #
$
∑%∈' |𝑃 𝑥 − 𝑄(𝑥)|

• KL-Divergence (relative entropy): 𝐷() 𝑃||𝑄 = ∑%∈'𝑃 𝑥 log * %
+(%)

• 𝜒$-divergence: 𝐷.! 𝑃||𝑄 = ∑%∈'
*! /
+ %

− 1



Total Variation distance
Total variation (TV) distance between ℙ and ℚ over state space Ω

𝑑!" ℙ,ℚ =
1
2
6
%∈'

|ℙ 𝑥 − ℚ(𝑥)| = max
0⊆'

|ℙ 𝑆 − ℚ(𝑆)|

Properties of TV distance
• metric (triangle inequality)
• bounded 
• data processing inequality
• various characterisations

Applications of TV distance
• property testing
• Markov chain mixing time
• approximate algorithms
• learning algorithms

𝑃 𝑄



Compute TV distance
[Bhattacharyya, Gayen, Meel, Myrisiotis,Pavan, Vinodchandran, 2022]

• Input: descriptions of two distributions ℙ,ℚ over Ω
• Output: the total variation distance between ℙ and ℚ

Trivial algorithm: enumerate all 𝑥 ∈ Ω and add #
$
|ℙ 𝑥 − ℚ(𝑥)| together

Challenge:ℙ	and	ℚ	have	succinct descriptions

• |Ω| can be exponentially large w.r.t. the size of input

Examples: probabilistic graphical models, spin systems.



Product distribution
Product distribution ℙ over [𝑠]2

ℙ = ℙ#×ℙ$×⋯×ℙ2
ℙ3  is a distribution over 𝑠 = {1,2, … , 𝑠} 

Random sample 𝑋 = 𝑋#, 𝑋$, … , 𝑋2 ∼ ℙ

𝑋 ∈ [𝑠]": 𝑛-dimensional random vector 𝑋# ∈ [𝑠]: independent sample from ℙ#

∀𝑋,ℙ 𝑋 =%
!"#

$

ℙ!(𝑋!)

ℙ can be described by ℙ3: 𝑠 → 0,1 1 ≤ 𝑖 ≤ 𝑛

description size
𝑠𝑛 

state space size
𝑠2 



Compute TV distance between product distributions
[Bhattacharyya, Gayen, Meel, Myrisiotis,Pavan,Vinodchandran, 2022]

• Input: distributions {ℙ3 , ℚ3|1 ≤ 𝑖 ≤ 𝑛} specifying ℙ and ℚ over 𝑠 2

• Output: the total variation distance between ℙ and ℚ

Theorem [BGMMPV22]:  the problem is #P-complete even for Boolean case (𝑠 = 2)

FPRAS (Full Poly-time Randomised Approximation Scheme)

  A randomised algorithm outputs a random /𝑑 in time poly(𝑛, 𝑠, 1/𝜖)
Pr 1 − 𝜖 𝑑!" ℙ,ℚ ≤ /𝑑 ≤ 1 + 𝜖 𝑑!" ℙ,ℚ ≥ 2/3

FPTAS (Full Poly-time Approximation Scheme)

  A deterministic algorithm outputs a /𝑑 in time poly(𝑛, 𝑠, 1/𝜖)
1 − 𝜖 𝑑!" ℙ,ℚ ≤ /𝑑 ≤ 1 + 𝜖 𝑑!" ℙ,ℚ



Previous results 

Theorem [BGMMPV22] FPTAS/FPRAS exists for product distributions ℙ,ℚ such that
• ℙ and ℚ are Boolean distributions (𝑠 = 2)
• ℚ has constant number of distinct marginals (e.g. uniform distribution over 0,1 !)

Theorem [BGMMPV22] FPRAS exists for product distributions ℙ,ℚ such that
• ℙ and ℚ are Boolean distributions (𝑠 = 2)
• ∀𝑖 ∈ 𝑛 , ℙ" 1 ≥ ℚ"(1) and ℙ" 1 ≥ 1/2

break symmetry marginal lower bound

Open problem [BGMMPV22] :

Do FPTAS/FPRAS exist for general product distributions?



Our results [F., Guo, Jerrum, Wang 2023] [F., Liu, Liu 2023] :

FPTAS/FPRAS exist for general product distributions

Product distributions ℙ,ℚ over 𝑠 ! and error bound 0 < 𝜖 < 1

• FPTAS running time:  3𝑂 #!!

$
log %

&"#(ℙ,ℚ)

• FPRAS running time : 3𝑂 ,!!

$!

Extension: Markov chains [F., Liu, Liu 2023] 

• distributions 𝜋%, 𝜋- and transition Matrices 𝑀%, 𝑀- over state space [𝑠] 
• approximate 𝑑./ 𝑋0 01%

! , 𝑌0 01%
!  such that

• 𝑋% ∼ 𝜋% and 𝑋0 ∼ 𝑀% 𝑋02%,⋅    /  𝑌% ∼ 𝜋- and 𝑌0 ∼ 𝑀-(𝑌02%,⋅)

FPTAS exists for TV-distance between Markov chains



A natural estimator
Total variation (TV) distance between ℙ and ℚ over state space Ω

𝑑!" ℙ,ℚ =
1
2
/
#∈%

|ℙ 𝑥 − ℚ(𝑥)| = /
#∈%:ℚ ( )ℙ(()

|ℚ 𝑥 − ℙ(𝑥)| = /
#∈%:ℚ ( )ℙ(()

ℚ 𝑋 1 −
ℙ(𝑋)
ℚ(𝑋)

Ratio 𝑅 ∼ ℝ = (ℙ||ℚ)

𝑅 =
ℙ(𝑋)
ℚ(𝑋)

, where	𝑋 ∼ ℚ 𝑑!" ℙ,ℚ = 𝔼[max(0,1 − 𝑅)]

• sample 𝑅 independent 
• take average of max(0,1 − 𝑅) unbiased estimator of 𝑑!"(ℙ,ℚ) 

• Approximate the TV distance with additive error (𝑑 ∈ 𝑑%& ℙ,ℚ ± 𝜖
• Relative-error approximation requires many samples because 

𝑑%& ℙ,ℚ  can be exponentially small
(𝑑 ∈ (1 ± 𝜖)𝑑%& ℙ,ℚ



TV distance and coupling

• Distributions: 𝑃 and 𝑄 over the domain Ω

• Coupling: a joint distribution 𝑋, 𝑌 ∈ Ω×Ω such that 𝑋 ∼ 𝑃 and 𝑌 ∼ 𝑄

𝑥 0 1

𝑃(𝑥) 1/2 1/2

𝑦 0 1

𝑄(𝑦) 1/3 2/3

Example: Independent Coupling

Sample 𝑋 ∼ 𝑃 and 𝑌 ∼ 𝑄 independently

Pr 𝑋 ≠ 𝑌 =
1
2

Can we make this prob. smaller?



TV distance and coupling

• Distributions: 𝑃 and 𝑄 over the domain Ω

• Coupling: a joint distribution 𝑋, 𝑌 ∈ Ω×Ω such that 𝑋 ∼ 𝑃 and 𝑌 ∼ 𝑄

𝑥 0 1

𝑃(𝑥) 1/2 1/2

𝑦 0 1

𝑄(𝑦) 1/3 2/3
0 11/3 1/2

𝑋 = 0 𝑋 = 1

𝑌 = 0 𝑌 = 1

Example: Optimal Coupling

• Sample 𝑟 ∈ (0,1) uniformly at random
• Let 𝑋 = 0 iff 𝑟 < 𝑃(0)
• Let 𝑌 = 0 iff 𝑟 < 𝑄(0)



TV distance and coupling

• Distributions: 𝑃 and 𝑄 over the domain Ω

• Coupling: a joint distribution 𝑋, 𝑌 ∈ Ω×Ω such that 𝑋 ∼ 𝑃 and 𝑌 ∼ 𝑄

𝑥 0 1

𝑃(𝑥) 1/2 1/2

𝑦 0 1

𝑄(𝑦) 1/3 2/3

Example: Optimal Coupling

• Sample 𝑟 ∈ (0,1) uniformly at random
• Let 𝑋 = 0 iff 𝑟 < 𝑃(0)
• Let 𝑌 = 0 iff 𝑟 < 𝑄(0)

Pr 𝑋 ≠ 𝑌 =
1
6
= 𝑑!"(𝑃, 𝑄)



TV distance and coupling

• Distributions: ℙ and ℚ over the domain Ω

• Coupling: a joint 𝑋, 𝑌 ∈ Ω×Ω such that 𝑋 ∼ ℙ and 𝑌 ∼ ℚ

Coupling Inequality (Coupling Lemma)

∀coupling 𝑋, 𝑌 , 	 𝑑!" ℙ,ℚ ≤ Pr[𝑋 ≠ 𝑌]

∃optimal	coupling 𝑋, 𝑌 , 	 𝑑!" ℙ,ℚ = Pr[𝑋 ≠ 𝑌]

The optimal coupling may not be unique

Given two product distributions ℙ,ℚ over 𝑠 2, 

what is their optimal coupling?



A greedy coupling 𝑋, 𝑌 = ( 𝑋#, 𝑋', … , 𝑋$ , (𝑌#, 𝑌', … , 𝑌$)) of ℙ,ℚ

each (𝑋! , 𝑌!) is coupled optimally and independently 

• Greedy coupling is not an optimal coupling

𝑋#

𝑌#

𝑋'

𝑌'

Correlated Correlated

independent

independent

Optimal coupling can utilise the correlations of (𝑋#, 𝑌$) and (𝑌#, 𝑋$) 



A greedy coupling 𝑋, 𝑌 = ( 𝑋#, 𝑋', … , 𝑋$ , (𝑌#, 𝑌', … , 𝑌$)) of ℙ,ℚ

each (𝑋! , 𝑌!) is coupled optimally and independently 

• Greedy coupling is not an optimal coupling

• Greedy coupling can approximate the optimal coupling

𝑑!" ℙ,ℚ ≤ Pr
456678

𝑋 ≠ 𝑌 ≤ 𝑛𝑑!"(ℙ,ℚ)

Proof.

Pr
()**+,

𝑋 ≠ 𝑌 ≤:
!"#

$

Pr 𝑋! ≠ 𝑌! =:
!"#

$

𝑑%& ℙ! , ℚ! ≤ 𝑛𝑑%&(ℙ,ℚ)

local optimal coupling



A greedy coupling 𝑋, 𝑌 = ( 𝑋#, 𝑋', … , 𝑋$ , (𝑌#, 𝑌', … , 𝑌$)) of ℙ,ℚ

each (𝑋! , 𝑌!) is coupled optimally and independently 

• Greedy coupling is not an optimal coupling

• Greedy coupling can approximate the optimal coupling

𝑑!" ℙ,ℚ ≤ Pr
956678

𝑋 ≠ 𝑌 ≤ 𝑛𝑑!"(ℙ,ℚ)

• Discrepancy of greedy coupling can be computed efficiently

Pr
-)**+,

𝑋 ≠ 𝑌 = 1 − Pr
-)**+,

𝑋 = 𝑌 = 1 −%
!"#

$

1 − 𝑑%& ℙ! , ℚ!

• Our ideal: estimate
:5
$%&

/;<

:5
'())*+

/;< = ="#(ℙ,ℚ)
:5

'())*+
/;< ≥ #

2



Our Estimator [F., Guo, Jerrum, Wang 2023]

• 𝜋: the distribution of 𝑋 in the greedy coupling conditional on 𝑋 ≠ 𝑌
∀𝜎 ∈ [𝑠]!, 𝜋 𝜎 = Pr

"#$$%&
[𝑋 = 𝜎 ∣ 𝑋 ≠ 𝑌]

• 𝑓: a function [𝑠]!→ ℝ'( such that

∀𝜎 ∈ [𝑠]!, 	 𝑓 𝜎 =
Pr
)*+

𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

Pr
"#$$%&

𝑋 = 𝜎 ∧ 	𝑋 ≠ 𝑌 =
max{0, ℙ 𝜎 − ℚ(𝜎)}
Pr

"#$$%&
𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

• Estimator: 𝑓(𝜎) where 𝜎 ∼ 𝜋

Properties of the estimator

• Correct expectation

𝔼,∼. 𝑓(𝜎) =
Pr
)*+
[𝑋 ≠ 𝑌]

Pr
"#$$%&

[𝑋 ≠ 𝑌] =
𝑑/0(ℙ,ℚ)
Pr

"#$$%&
[𝑋 ≠ 𝑌] ≥

1
𝑛

• Low variance
Var,∼. 𝑓 𝜎 ≤ 1

∀𝜎 ∈ 𝑠 0 , Pr
)*+

𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌 ≤ Pr
"#$$%&

𝑋 = 𝜎 ∧ 	𝑋 ≠ 𝑌 ∀𝜎 ∈ 𝑠 0 , 0 ≤ 𝑓 𝜎 ≤ 1



Our Estimator [F., Guo, Jerrum, Wang 2023]

• 𝜋: the distribution of 𝑋 in the greedy coupling conditional on 𝑋 ≠ 𝑌
∀𝜎 ∈ [𝑠]!, 𝜋 𝜎 = Pr

"#$$%&
[𝑋 = 𝜎 ∣ 𝑋 ≠ 𝑌]

• 𝑓: a function [𝑠]0→ ℝ'( such that

∀𝜎 ∈ [𝑠]!, 	 𝑓 𝜎 =
Pr
)*+

𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

Pr
"#$$%&

𝑋 = 𝜎 ∧ 	𝑋 ≠ 𝑌 =
max{0, ℙ 𝜎 − ℚ(𝜎)}
Pr

"#$$%&
𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

• Estimator: 𝑓(𝜎) where 𝜎 ∼ 𝜋

Properties of the estimator

• Correct expectation

𝔼,∼. 𝑓(𝜎) =
Pr
)*+
[𝑋 ≠ 𝑌]

Pr
"#$$%&

[𝑋 ≠ 𝑌] =
𝑑/0(ℙ,ℚ)
Pr

"#$$%&
[𝑋 ≠ 𝑌] = 𝑅 ≥

1
𝑛

• Low variance
Var,∼. 𝑓 𝜎 ≤ 1

𝑇 = 𝑂 $
.1

 

samples

• Sample 𝜎#, 𝜎', … 𝜎%  independently from 𝜋
• Return #

%
𝑓 𝜎# + 𝑓 𝜎' +⋯+ 𝑓 𝜎$



Our Estimator [F., Guo, Jerrum, Wang 2023]

• 𝜋: the distribution of 𝑋 in the greedy coupling conditional on 𝑋 ≠ 𝑌
∀𝜎 ∈ [𝑠]!, 𝜋 𝜎 = Pr

"#$$%&
[𝑋 = 𝜎 ∣ 𝑋 ≠ 𝑌]

• 𝑓: a function [𝑠]0→ ℝ'( such that

∀𝜎 ∈ [𝑠]!, 	 𝑓 𝜎 =
Pr
)*+

𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

Pr
"#$$%&

𝑋 = 𝜎 ∧ 	𝑋 ≠ 𝑌 =
max{0, ℙ 𝜎 − ℚ(𝜎)}
Pr

"#$$%&
𝑋 = 𝜎 ∧ 𝑋 ≠ 𝑌

• Estimator: 𝑓(𝜎) where 𝜎 ∼ 𝜋

Properties of the estimator

• Correct expectation

𝔼,∼. 𝑓(𝜎) =
Pr
)*+
[𝑋 ≠ 𝑌]

Pr
"#$$%&

[𝑋 ≠ 𝑌] =
𝑑/0(ℙ,ℚ)
Pr

"#$$%&
[𝑋 ≠ 𝑌] = 𝑅 ≥

1
𝑛

• Low variance
Var,∼. 𝑓 𝜎 ≤ 1

• Efficient computation

• a random sample of 𝜎 ∼ 𝜋 can be generated in time 𝑂(𝑛)
• given any 𝜎 ∈ 0,1 !, 𝑓(𝜎) can be computed in time 𝑂(𝑛)

𝑇 = 𝑂 $
.1

 

samples



Ratio and deterministic algorithm
Ratio 𝑅 ∼ ℝ = (ℙ||ℚ)

𝑅 =
ℙ(𝑋)
ℚ(𝑋)

, where	𝑋 ∼ 𝑄 𝑑!" ℙ,ℚ = 𝑑!"(ℝ) = 𝔼[max(0,1 − 𝑅)]

1
3

2
3 1

2
1
2

ℙ2 ℚ2 

1 2 3 4

ℙ3 

1 2 3 4

1
4

3
8

ℚ3 

1
8

1
12

1
4

1
4

1
3

1
3

2
3

4
3

1
2

1
2

ℝ
ℝ = (ℙ#| ℚ# = (ℙ'||ℚ')

𝑑%& ℝ = 𝑑%& ℙ#, ℚ# = 𝑑%& ℙ', ℚ' =
1
6



Ratio and deterministic algorithm

ℝ preserves 𝑑%&(ℙ,ℚ), may compress some redundant information

If ℝ# = (ℙ#||ℚ#) and ℝ' = (ℙ'||ℚ'), then 

ℝ# ⋅/0+ ℝ' = (ℙ#×ℙ'||ℚ#×ℚ')

• ℙ#×ℙ' is the product distribution ℙ# and ℙ'  

• ℝ# ⋅/0+ ℝ' is the distribution of the product of two independent  random real number

𝑅#𝑅' ∼ ℝ# ⋅/0+ ℝ', where	𝑅# ∼ ℝ#	and	𝑅' ∼ ℝ' are ind. samples

Ratio 𝑅 ∼ ℝ = (ℙ||ℚ)

𝑅 =
ℙ(𝑋)
ℚ(𝑋)

, where	𝑋 ∼ 𝑄 𝑑!" ℙ,ℚ = 𝑑!"(ℝ) = 𝔼[max(0,1 − 𝑅)]



A naïve deterministic algorithm

• Input: distributions of ℙ#, ℙ$, … , ℙ2, ℚ#, ℚ$, … ,ℚ2 and an error bound 𝜖 

• Output: an approximation of 𝑑!"(ℙ,ℚ)

• Compute ℝ! ← (ℙ!||ℚ!) for all 𝑖 ∈ [𝑛]

• Compute ℝ#:# ← ℝ#
• Compute ℝ#:' ← ℝ#:# ⋅!$2 ℝ'
…
• Compute ℝ#:! ← ℝ#:!3# ⋅!$2 ℝ!
…
• Compute distribution ℝ#:$ ← ℝ#:$3# ⋅!$2 ℝ$
• Return 𝑑%& ℝ#:$ = 𝔼4∼ℝ4:6[max(0,1 − 𝑅)]

Exact computing of 𝑑%&(ℙ,ℚ)

  The support size is large
supp ℝ#:! = exp(Ω(𝑖))

Efficiently compute ℝ̂𝟏:𝒏 s.t.

𝑑%& ℝ̂#:𝒏 ≈ 𝑑%&(ℝ#:$)



• Compute ℝ! ← (ℙ!||ℚ!) for all 𝑖 ∈ [𝑛]

• ℝ̂#:# ← ℝ#

• Compute ℝ#:'9 ← ℝ̂#:# ⋅!$2 ℝ'
• ℝ̂#:' ← 𝐒𝐩𝐚𝐫𝐬𝐢𝐟𝐲(ℝ#:'9 )

…
• Compute ℝ#:!9 ← ℝ̂#:!3# ⋅!$2 ℝ!
• ℝ̂#:! ← 𝐒𝐩𝐚𝐫𝐬𝐢𝐟𝐲(ℝ#:!9 )
…

• Compute ℝ#:$9 = ℝ̂#:$3# ⋅!$2 ℝ$
• ℝ̂#:$ ← 𝐒𝐩𝐚𝐫𝐬𝐢𝐟𝐲(ℝ#:$9 )

• Return 𝑑%& ℝ̂#:$ = 𝔼4∼:ℝ4:6[max(0,1 − 𝑅)]



The Sparsify subroutine

10 ∞
ℝ′

10 ∞

Oℝ

Oℝ ←Sparsify(ℝ′)

• Partition [0,∞) into a set of intervals ℐ 

• For each interval 𝐼 ∈ ℐ, merge all elements in 𝐼 into one element

𝑥# 𝑥' 𝑥;

ℝ′(𝑥2)
ℝ′(𝑥3)

ℝ′(𝑥7)

𝑥2ℝ′ 𝑥2 + 𝑥3ℝ′ 𝑥3 + 𝑥7ℝ′ 𝑥7
ℝ′ 𝑥2 + ℝ′ 𝑥3 + ℝ′ 𝑥7

ℝ′ 𝑥2 + ℝ′ 𝑥3 + ℝ′ 𝑥7

= 𝔼8!∼ℝ![𝑅: ∣ 𝑅: ∈ 𝐼]



1𝑎#𝑎$𝑎l

…..
𝑎m = 0

[𝑎#, 𝑎< = 1)
𝑎', 𝑎#
𝑎;, 𝑎'
…

[𝑎= = 0, 𝑎=3#)

Partition of
[0,1]

1/𝑎m = ∞1/𝑎# 1/𝑎$ 1/𝑎l

…..

[𝑎< = 1, 1/𝑎#)
1/𝑎#, 1/𝑎'
1/𝑎', 1/𝑎;

…
[1/𝑎=3#, 1/𝑎= = ∞)

Partition of
(1,∞)



1𝑎#𝑎$𝑎l

…..
𝑎m = 0 1/𝑎m = ∞1/𝑎# 1/𝑎$ 1/𝑎l

…..

Ø The first interval is small

1 − 𝑎# ≤ 𝛿>
Ø The length of [𝑎! , 𝑎!3#] is small w.r.t. 1 − 𝑎!3#

∀𝑖 > 1, 𝑎! − 𝑎!3# ≤ 𝜖> ⋅ |1 − 𝑎!3#|

𝛿- = Θ
𝜖𝑑!" ℙ,ℚ

2𝑛

𝜖- =
𝜖
2𝑛

𝑚 = 𝑂
1
𝜖>
log

1
𝛿>

= 𝑂
2𝑛
𝜖
log

𝑛
𝜖𝑑!" ℙ,ℚ

Domain size is small after the sparsification Error introduced by sparsification is small

• introduce a new metric 𝚫 between ratios
• If ℝ′ ← Sparsify(ℝ), then

Δ(ℝ9, ℝ) is small



Summary
• Problem: Compute the TV distance between two product distributions

• Algorithms: FPTAS and FPRAS

• Extension: TV distance between two Markov chains

Open problems

• Better running time of FPTAS: remove log #
="#(ℙ,ℚ)

 in  [𝑂(𝑛J log K
L34(ℙ,ℚ)

)?

• Algorithm/complexity for approximating TV distance of general models

ØBayes networks [BGMMPV arXiv:2309.09134]

• Relation between approximating TV distance and sampling/counting


