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Hardness

n The problem is hard [BKS17]:
– The update time is at least Ω( 𝑁)
– 𝑂(1) update time is impossible unless the query is q-hierarchical

A C

B

A C

B

q-hierarchical query:
𝑅! 𝐴, 𝐵 ⋈ 𝑅"(𝐵, 𝐶)

non-q-hierarchical query:
𝜋#$𝑅! 𝐴, 𝐵 ⋈ 𝑅"(𝐵, 𝐶)
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Conjunctive Query 
𝑂(𝑁!)/𝑂 𝑁" [SIGMOD ’18]

A Partial Landscape (from Bootcamp)

Hierarchical
𝑂(𝑁!)/𝑂 𝑁"

[PODS’20]

Triangle Join
𝑂(𝑁#.%)/𝑂 𝑁&.%

[TODS’20]

Free-Connex
𝑂(𝑁)/𝑂 𝑁
[SIGMOD ’17]

[VLDB’23]

q-hierarchical
= 𝛿&-hierarchical

𝑂(𝑁)/𝑂 1 [SIGMOD ’17]

n Preprocessing time / Update time

Acyclic Query
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𝛿#-hierarchical
𝑤 ∈ 1,2 , 𝛿 = 1



Observations

n The class of q-hierarchical query is still small

n The upper bound is not very satisfactory
– q-hierarchical: 𝑂(1) update time
– Non-q-hierarchical: 𝑂(𝑁) update time

n The lower bound only holds for the worst-case update sequence   
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Outline
n Part I: Full Enumeration for Free-Connex Query

n Part II: Full Enumeration for Free-Connex Query with Aggregations

n Part III: Delta Enumeration for Free-Connex Query
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o Answering Conjunctive Queries under Updates [BKS17]
o The Dynamic Yannakakis Algorithm: Compact and Efficient 

Query Processing under Updates [IUV17]
o General dynamic Yannakakis: conjunctive queries with 

theta joins under updates [IUVVW20]
o Change Propagation Without Joins [WHDY23]



Conjunctive Queries (CQ)

n Relations: 𝑅-, 𝑅., … , 𝑅/
n Attributes: 𝑒- ∪ 𝑒. ∪⋯∪ 𝑒/
n Output attributes: out ⊆ 𝑒- ∪ 𝑒. ∪⋯∪ 𝑒/
n Full Join: out = 𝑒- ∪ 𝑒. ∪⋯∪ 𝑒/ (the projection “𝜋012”  can be omitted)
n Boolean query: out = ∅
n Example:

– 𝑅! 𝑥", 𝑥# ⋈ 𝑅"(𝑥!, 𝑥#) ⋈ 𝑅#(𝑥!, 𝑥")
– 𝜋$',$(,$),$*𝑅! 𝑥!, 𝑥" ⋈ 𝑅"(𝑥", 𝑥#) ⋈ 𝑅#(𝑥#, 𝑥&) ⋈ 𝑅& 𝑥&, 𝑥'
– 𝜋∅𝑅! 𝑥!, 𝑥" ⋈ 𝑅"(𝑥", 𝑥#) ⋈ 𝑅#(𝑥#, 𝑥&) ⋈ 𝑅& 𝑥&, 𝑥'

𝑞 = 𝜋012 𝑅- 𝑒- ⋈ 𝑅.(𝑒.) ⋈ ⋯ ⋈ 𝑅/ 𝑒/
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Join Tree for Free-Connex CQ

n A join tree 𝑇:
– There is one-to-one correspondence between relations and nodes
– For each attribute 𝑥, all nodes containing 𝑥 forms a connected subtree
– No non-output attributes appears above the topmost node of any output attribute

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)
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𝑅+ 𝑥+, 𝑥%

𝑅, 𝑥,, 𝑥+

𝑅- 𝑥-, 𝑥,

𝑅# 𝑥#, 𝑥-

𝑅+ 𝑥+, 𝑥%

𝑅, 𝑥,, 𝑥+

𝑅- 𝑥-, 𝑥,

𝑅# 𝑥#, 𝑥-

No!

𝑅+ 𝑥+, 𝑥%

𝑅, 𝑥,, 𝑥+ 𝑅- 𝑥-, 𝑥,

𝑅# 𝑥#, 𝑥- No!



Generalized Join Tree for Free-Connex CQ

n A generalized join tree 𝑇:
– Each original relation corresponds to a node
– For each attribute 𝑥, all nodes containing 𝑥 forms a connected subtree
– No non-output attributes appears above the topmost node of any output attribute
– Generalized relations appear above of original relations
– For every generalized relation 𝑒 and its child 𝑒′, 𝑒 ⊆ 𝑒′.

n Height: max # original relations on any leaf-to-root path

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)
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A generalized relation
can be a proper subset of

any original relation



Q-hierarchical CQ

n For every pair of attributes 𝑥-, 𝑥.:
– 𝐸$' ⊆ 𝐸$( , or 𝐸$( ⊆ 𝐸$' , or 𝐸$' ∩ 𝐸$( = ∅
– if 𝑥! ∈ out and 𝐸$' ⊊ 𝐸$( , then 𝑥" ∈ out

n A CQ 𝑞 is q-hierarchical ⟺ it has a height-1 generalized join tree

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥", 𝑥' ⋈ 𝑅" 𝑥!, 𝑥", 𝑥( ⋈ 𝑅' 𝑥!, 𝑥) ⋈ 𝑅( 𝑥!, 𝑥*
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𝑅+ 𝑥#, 𝑥.𝑅, 𝑥#, 𝑥%

𝑅- 𝑥#, 𝑥-, 𝑥+

[𝑥#, 𝑥-]

𝑅# 𝑥#, 𝑥-, 𝑥,

[𝑥#]

𝑥.𝑥%

𝑥+

𝑥-

𝑥,

𝑥#

𝐸% is the set of
relations containing

attribute 𝑥



Outline
n Part I: Full Enumeration for Free-Connex CQ

n Part II: Full Enumeration for Free-Connex CQ with Aggregations

n Part III: Delta Enumeration for Free-Connex CQ
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Change Propagation [RSS96][LSK01][CY12]

𝚫𝐑𝟐

𝚫𝑽𝟏

𝚫𝑽𝟐

𝚫𝑸n Full and delta enumeration are trivial

n Materialize the auxiliary views require 
super-linear space.

– 𝑉! can be as large as 𝑅" ×|𝑅#|

n The update cost can be super-linear.
– Δ𝑉" can be as large as 𝑅" ×|𝑅#|

n All caused by the join operator.

<latexit sha1_base64="X3C4Fm+g9PC7jWSgYOK8jevzeV4="></latexit>

+4 = +2 Z +3

+1 = '2 Z '3

+3 = �G4'4

'4

+2 = '1 Z +1

'2 '3

'1

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅"(𝑥", 𝑥') ⋈ 𝑅'(𝑥', 𝑥() ⋈ 𝑅( 𝑥(, 𝑥)
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n Leaf Nodes: Original Relation
n Internal Nodes: Operator



Change Propagation Without Joins

n Basic idea: Replace each join operator with a 
semi-join followed by a projection.

n Projection View 𝑉7 𝑅8
n Semi-join View 𝑉9(𝑅8)
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Change Propagation Without Joins

n Basic idea: Replace each join operator with a 
semi-join followed by a projection.

n Projection View 𝑉7 𝑅8
n Semi-join View 𝑉9(𝑅8)

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)
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Change Propagation Without Joins

n Basic idea: Replace each join operator with a 
semi-join followed by a projection.

n Projection View 𝑉7 𝑅8
n Semi-join View 𝑉9(𝑅8)

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)
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Change Propagation Without Joins

n Basic idea: Replace each join operator with a 
semi-join followed by a projection.

n Projection View 𝑉7 𝑅8
n Semi-join View 𝑉9(𝑅8)

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)
16



Change Propagation Without Joins

n Basic idea: Replace each join operator with a 
semi-join followed by a projection.

n Projection View 𝑉7 𝑅8

n Semi-join View 𝑉9(𝑅8)
– Leaf node: 𝑉) 𝑅* = 𝑅*
– Internal node with children 𝑒!, 𝑒", ⋯ , 𝑒+

• 𝑉- 𝑅. = 𝑅. ⋉ 𝑉/ 𝑒! ⋉ 𝑉/ 𝑒" ⋉⋯⋉ 𝑉/ 𝑒0
• 𝑉- 𝑅. = 𝑉/ 𝑒! ∩ 𝑉/ 𝑒" ∩⋯∩ 𝑉/ 𝑒0

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)

= 𝜋8∩ ;<=(8)𝑉9(𝑅8)
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Semi-join under Updates

<latexit sha1_base64="NvuNTAi1h+v0SKShCkmivEK61bY=">AAAB43icZVDLTsJAFJ3iC/GFunTTCCYulLTEqEuiG5eYyMMAIdPhApNOp5OZWxUIX+BOXcrn+BH+jQW7KZzVyTnn3uQcTwlu0HF+rcza+sbmVnY7t7O7t3+QPzyqmzDSDGosFKFuetSA4BJqyFFAU2mggSeg4fn3c7/xAtrwUD7hSEEnoAPJ+5xRjKXnYlsgD8AUu/mCU3IWsFeJm5ACSVDt5n/avZBFAUhkghrTQu6PL1xHYWdikMoeFaGEaa4dGVCU+XQAk3lkSfHHlwNN1TAtL3qhJ1JqK8L+bWfCpYoQJJvaZ7HXj4SNoT2vZve4BoZiFBPKNEfObDakmjKMB0j9l/Cq3gKKw2nc211uuUrq5ZJ7Xbp6LBcqd8kCWXJCTsk5cckNqZAHUiU1wkhAPsk3mVlgvVsf1td/NGMlN8ckBWv2B8cqjKA=</latexit>n

<latexit sha1_base64="ekxreYESURDZPQvT13MIeXdVADc="></latexit>

R1

x1 x2

1 2n
2 2n
. . .

n� 1 2n
n 2n

<latexit sha1_base64="j7h/TAGcex0OEu0oVQcGFKdBtTA=">AAAB3XicZZBLT8JAFIVv8YX4Ql26aQQTF0paYtSNCdGNS4zySICQ6TDApNPpZOZWBcLSnbqUX+SP8N9YsJvKWZ2cc+9NvuspwQ06zo+VWVldW9/Ibua2tnd29/L7B3UTRpqyGg1FqJseMUxwyWrIUbCm0owEnmANz7+b941npg0P5ROOFOsEZCB5n1OCcfRYvCl28wWn5CxkLxs3MQVIVO3mv9u9kEYBk0gFMaaF3B+fuY7CzsQgkT0iQsmmuXZkmCLUJwM2mY/8S/zx+UATNUzHCyL0RCptRdi/7ky4VBEySaf2Sdz1I2FjaM+h7B7XjKIYxYZQzZFTmw6JJhRj9NR9yV7Ua0BwOI253f+Uy6ZeLrmXpYuHcqFym3wgC0dwDKfgwhVU4B6qUAMKA/iAL5hZXevNerc+/0YzVrJzCClZs1/yIYm3</latexit>=

<latexit sha1_base64="om7InKY3sUikyMtmSa6UpTYmkj4="></latexit>

R2

x2 x3

2n 2n+ 1
2n 2n+ 2

. . .
2n 3n� 1
2n 3n

<latexit sha1_base64="J4phQ3Drx1cJbPRpb02hCT15Zw8="></latexit>

'0
1

G1 G2
1 2=
2 2=
· · ·

= � 1 2=
= 2=

n The size of results will be bounded by |𝑅-|
– Bounded memory cost for materialization

n Each update in 𝑅. can cause at most 𝑂( 𝑅- ) changes in the result.
– Bounded maintenance cost
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𝑅! 𝑥!, 𝑥" 𝑅" 𝑥", 𝑥#



Projection under Updates

n The size of 𝜋>(𝑅-) cannot exceed 𝑁
– Bounded memory cost for materialization

n Each update can cause at most 1 change in the result.
– Constant update time guarantee (with derivation counting)

<latexit sha1_base64="ekxreYESURDZPQvT13MIeXdVADc="></latexit>

R1

x1 x2

1 2n
2 2n
. . .

n� 1 2n
n 2n

<latexit sha1_base64="j7h/TAGcex0OEu0oVQcGFKdBtTA=">AAAB3XicZZBLT8JAFIVv8YX4Ql26aQQTF0paYtSNCdGNS4zySICQ6TDApNPpZOZWBcLSnbqUX+SP8N9YsJvKWZ2cc+9NvuspwQ06zo+VWVldW9/Ibua2tnd29/L7B3UTRpqyGg1FqJseMUxwyWrIUbCm0owEnmANz7+b941npg0P5ROOFOsEZCB5n1OCcfRYvCl28wWn5CxkLxs3MQVIVO3mv9u9kEYBk0gFMaaF3B+fuY7CzsQgkT0iQsmmuXZkmCLUJwM2mY/8S/zx+UATNUzHCyL0RCptRdi/7ky4VBEySaf2Sdz1I2FjaM+h7B7XjKIYxYZQzZFTmw6JJhRj9NR9yV7Ua0BwOI253f+Uy6ZeLrmXpYuHcqFym3wgC0dwDKfgwhVU4B6qUAMKA/iAL5hZXevNerc+/0YzVrJzCClZs1/yIYm3</latexit>=
<latexit sha1_base64="+LBmEUwLdCJtd1c6d6Gx/zC3ee8="></latexit>

'0
1

G2
2=
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𝑅! 𝑥!, 𝑥"

<latexit sha1_base64="tk+4PWZKE2UHK3hNSDjyDGn9mto=">AAAB5XicZVDNTsJAGNziH+If6tFLI5h4UNISox6JXjxiIj8JkGa7LGXT7e5m+1WBpo/gTT3K0/gQvo0FeynMaTIz35fMuIqzECzr1yhsbG5t7xR3S3v7B4dH5eOTdigjTWiLSC5118Uh5UzQFjDgtKs0xYHLacf1Hxd+55XqkEnxAlNFBwH2BBsxgiGVetW+Yk48cepJ1SlXrJq1hLlO7IxUUIamU/7pDyWJAiqAcByGPWD+7Mq2FAziELAYYi4FTUr9KKQKEx97NF5EVhR/du1prMZ5edkMXJ5TexGM7gcxEyoCKkhiXqTeKOImSHNRzhwyTQnwaUow0QwYMckYa0wgnSD3X9A3NQkwjJO0t73acp206zX7tnbzXK80HrIFiugMnaNLZKM71EBPqIlaiCCJPtE3mhue8W58GF//0YKR3ZyiHIz5HxJ/jV8=</latexit>�G2



View Maintenance

n Auxiliary counter for 𝑡 ∈ 𝑉7 𝑅8 :
𝑐 𝑡 = 𝑡? ∈ 𝑉@ 𝑅8 : 𝜋8∩;<= 8 𝑡? = 𝑡

n Auxiliary counter for 𝑡 ∈ 𝑉9 𝑅8 :
– Internal node 𝑒 with children 𝑒!, 𝑒", ⋯ , 𝑒+
𝑐 𝑡 = 𝑖 ∈ [𝑘]: 𝑐 𝜋8∩8!𝑡 > 0

n From 𝑅8 → 𝑉9 𝑅8 : 𝑂(1) time
n From 𝑉9 𝑅8 → 𝑉7 𝑅8 : 𝑂(1) time

n From 𝑉7 𝑅8 → 𝑉9 𝑅;<= 8 : 𝑂(𝑁) time
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<latexit sha1_base64="BEpDIT2OrHVh9qFBfWq7w55ea5E="></latexit>

[x3]

Vs([x3])

x3 c[t]
1 1
2 1
3 1
4 2

R2

Vp(R2)
x3 c[t]
4 1
2 1

-

Vs(R2)

x2 x3 c[t]
1 2 0
2 2 1
4 3 0
1 1 0
2 4 1
1 4 0

R3

Vp(R3)

x3 c[t]
1 2
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 1
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)
x2 c[t]
2 2
3 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3

R4

Vp(R4)

x4 c[t]
1 1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

1 1
2 2
3 3
4 4

Running Example: initialization

𝑅! 𝑅" 𝑅#𝑅$

# tuples in 𝑉& with
the join value

# children nodes
whose 𝑉' contains 
the join value

Tuples not “exist” in 𝑉-:
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<latexit sha1_base64="dnPWEvF805EM3w6edkBwCrcqnRE="></latexit>

[x3]

Vs([x3])

x3 c[t]
1* 2
2 1
3 1
4 2

R2

Vp(R2)

x3 c[t]
4 2
2 2
1 1

-

Vs(R2)

x2 x3 c[t]
1 2 1
2 2 1
4 3 0
1 1 1
2 4 1
1* 4* 1

R3

Vp(R3)

x3 c[t]
1 2
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 1
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)

x2 c[t]
2 2
3 1
1 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3
1 1

R4

Vp(R4)

x4 c[t]
1 1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

1 1
2 2
3 3
4 4

Running Example: insert (1, 1) to 𝑹𝟏

insert 1,1 to 𝑉( 𝑅)

increase 𝑐 1 ∈ 𝑉'(𝑅)) by 1

As 1 ∉ 𝑉'(𝑅)), update
every 𝑐[(1,∗)] in 𝑉&(𝑅*)

update 𝑉'(𝑅*)
correspondingly

As 1 ∉ 𝑉'(𝑅*), update
𝑐[1] in 𝑉&([𝑥+])

4

5
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<latexit sha1_base64="1nSqK2EWp7edohwuHaNvTBCmxQs="></latexit>

[x3]

Vs([x3])

x3 c[t]
1 2
2 1
3 1
4 2

R2

Vp(R2)

x3 c[t]
4 2
2 2
1 1

-

Vs(R2)

x2 x3 c[t]
1 2 1
2 2 1
4 3 0
1 1 1
2 4 1
1 4 1

R3

Vp(R3)

x3 c[t]
1 1
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1* 1* 0
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)

x2 c[t]
2 2
3 1
1 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3
1 1

R4

Vp(R4)

x4 c[t]
⇢⇢1 ⇢⇢1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

�1 �1
2 2
3 3
4 4

Running Example: delete (1, 1) from 𝑹𝟒

delete 1,1 from 𝑉( 𝑅)

decrease 𝑐 (1) ∈ 𝑉, 𝑅- by 1

As 1 ∉ 𝑉' 𝑅- , decrease each
c[(∗, 1)] ∈ 𝑉& 𝑅+ by 1

update 𝑉' 𝑅+
correspoindingly

No counter decreases to 0, hence stops!

4
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Full Enumeration

n Lemma: 𝑉A 𝑅8 = 𝜋8 ⋈8"∈B# 𝑅8"
– 𝑇*: the set of relations residing in the

subtree of 𝑇 rooted at node e
– 𝑉- 𝑅. = 𝜋.𝑞(𝐷) for the root node 𝑟

n Lemma: 𝑞 𝐷 = ⨄C∈D$(E%)𝑞(𝐷 ⋉ 𝑡)

n Compute 𝑞(𝐷 ⋉ 𝑡) by retrieving query
results from 𝑉A(⋅) in a top-down way

24

𝑉/ 𝑥, : 𝑥,

𝑉0(𝑅+)

𝑉/ 𝑅- : 𝑥-, 𝑥,

𝑉0 𝑅# : 𝑥#, 𝑥-

𝑉0(𝑅,): 𝑥,, 𝑥+

𝑡
𝜋1!𝑡

𝑡22

𝑡2

𝜋1"𝑡′

𝑡222

𝜋1!𝑡

𝜋%!,%",%#,%$𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥", 𝑥' ⋈ 𝑅' 𝑥', 𝑥( ⋈ 𝑅( 𝑥(, 𝑥)



<latexit sha1_base64="gWwBPmhelw2UXCl7TST4x0Dr3e4="></latexit>

[x3]

Vs([x3])

x3 c[t]
1 2
2 1
3 1
4 2

R2

Vp(R2)

x3 c[t]
4 2
2 2
1 1

-

Vs(R2)

x2 x3 c[t]
1 2 1
2 2 1
4 3 0
1 1 1
2 4 1
1 4 1

R3

Vp(R3)

x3 c[t]
1 1
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 0
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)

x2 c[t]
2 2
3 1
1 2
"

Vs(R1)

x1 x2

1 2
2 2
3 3
1 1
4* 1*

R4

Vp(R4)

x4 c[t]
2 1
3 1
4 1
"

Vs(R4)

x4 x5

2 2
3 3
4 4

Running Example: Retrieve

⋈ 𝑉- 𝑅" : 1 → 1, 1

⋈ 𝑉- 𝑅! : 1, 1 → (1, 1, 1)
1, 1 → (4, 1, 1)

⋈ 𝑉0 𝑅, :
1, 1, 1 → 1, 1, 1, 2
4, 1, 1 → (4, 1, 1, 2)
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Enclosureness [SIGMOD’20]

Given an update sequence 𝑆:
n A tuple 𝑡 has a lifespan [𝑡N, 𝑡O]
n Enclosureness of 𝑡:

𝜆A 𝑡 =max # disjoint lifespans contained in [𝑡N, 𝑡O]

n Enclosureness of 𝑆: 𝜆A = max 1, ∑C
P&(C)
|A|

n Foreign-key acyclic query can be updated in 𝑂(𝜆A) time

26

𝑡3 𝑡4

𝑡 Lifespan of 𝑡

FIFO sequence with  𝜆/ = 1



Is this notion of Enclosureness Good?

n Consider 𝑞 = 𝑅! 𝑥! ⋈ 𝑅" 𝑥!, 𝑥" ⋈ 𝑅#(𝑥", 𝑥#) ⋈ 𝑅&(𝑥#, 𝑥&) ⋈ 𝑅' 𝑥&
– Ω 𝑁 update time over FIFO sequences, assuming the OuMv conjecture.

27

OuMv Conjecture [STOC’15] 
For any 𝛾 > 0, no algorithm can solve the following problem in 𝑂 𝑛#/0 time,
Input: An 𝑛×𝑛 Boolean matrix 𝑀 and 𝑛 pairs 𝑢!, 𝑣! , ⋯ , (𝑢1, 𝑣1) of Boolean 
column-vectors of size 𝑛 arriving one after the other.
Goal: After seeing each pair (𝑢. , 𝑣.), output 𝑢.2𝑀𝑣. before seeing (𝑢.3!, 𝑣.3!)



Join-tree-based Enclosureness

n Given an update sequence 𝑆 and a generalized join tree 𝑇
n A tuple 𝑡 ∈ 𝑅8 has two effective lifespans under 𝑇:

– 𝐷*: the set of tuples from any descendant node of 𝑒
– 𝑡3, min 𝑡/, min

4'∈65:4'6847
𝑡!/

– max 𝑡3, max
4(∈65:4(

7946
𝑡"3 , 𝑡/

n Enclosureness of tuple 𝑡 ∈ 𝑅8 under 𝑇:

𝜆A,B 𝑡 = max # disjoint effective lifespans that are contained in [𝑡N, 𝑡O]

n Enclosureness 𝜆A,B of 𝑆 under 𝑇: 𝜆A,B = max 1, ∑C
P&,)(C)
|A|

28

whose corresponding
tuples are from the

descendants of 𝑒 in 𝑇



Join-tree-based Enclosureness

n Revisit 𝑞 = 𝑅! 𝑥! ⋈ 𝑅" 𝑥!, 𝑥" ⋈ 𝑅#(𝑥", 𝑥#) ⋈ 𝑅&(𝑥#, 𝑥&) ⋈ 𝑅' 𝑥&

𝜆/,9 =
𝑛 ⋅ 𝑛-

𝑛- = 𝑛 ≥ 𝑁

𝑅, 𝑥-, 𝑥,

𝑅# 𝑥#

𝑅+ 𝑥,, 𝑥+𝑅- 𝑥#, 𝑥-

𝑅% 𝑥+

29

𝜆9 𝑡# = 0

𝜆9 𝑡- = 0

𝜆9 𝑡, = 𝑛

𝜆9 𝑡+ = 0

𝜆9 𝑡% = 0

R1/R5

R2/R4

R3

Time



Is Join-tree-based Enclosureness Good?

n For any free-connex CQ, the data structure built on 𝑇 can be updated in 𝑂 𝜆A,B
amortized time over update sequence 𝑆 with enclosureness 𝜆A,B

n Consider 𝑞 = 𝜋>*𝑅- 𝑥-, 𝑥. ⋈ 𝑅. 𝑥.
– Ω 𝜆 update time over update sequence with enclosureness 𝜆, assuming the

OMv conjecture

30

OMv Conjecture [STOC’15]
For any 𝛾 > 0, no algorithm can solve the following problem 
in 𝑂 𝑛#/0 time:
Input: An 𝑛×𝑛 Boolean matrix 𝑀 and 𝑛 Boolean column-
vectors 𝑣!, 𝑣", ⋯ , 𝑣1 of size 𝑛 arriving one after the other.
Goal: After seeing each 𝑣., output 𝑀𝑣. before seeing 𝑣.3!



Proof Idea: 𝑞 = 𝜋;/𝑅< 𝑥<, 𝑥= ⋈ 𝑅= 𝑥=

For 𝑖, 𝑗 ∈ 𝑛 × 𝑛 , insert 
𝑖, 𝑗 into 𝑅) if 𝑀 𝑖, 𝑗 = 1

For 𝑗 ∈ [𝑛], insert 𝑗
into 𝑅* if 𝑣) 𝑗 = 1;

For 𝑗 ∈ [𝑛], insert 𝑗
into 𝑅* if 𝑣* 𝑗 = 1;

𝑖 ∈ 𝑞 ⟺ 𝑀𝑣) 𝑖 = 1
𝑖 ∈ 𝑞 ⟺ 𝑀𝑣* 𝑖 = 1

31

Delete 1 from 𝑅)and 𝑅.

𝜆)/0 ⋅ 𝑛* + 𝜆)/0 ⋅ 𝑛* = 𝑂(𝑛+/0)

amortized 
update time

# updates

delay

# query answers

R2

R1

Time
Mv1 Mv2

M

v1

v2

𝜆 𝑡* = 0

𝜆 𝑡) = 𝑛

𝜆 ≤
𝑛* ⋅ 𝑛
2𝑛*

= 𝑛



Implications

n A data structure can be built in 𝑂(𝑁) time and 
updated in 𝑂(1) amortized time while supporting 
𝑂(1)-delay enumeration

– 𝑞 has a height-1 generalized join tree 𝑇
– 𝑆 is FIFO and 𝑞 has a height-2 generalized join

tree 𝑇 since 𝜆-,2 = 1
– 𝑆 is insertion-only and 𝑞 is free-connex since
𝜆-,2 = 1 for any 𝑇

n A nice structural characterization of CQs with
height-2 generalized join tree?

n Some guidance for practical update sequences

32

Free-Connexq-hierarchical

Any query has a height-2 
generalized join tree

In
se

rt
io

n-
on
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FO
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tr

ar
y

preprocessing/update time:
𝑂(𝑁)/𝑂(1)



Mixed Update Sequence?

Consider 𝑞 = 𝑅! 𝑥! ⋈ 𝑅" 𝑥!, 𝑥" ⋈ 𝑅#(𝑥")
n If updates on 𝑅!, 𝑅", 𝑅# are arbitrary?
n If updates on 𝑅!, 𝑅", 𝑅# are all FIFO?
n If updates on 𝑅!, 𝑅", 𝑅# are all insertion-only?
n If updates on 𝑅!, 𝑅# are arbitrary but on 𝑅" are 

insertion-only?
n If updates on 𝑅!, 𝑅# are insertion-only but on 𝑅"

are arbitrary?
n If updates on 𝑅! are FIFO, on 𝑅" are arbitrary and 

on 𝑅# are insertion-only?
n ……

33

Can we have a more fine-grained 
analysis of update sequences?



Lower Bounds

n Ω 1 update time for non-free-connex CQ over 
insertion-only update sequence, assuming the 
BMM, triangle and hyper-clique conjectures. 

n Ω 𝑁 update time for non-q-hierarchical CQ over 
arbitrary update sequences, assuming the OMv and
OuMv conjectures.
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Free-Connexq-hierarchical

Any query has a height-2 
generalized join tree

In
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preprocessing/update time:
𝑂(𝑁)/𝑂(1)



CQs Without a Height-2 Generalized Join Tree

n Consider 𝑞 = 𝑅! 𝑥! ⋈ 𝑅" 𝑥!, 𝑥" ⋈ 𝑅#(𝑥", 𝑥#) ⋈
𝑅&(𝑥#, 𝑥&) ⋈ 𝑅' 𝑥& or its Boolean version

– Ω 𝑁 update time over FIFO sequences,
assuming OuMv conjecture.

n Consider 𝑞 = 𝜋$!𝑅! 𝑥!, 𝑥" ⋈ 𝑅"(𝑥", 𝑥#) ⋈ 𝑅#(𝑥#)

– Ω 𝑁 update time over FIFO sequences,
assuming OMv conjecture.
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Free-Connexq-hierarchical

Any query has a height-2 
generalized join tree

In
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preprocessing/update time:
𝑂(𝑁)/𝑂(1)



Outline

36

n Part I: Full Enumeration for Free-Connex Query

n Part II: Full Enumeration for Free-Connex Query with Aggregations

n Part III: Delta Enumeration for Free-Connex Query



Annotated Relations

n Annotated Relations are functions mapping tuples to elements from a ring (here, Z)

37

𝑥" 𝑥# 𝑤
𝑎" 𝑏" 2
𝑎# 𝑏" 3

𝑥# 𝑥$ 𝑤
𝑏" 𝑐" 2
𝑏" 𝐶# 1

𝑥" 𝑥# 𝑥$ 𝑤
𝑎" 𝑏" 𝑐" 2 ⋅ 2 ⋅ 1 = 4
𝑎" 𝑏" 𝑐# 2 ⋅ 1 ⋅ 3 = 6
𝑎# 𝑏" 𝑐# 3 ⋅ 1 ⋅ 3 = 9

𝑅" 𝑥", 𝑥# 𝑅# 𝑥#, 𝑥$ 𝑅$ 𝑥", 𝑥$ 𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$

∅ 𝑤
() 4 + 6 + 9 = 19

𝜋∅𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$

n Annotation of a join result 𝑡Q ∈⋈* 𝑅*: 

𝑤 𝑡′ =A
.

𝑤(𝜋.𝑡′)

n Annotation of a query result 𝑡 ∈ 𝑞(𝐷):

𝑤 𝑡 = B
11∈⋈242:63451171

𝑤(𝑡′)

𝑥" 𝑥$ 𝑤
𝑎" 𝑐" 1
𝑎" 𝑐# 3
𝑎# 𝑐# 3



Annotated Relations

n Annotated Relations are functions mapping tuples to elements from a ring (here, Z)
n An update maps a tuple to a non-zero value (+ for insertions, - for deletions)
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𝑥" 𝑥# 𝑤
𝑎" 𝑏" 2
𝑎# 𝑏" 3

𝑥# 𝑥$ 𝑤
𝑏" 𝑐" 2
𝑏" 𝐶# 1

𝑥" 𝑥$ 𝑤
𝑎" 𝑐" 1
𝑎" 𝑐# 3
𝑎# 𝑐# 3

𝑥" 𝑥# 𝑥$ 𝑤
𝑎" 𝑏" 𝑐" 2 ⋅ 2 ⋅ 1 = 4
𝑎" 𝑏" 𝑐# 2 ⋅ 1 ⋅ 3 = 6
𝑎# 𝑏" 𝑐# 3 ⋅ 1 ⋅ 3 = 9

𝑅" 𝑥", 𝑥# 𝑅# 𝑥#, 𝑥$ 𝑅$ 𝑥", 𝑥$ 𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$

∅ 𝑤
() 4 + 6 + 9 = 19

𝜋∅𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$
𝑥" 𝑥# 𝑤
𝑎# 𝑏" −2

𝛿𝑅" = { 𝑎#, 𝑏" → −2}



Annotated Relations
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𝑥" 𝑥# 𝑤
𝑎" 𝑏" 2
𝑎# 𝑏" 1

𝑥# 𝑥$ 𝑤
𝑏" 𝑐" 2
𝑏" 𝐶# 1

𝑥" 𝑥# 𝑥$ 𝑤
𝑎" 𝑏" 𝑐" 2 ⋅ 2 ⋅ 1 = 4
𝑎" 𝑏" 𝑐# 2 ⋅ 1 ⋅ 3 = 6
𝑎# 𝑏" 𝑐# 1 ⋅ 1 ⋅ 3 = 3

𝑅" 𝑥", 𝑥# 𝑅# 𝑥#, 𝑥$ 𝑅$ 𝑥", 𝑥$ 𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$

∅ 𝑤
() 4 + 6 + 3 = 13

𝜋∅𝑅" 𝑥", 𝑥# ⋈ 𝑅# 𝑥#, 𝑥$ ⋈ 𝑅$ 𝑥", 𝑥$
𝑥" 𝑥# 𝑤
𝑎# 𝑏" −2

𝛿𝑅" = { 𝑎#, 𝑏" → −2}

n Annotated Relations are functions mapping tuples to elements from a ring (here, Z)
n An update maps a tuple to a non-zero value (+ for insertions, - for deletions)

𝑥" 𝑥$ 𝑤
𝑎" 𝑐" 1
𝑎" 𝑐# 3
𝑎# 𝑐# 3



Dynamic Yannakakis Algorithm

40

n Enrich semi-join and projection with annotation information!
n But this is essentially the join!

𝑥" 𝑥# 𝑤
𝑎" 𝑏" 2
𝑎# 𝑏" 3

𝑥# 𝑥$ 𝑤
𝑏" 𝑐" 2
𝑏" 𝐶# 1

𝑅" 𝑥", 𝑥# 𝑅# 𝑥#, 𝑥$

𝑥" 𝑥# 𝑤
𝑎" 𝑏" 2 ⋅ 2 + 2 ⋅ 1 = 6
𝑎# 𝑏" 3 ⋅ 2 + 3 ⋅ 1 = 9

𝑅" ⋉ 𝑅# = 𝜋&#,&" (𝑅" ⋈ 𝑅#)

𝑥" 𝑤
𝑎" 2
𝑎# 3

𝜋&#𝑅"
𝑥# 𝑤
𝑏" 2 + 1 = 3

𝜋&"𝑅#
𝑥# 𝑤
𝑏" 2 + 3 ⋅ (2 + 1) = 15

𝜋&"𝑅" ∩ 𝜋&"𝑅# = 𝜋&"𝑅" ⋈ 𝜋&"𝑅#



Dynamic Yannakakis Algorithm
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n A broader notion of generalized join tree [IUV, SIGMOD’17]
n Auxiliary counter for 𝑡 ∈ 𝑉R 𝑅* :

𝑐 𝑡 = Q
4(∈S) T* :U*∩,-. * 4(V4

𝑐 𝑡′

n Auxiliary counter for 𝑡 ∈ 𝑉9 𝑅8 :
– Leaf node : 𝑐 𝑡 = 𝑤(𝑡)
– Internal node with children 𝑒!, 𝑒", ⋯ , 𝑒+:

𝑐 𝑡 = S
W∈[+]

𝑐 𝜋*∩*/𝑡

n Update time is 𝑂(𝑁)

[𝑥$]

[𝑥#,, 𝑥$]

𝑅0 𝑥0, 𝑥1

[𝑥$,, 𝑥0]

𝑅$ 𝑥$, 𝑥0𝑅# 𝑥#, 𝑥$

𝑅" 𝑥", 𝑥#



Full Enumeration

42

n Full enumeration is almost the same
n When a query result is enumerated, compute its

annotation on the fly
– 𝑞 is a full join:

𝑤 𝑡 =A
.

𝑤[𝜋.𝑡]

– 𝑞 is not a full join (𝑟 ⊆ out):

𝑤 𝑡 = A
.:.⊆9:;

𝑤[𝜋.𝑡] ⋅ A
.:.<9:;=∅,?@A . ⊆9:;

𝑐[𝜋.∩9:;𝑡]

1, 1

4, 1

1

1, 1 (1,2)

1, 2

(2)

𝑐 4,1,1,2 = 𝑤 4,1 ⋅ 𝑤 1,1 ⋅ 𝑤 1,2 ⋅ 𝑐[2]

𝜋2𝑡 ∈ 𝑅2 for some
original relation 𝑅2

𝜋2∩345𝑡 ∈ 𝑉6 ⋅

[𝑥$]

[𝑥#,, 𝑥$]

𝑅0 𝑥0, 𝑥1

[𝑥$,, 𝑥0]

𝑅$ 𝑥$, 𝑥0

𝑅" 𝑥", 𝑥#

𝑅# 𝑥#, 𝑥$

The “boundary” of the upper subtree whose 
nodes have all full output attributes 



How Aggregate Increases Hardness
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n Consider 𝑞 = 𝜋$!𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥"
– Ω 𝑁 update time over insertion-only update 

sequences, assuming the OMv conjecture.

n Consider 𝑞 = 𝜋∅ 𝑅! 𝑥!, 𝑥" ⋈ 𝑅" 𝑥! ⋈ 𝑅# 𝑥"
– Ω 𝑁 update time over insertion-only update 

sequences, assuming the OuMv conjecture.

Free-Connexq-hierarchical

Any query has a height-2 
generalized join tree
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without aggregation
preprocessing/update time:

𝑂(𝑁)/𝑂(1)

with aggregation
Ω 𝑁 update time 

for 𝑂(1)-delay  



Outline
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n Part I: Full Enumeration for Free-Connex Query

n Part II: Full Enumeration for Free-Connex Query with Aggregations

n Part III: Delta Enumeration for Free-Connex Query



Delta Enumeration without Aggregation

n Propagation paths: 
– 𝑡! → 𝑉/ 𝑅! → 𝑉- 𝑅" → 𝑉/ 𝑅" → 𝑉- [𝑥']
– 𝑡! → 𝑉/ 𝑅! → 𝑉- 𝑅!
– 𝑡"
– 𝑡' → 𝑉- 𝑅' → 𝑉/ 𝑅'

n If a propagation path can induce some
delta query results, its ending tuple must
be in some Δ𝑉)(⋅) 𝒕𝟏

45

𝒕𝟐 𝒕𝟑



Live View

n 𝑉f 𝑅8 = 𝜋8∩012𝑞 𝐷
– 𝑡 ∈ 𝜋.∩9:;𝑉) 𝑅*
– 𝑡 ⋈ 𝑉Y 𝑅Z[\ * ≠ ∅

n Maintain 𝑉f 𝑅8 during enumeration
𝒕𝟐

𝒕𝟏

𝒕𝟑

46



Witness Tuple

n 𝑡? is a witness of 𝑡 if it is the ending tuple of
a propagation path starting from 𝑡, and 
– 𝑡Q ∈ Δ𝑉)(𝑅. , 𝑡), or
– 𝑡Q ∈ 𝜋D∩9:;Δ𝑉)(𝑅* , 𝑡) and 𝑡′ ⋈ 𝑉Y(𝑅Z[\ * ) ≠
∅ for some non-root 𝑒 with 𝑒 ∩ out ≠ ∅

47

This path stops at 𝑡′ since 𝜋*∩Z[\(*)𝑡Q ∈ 𝑉R 𝑅* .

n Lemma: Δ𝑞 𝐷, 𝑡 = ⨄C"g@ <hg2ij@@ 0k C 𝑞(𝐷 ⋉ 𝑡′)



Enumerate 𝑞(𝐷 ⋉ 𝑡′) for 𝑡! ∈ 𝑅"W

48

n Let 𝑒l?(= 𝑒?), 𝑒.? , ⋯ , 𝑒m? (= 𝑟) be the set of nodes lying on the
path from 𝑒? to root 𝑟

n Retrieve 𝑡′ ⋈ 𝑉f(𝑅8*") ⋈ ⋯ ⋈ 𝑉f(𝑅8+" )

n For every partial query result 𝑡?, 𝑡-, ⋯ , 𝑡m retrieved:
– Enumerate results for 𝑡Q in 𝑇*7(

– Enumerate results for 𝑡! in 𝑇*!( ∖ 𝑇*7(
– ….
– Enumerate results for 𝑡+ in 𝑇*8( ∖ 𝑇*89!(

– Combine them as Cartesian product

𝑇8,"

𝑇*!( ∖ 𝑇*7(

𝑇*8( ∖ 𝑇*89!(

𝑒:; (= 𝑒;)

𝑒";

𝑒<; (= 𝑟)



<latexit sha1_base64="BEpDIT2OrHVh9qFBfWq7w55ea5E="></latexit>

[x3]

Vs([x3])

x3 c[t]
1 1
2 1
3 1
4 2

R2

Vp(R2)
x3 c[t]
4 1
2 1

-

Vs(R2)

x2 x3 c[t]
1 2 0
2 2 1
4 3 0
1 1 0
2 4 1
1 4 0

R3

Vp(R3)

x3 c[t]
1 2
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 1
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)
x2 c[t]
2 2
3 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3

R4

Vp(R4)

x4 c[t]
1 1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

1 1
2 2
3 3
4 4

Running Example: initialization

𝑥! 𝑥" 𝑥$ 𝑥#
1 2 4 4
2 2 4 4

𝑞(𝐷)

𝑅! 𝑅" 𝑅#𝑅$
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Tuples in base relation but not “exist” in 𝑉-:
Tuples exist in 𝑉- but not participate in query results:
Tuples participate in query results:



<latexit sha1_base64="dnPWEvF805EM3w6edkBwCrcqnRE="></latexit>

[x3]

Vs([x3])

x3 c[t]
1* 2
2 1
3 1
4 2

R2

Vp(R2)

x3 c[t]
4 2
2 2
1 1

-

Vs(R2)

x2 x3 c[t]
1 2 1
2 2 1
4 3 0
1 1 1
2 4 1
1* 4* 1

R3

Vp(R3)

x3 c[t]
1 2
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 1
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)

x2 c[t]
2 2
3 1
1 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3
1 1

R4

Vp(R4)

x4 c[t]
1 1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

1 1
2 2
3 3
4 4

Running Example: insert (1, 1) to 𝑹𝟏

1,1

1

1,1 1,2 1,4

1

1witness

witness

not
witness
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𝑥! 𝑥" 𝑥$ 𝑥#
1 2 4 4
2 2 4 4
1 1 1 1
1 1 1 2
1 1 4 4

𝑞(𝐷)



<latexit sha1_base64="dnPWEvF805EM3w6edkBwCrcqnRE="></latexit>

[x3]

Vs([x3])

x3 c[t]
1* 2
2 1
3 1
4 2

R2

Vp(R2)

x3 c[t]
4 2
2 2
1 1

-

Vs(R2)

x2 x3 c[t]
1 2 1
2 2 1
4 3 0
1 1 1
2 4 1
1* 4* 1

R3

Vp(R3)

x3 c[t]
1 2
3 1
4 1

-

Vs(R3)

x3 x4 c[t]
1 1 1
2 5 0
3 3 1
1 2 1
4 4 1

R1

Vp(R1)

x2 c[t]
2 2
3 1
1 1
"

Vs(R1)

x1 x2

1 2
2 2
3 3
1 1

R4

Vp(R4)

x4 c[t]
1 1
2 1
3 1
4 1
"

Vs(R4)

x4 x5

1 1
2 2
3 3
4 4

Running Example: Enumerate (1,4)

1,1

1

1,1 1,2 1,4

1

1witness

witness

not
witness

51

Retrieve (4)

Retrieve (1,4)



Delta Enumeration With Aggregation

n Lemma: For 𝑡 ∈ 𝑉A 𝑅8 ,

𝑐[𝑡] = T
C"∈⋈#"∈)#

E#" :p#C"qC

U
8"∈B#

𝑤 𝜋8"𝑡′

– 𝑇*: the set of relations residing in the subtree of
𝑇 rooted at node 𝑒

n Every delta result must include 𝑡? ∈ Δ𝑉9 𝑅8" for 
each ancestor node 𝑒? of 𝑒

n Retrieve 𝑡 ⋈ Δ𝑉9 ⋅ ⋈ ⋯ ⋈ Δ𝑉9(𝑅r)
n For every partial query result retrieved, enumerate

results in the corresponding subtree similarly.
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Suppose
𝑡 ∈ 𝑅2 is
updated

𝑡′ Δ𝑉A 𝑅B

Δ𝑉A(⋅)

Δ𝑉A 𝑅𝒆

Δ𝑉A(⋅)



Other Questions

53

n Is join-tree-based enclosureness good enough?
n Enclosureness of update-sequence for aggregations?
n How to handle more complicated update sequences?
n How to adaptatively find a good generalized join tree?
n How to support more general joins? [IUVVL, VLDBJ’2020]
n How to handle batch updates more efficiently?
n What is the hardness result when self-join exists?


