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R(x, y, z) :- E(x, y), T(y, z). 

S(x,    z) :- E(x, y), T(y, z).
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   T(x, z) :- E(x, z). 

   T(x, z) :- E(x, y), T(y, z).
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   T(x, z) :- E(x, z). 

   T(x, z) :- E(x, y), T(y, z).
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Active domain: {1, 2, 3, 4, 5}



1 2

2 3

3 4

4 5

E = =

1 1

1 2

1 3

1 4

1 5

2 1

2 2

2 3

…

0

1

0

0

0

0

0

1

…

Length = 25



E =

1

0

0

0

0

0

0

1

…

T =

1

1

0

1

0

0

0

1

…

T(x, z) :- E(x, z). 

T(x, z) :- E(x, y), T(y, z).

<latexit sha1_base64="UQJu8aZaDLHjmPYYUJE0gyTyNLE=">AAACPXicjVC7TsMwFHV4U14FRhaLCompShCvEcHCCFJbkJoqcpyb1sKJI/sGqKL8GAv/wMbGwgBCrKy4j4HXwJEsHZ1zrq99wkwKg6776ExMTk3PzM7NVxYWl5ZXqqtrLaNyzaHJlVT6MmQGpEihiQIlXGYaWBJKuAivTgb+xTVoI1TawH4GnYR1UxELztBKQbXRCFzq32rR7SHTWt0UPsItDi8uNERlEZclbQTef0I71OeRQhNUa27dHYL+Jt6Y1MgYZ0H1wY8UzxNIkUtmTNtzM+wUTKPgEsqKnxvIGL9iXWhbmrIETKcY7i/pllUiGittT4p0qH6dKFhiTD8JbTJh2DM/vYH4l9fOMT7sFCLNcoSUjxbFuaSo6KBKGgkNHGXfEsa1sG+lvMc042gLr9gSvJ9f/k1aO3Vvv753vls7Oh7XMUc2yCbZJh45IEfklJyRJuHkjjyRF/Lq3DvPzpvzPopOOOOZdfINzscnGYmxjg==</latexit>

T0
f�! T1

f�! T2 · · ·
<latexit sha1_base64="g0iIRqbF1h8diDkkSKeJLQ4SGyM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZNiVVyVunFZwT6giWUynbRDJ5kwM1FKyGe48VfcuFDEbXf+jZM2C209cOFwzr3ce48XMSqVZX0bhZXVtfWN4mZpa3tnd8/cP2hLHgtMWpgzLroekoTRkLQUVYx0I0FQ4DHS8cY3md95JEJSHt6rSUTcAA1D6lOMlJb65pkPr6ETIDXyvKSRPiTVWgodQYcjhYTgT4te3yxbFWsGuEzsnJRBjmbfnDoDjuOAhAozJGXPtiLlJkgoihlJS04sSYTwGA1JT9MQBUS6yeyxFJ5oZQB9LnSFCs7U3xMJCqScBJ7uzM6Ui14m/uf1YuVfuQkNo1iREM8X+TGDisMsJTiggmDFJpogLKi+FeIREggrnWVJh2AvvrxM2tWKfVGp3Z2X6408jiI4AsfgFNjgEtTBLWiCFsDgGbyCd/BhvBhvxqfxNW8tGPnMIfgDY/oDC3+f0g==</latexit>

f : B25 ! B25



<latexit sha1_base64="UQJu8aZaDLHjmPYYUJE0gyTyNLE=">AAACPXicjVC7TsMwFHV4U14FRhaLCompShCvEcHCCFJbkJoqcpyb1sKJI/sGqKL8GAv/wMbGwgBCrKy4j4HXwJEsHZ1zrq99wkwKg6776ExMTk3PzM7NVxYWl5ZXqqtrLaNyzaHJlVT6MmQGpEihiQIlXGYaWBJKuAivTgb+xTVoI1TawH4GnYR1UxELztBKQbXRCFzq32rR7SHTWt0UPsItDi8uNERlEZclbQTef0I71OeRQhNUa27dHYL+Jt6Y1MgYZ0H1wY8UzxNIkUtmTNtzM+wUTKPgEsqKnxvIGL9iXWhbmrIETKcY7i/pllUiGittT4p0qH6dKFhiTD8JbTJh2DM/vYH4l9fOMT7sFCLNcoSUjxbFuaSo6KBKGgkNHGXfEsa1sG+lvMc042gLr9gSvJ9f/k1aO3Vvv753vls7Oh7XMUc2yCbZJh45IEfklJyRJuHkjjyRF/Lq3DvPzpvzPopOOOOZdfINzscnGYmxjg==</latexit>

T0
f�! T1

f�! T2 · · ·
<latexit sha1_base64="g0iIRqbF1h8diDkkSKeJLQ4SGyM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZNiVVyVunFZwT6giWUynbRDJ5kwM1FKyGe48VfcuFDEbXf+jZM2C209cOFwzr3ce48XMSqVZX0bhZXVtfWN4mZpa3tnd8/cP2hLHgtMWpgzLroekoTRkLQUVYx0I0FQ4DHS8cY3md95JEJSHt6rSUTcAA1D6lOMlJb65pkPr6ETIDXyvKSRPiTVWgodQYcjhYTgT4te3yxbFWsGuEzsnJRBjmbfnDoDjuOAhAozJGXPtiLlJkgoihlJS04sSYTwGA1JT9MQBUS6yeyxFJ5oZQB9LnSFCs7U3xMJCqScBJ7uzM6Ui14m/uf1YuVfuQkNo1iREM8X+TGDisMsJTiggmDFJpogLKi+FeIREggrnWVJh2AvvrxM2tWKfVGp3Z2X6408jiI4AsfgFNjgEtTBLWiCFsDgGbyCd/BhvBhvxqfxNW8tGPnMIfgDY/oDC3+f0g==</latexit>

f : B25 ! B25

Datalog eval. = finding (least) fixpoint of f
<latexit sha1_base64="fLngwhqDWjWlCRSyyPtJz3DsGfw=">AAACJXicfVDLSgNBEJz1bXxFPXoZDELiIeyKr4OC6MVjBKNCsobZSW8yZPbBTK8Ylv0ZL/6KFw8GETz5K07WHDSKBQ1FVff0dHmxFBpt+92amJyanpmdmy8sLC4trxRX1650lCgOdR7JSN14TIMUIdRRoISbWAELPAnXXu9s6F/fgdIiCi+xH4MbsE4ofMEZGqlVPPLL/m3aRLjH/LFUQTtLt7OsfNmyKxV6TP+xW8WSXbVz0N/EGZESGaHWKg6a7YgnAYTIJdO64dgxuilTKLiErNBMNMSM91gHGoaGLADtpvnmjG4ZpU39SJkKkebq94mUBVr3A890Bgy7etwbin95jQT9QzcVYZwghPxrkZ9IihEdRkbbQgFH2TeEcSXMXynvMsU4mmALJgRn/OTf5Gqn6uxX9y52SyenozjmyAbZJGXikANyQs5JjdQJJw/kibyQgfVoPVuv1ttX64Q1mlknP2B9fAKVe6VL</latexit>

f(f⇤(T0)) = f⇤(T0)

<latexit sha1_base64="5hIXec9cOJS/Oli5aVa9uafCiuE=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCWI11jBwlgQfUhNqBzXaa06dmQ7oCrqF7DwKywMIMTKzMbf4LQZSsuRrnR0zr26954gZlRpx/mxCkvLK6trxfXSxubW9o69u9dUIpGYNLBgQrYDpAijnDQ01Yy0Y0lQFDDSCoZXmd96IFJRwe/0KCZ+hPqchhQjbaSuXfEipAdBkN6O7zn0JO0PNJJSPMJZo2uXnaozAVwkbk7KIEe9a397PYGTiHCNGVKq4zqx9lMkNcWMjEteokiM8BD1ScdQjiKi/HTyzhhWjNKDoZCmuIYTdXYiRZFSoygwndmNat7LxP+8TqLDCz+lPE404Xi6KEwY1AJm2cAelQRrNjIEYUnNrRAPkERYmwRLJgR3/uVF0jyuumfV05uTcu0yj6MIDsAhOAIuOAc1cA3qoAEweAIv4A28W8/Wq/VhfU5bC1Y+sw/+wPr6BR0enMw=</latexit>

Rn ! Rn

<latexit sha1_base64="AV3qJaxqaJbVW7i6kFMxm0Ze9tk=">AAACNnichVDLSgMxFM3UV62vqks3wSLUTZkRX8uiGzdKBfuATi2ZNNOGZjJDckcpw3yVG7/DXTcuFHHrJ5g+FtoKHggczjmX3Hu8SHANtj20MguLS8sr2dXc2vrG5lZ+e6emw1hRVqWhCFXDI5oJLlkVOAjWiBQjgSdY3etfjvz6A1Oah/IOBhFrBaQruc8pASO189dF7AYEep6X3KTYpXGE3cTl0oeBm+LDe4ldxbs9IEqFj/i/cDtfsEv2GHieOFNSQFNU2vkXtxPSOGASqCBaNx07glZCFHAqWJpzY80iQvuky5qGShIw3UrGZ6f4wCgd7IfKPAl4rP6cSEig9SDwTHK0tZ71RuJfXjMG/7yVcBnFwCSdfOTHAkOIRx3iDleMghgYQqjiZldMe0QRCqbpnCnBmT15ntSOSs5p6eT2uFC+mNaRRXtoHxWRg85QGV2hCqoiip7QEL2hd+vZerU+rM9JNGNNZ3bRL1hf3zsGq6o=</latexit>

(N [ {1})n ! (N [ {1})n

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit>

{Semirings



Lehman ‘77



Datalog eval. = finding (least) fixpoint of f
<latexit sha1_base64="fLngwhqDWjWlCRSyyPtJz3DsGfw=">AAACJXicfVDLSgNBEJz1bXxFPXoZDELiIeyKr4OC6MVjBKNCsobZSW8yZPbBTK8Ylv0ZL/6KFw8GETz5K07WHDSKBQ1FVff0dHmxFBpt+92amJyanpmdmy8sLC4trxRX1650lCgOdR7JSN14TIMUIdRRoISbWAELPAnXXu9s6F/fgdIiCi+xH4MbsE4ofMEZGqlVPPLL/m3aRLjH/LFUQTtLt7OsfNmyKxV6TP+xW8WSXbVz0N/EGZESGaHWKg6a7YgnAYTIJdO64dgxuilTKLiErNBMNMSM91gHGoaGLADtpvnmjG4ZpU39SJkKkebq94mUBVr3A890Bgy7etwbin95jQT9QzcVYZwghPxrkZ9IihEdRkbbQgFH2TeEcSXMXynvMsU4mmALJgRn/OTf5Gqn6uxX9y52SyenozjmyAbZJGXikANyQs5JjdQJJw/kibyQgfVoPVuv1ttX64Q1mlknP2B9fAKVe6VL</latexit>

f(f⇤(T0)) = f⇤(T0)

Naive evaluation (a.k.a. Kleene iteration)



Carl Friedrich Gauss Isaac Newton





T(x, z) :- E(x, z). 

T(x, z) :- E(x, y), T(y, z).

<latexit sha1_base64="gpUP7h/jg44ESn26J7+tzwIzk7g="></latexit>

T =E + EE + EEE + · · ·
=(I + E + EE + · · · )E
=E⇤E



T(x, z) :- E(x, z). 

T(x, z) :- E(x, y), T(y, z).

<latexit sha1_base64="upWjq+hBI3L5nzD4cZ7Iev4I75w="></latexit>

I + EE⇤

=I + E(I + E + EE + · · · )
=(I + E + EE + · · · )
=E⇤

<latexit sha1_base64="gpUP7h/jg44ESn26J7+tzwIzk7g="></latexit>

T =E + EE + EEE + · · ·
=(I + E + EE + · · · )E
=E⇤E



<latexit sha1_base64="10gbEVrKUQgEccNKrmecZC5WV6Y="></latexit>

for k in 1 . . . n:
A0  new
for i, j in 1 . . . n:

A0
ij  Aij +Aik · (Akk)⇤ ·Akj

A A0

Floyd-Warshall-Kleene

Regex for i → j

i → j i → k k → k k → j



Gaussian Elimination





<latexit sha1_base64="F5Rmp6cXuowkbKFLrMJ5nThc7Fw="></latexit>

(I �B)⇤ = B�1

<latexit sha1_base64="/NJOJjQaakYmCRtPaw12HGX6C6g="></latexit>

(I �B)⇤ ·B
=A⇤ · (1�A)

=A⇤ �A⇤A

=1

Proof: 

<latexit sha1_base64="5gs0UNsBHVOlOHBhpx5+/LEKWyI="></latexit>

A⇤ = 1 +A⇤A



Carl Friedrich Gauss

Can compute the closure 

In cubic time 

(sometimes “linear”)

Can compute linear Datalog

<latexit sha1_base64="5gs0UNsBHVOlOHBhpx5+/LEKWyI="></latexit>

A⇤ = 1 +A⇤A



Carl Friedrich Gauss Isaac Newton



Datalog eval. = finding (least) fixpoint of f
<latexit sha1_base64="fLngwhqDWjWlCRSyyPtJz3DsGfw=">AAACJXicfVDLSgNBEJz1bXxFPXoZDELiIeyKr4OC6MVjBKNCsobZSW8yZPbBTK8Ylv0ZL/6KFw8GETz5K07WHDSKBQ1FVff0dHmxFBpt+92amJyanpmdmy8sLC4trxRX1650lCgOdR7JSN14TIMUIdRRoISbWAELPAnXXu9s6F/fgdIiCi+xH4MbsE4ofMEZGqlVPPLL/m3aRLjH/LFUQTtLt7OsfNmyKxV6TP+xW8WSXbVz0N/EGZESGaHWKg6a7YgnAYTIJdO64dgxuilTKLiErNBMNMSM91gHGoaGLADtpvnmjG4ZpU39SJkKkebq94mUBVr3A890Bgy7etwbin95jQT9QzcVYZwghPxrkZ9IihEdRkbbQgFH2TeEcSXMXynvMsU4mmALJgRn/OTf5Gqn6uxX9y52SyenozjmyAbZJGXikANyQs5JjdQJJw/kibyQgfVoPVuv1ttX64Q1mlknP2B9fAKVe6VL</latexit>

f(f⇤(T0)) = f⇤(T0)

Naive evaluation (a.k.a. Kleene iteration)



Datalog eval. = finding (least) fixpoint of f
<latexit sha1_base64="fLngwhqDWjWlCRSyyPtJz3DsGfw=">AAACJXicfVDLSgNBEJz1bXxFPXoZDELiIeyKr4OC6MVjBKNCsobZSW8yZPbBTK8Ylv0ZL/6KFw8GETz5K07WHDSKBQ1FVff0dHmxFBpt+92amJyanpmdmy8sLC4trxRX1650lCgOdR7JSN14TIMUIdRRoISbWAELPAnXXu9s6F/fgdIiCi+xH4MbsE4ofMEZGqlVPPLL/m3aRLjH/LFUQTtLt7OsfNmyKxV6TP+xW8WSXbVz0N/EGZESGaHWKg6a7YgnAYTIJdO64dgxuilTKLiErNBMNMSM91gHGoaGLADtpvnmjG4ZpU39SJkKkebq94mUBVr3A890Bgy7etwbin95jQT9QzcVYZwghPxrkZ9IihEdRkbbQgFH2TeEcSXMXynvMsU4mmALJgRn/OTf5Gqn6uxX9y52SyenozjmyAbZJGXikANyQs5JjdQJJw/kibyQgfVoPVuv1ttX64Q1mlknP2B9fAKVe6VL</latexit>

f(f⇤(T0)) = f⇤(T0)

Naive evaluation (a.k.a. Kleene iteration)

Newton



to Newton…



<latexit sha1_base64="SYh1l93TdRMYnuhXNl60AhPNHUE=">AAACC3icbVC7TsMwFHV4lvIKMLJYrRCtkKoE8RorWBiLRB9SE1WO47RWHSfYDqKturPwKywMIMTKD7DxNzhtBmg50tU9Oude2fd4MaNSWda3sbC4tLyymlvLr29sbm2bO7sNGSUCkzqOWCRaHpKEUU7qiipGWrEgKPQYaXr9q9Rv3hMhacRv1SAmboi6nAYUI6WljlkISg9leASDw7Q72I8UHEKHkTuoHW0Myx2zaFWsCeA8sTNSBBlqHfPL8SOchIQrzJCUbduKlTtCQlHMyDjvJJLECPdRl7Q15Sgk0h1NbhnDA634MIiELq7gRP29MUKhlIPQ05MhUj0566Xif147UcGFO6I8ThThePpQkDCoIpgGA30qCFZsoAnCguq/QtxDAmGl48vrEOzZk+dJ47hin1VOb06K1cssjhzYBwVQAjY4B1VwDWqgDjB4BM/gFbwZT8aL8W58TEcXjGxnD/yB8fkDqeSXqw==</latexit>

f(x) + f 0(x) · z  f(x+ z)



<latexit sha1_base64="khYuWEc1pl0VMdqSZ/thqTiHYyw=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SDEJuyKr0YI2lgqGBWSNcxO7iZDZh/M3JWEZWsbf8XGQhFbv8DOv3ESt9DogYHDOedy5x4vlkKjbX9ahanpmdm54nxpYXFpeaW8unalo0RxaPBIRurGYxqkCKGBAiXcxApY4Em49vqnI//6DpQWUXiJwxjcgHVD4QvO0Ejt8qZfHezQlkbG+wpk2kIYYNoBP8vS44wObk2mYtfsMehf4uSkQnKct8sfrU7EkwBC5JJp3XTsGN2UKRRcQlZqJRpis451oWloyALQbjo+JaPbRulQP1LmhUjH6s+JlAVaDwPPJAOGPT3pjcT/vGaC/pGbijBOEEL+vchPJMWIjnqhHaGAoxwawrgS5q+U95hiHE17JVOCM3nyX3K1W3MOavsXe5X6SV5HkWyQLVIlDjkkdXJGzkmDcHJPHskzebEerCfr1Xr7jhasfGad/IL1/gWUPJrc</latexit>

f(x)
def
= xn

<latexit sha1_base64="9uJ4dnuryPmbOEjlBxP4xc0AhJA="></latexit>

f(x) + f 0(x) · z
=xn + nxn�1z

xn + nxn�1z+

✓
n

2

◆
xn�2z2 +

✓
n

3

◆
xn�3z3 + · · ·

=(x+ z)n = f(x+ z)



<latexit sha1_base64="FBgc7O8wJOl2+9boARSZYQO16WU=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoMQEcKMuF2EoBePEcwCyRB6emqSJj0L3T2aMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhtzJpVlfRu5peWV1bX8emFjc2t7xyzuNmSUCAp1GvFItFwigbMQ6oopDq1YAAlcDk13cDPxmw8gJIvCezWKwQlIL2Q+o0RpqWsWh/gYdzzgiuAr7JeHR12zZFWsKfAisTNSQhlqXfOr40U0CSBUlBMp27YVKyclQjHKYVzoJBJiQgekB21NQxKAdNLp6WN8qBUP+5HQFSo8VX9PpCSQchS4ujMgqi/nvYn4n9dOlH/ppCyMEwUhnS3yE45VhCc5YI8JoIqPNCFUMH0rpn0iCFU6rYIOwZ5/eZE0Tir2eeXs7rRUvc7iyKN9dIDKyEYXqIpuUQ3VEUWP6Bm9ojfjyXgx3o2PWWvOyGb20B8Ynz+nDJJU</latexit>

x+ � = f(x)

How to pick?



<latexit sha1_base64="p73jRtjrZjqIekNCPAP7udERh5w="></latexit> xn+1

=xn +�n

=xn + f 0(xn)�n + �n

=f(xn) + f 0(xn)�n

f(xn +�n)

=f(xn+1)

<latexit sha1_base64="CZtk8BDTs1rnfD0Vy5BU61yaaew="></latexit>

+

✓
n

2

◆
xn�2z2 +

✓
n

3

◆
xn�3z3 + · · ·

<latexit sha1_base64="cRbsfyJFpCYdEQgNtm7YBLA/v7o=">AAACB3icdVDLSgMxFM3UV62vUZeCBItYEYYZsepGKOrCZQX7gM5QMplMG5p5kGTEMnTnxl9x40IRt/6CO//GTDuCzwMhJ+fcy809bsyokKb5rhWmpmdm54rzpYXFpeUVfXWtKaKEY9LAEYt420WCMBqShqSSkXbMCQpcRlru4CzzW9eECxqFV3IYEydAvZD6FCOppK6+aZ8TJhE8gf5O5WYX5s89aHsZ6epl06iaGeBvYhnj2yyDHPWu/mZ7EU4CEkrMkBAdy4ylkyIuKWZkVLITQWKEB6hHOoqGKCDCScd7jOC2UjzoR1ydUMKx+rUjRYEQw8BVlQGSffHTy8S/vE4i/WMnpWGcSBLiySA/YVBGMAsFepQTLNlQEYQ5VX+FuI84wlJFV1IhfG4K/yfNfcM6NKqXB+XaaR5HEWyALVABFjgCNXAB6qABMLgF9+ARPGl32oP2rL1MSgta3rMOvkF7/QCVopdA</latexit>

� = f 0(x)�+ �

<latexit sha1_base64="YYaPqxyEX16rP+OrSvCtuYy1d4k=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1iEihASsepGKLpxWcE+oA1hMpm0QyeTMDORllDwV9y4UMSt3+HOv3HSVvB54HIP59zL3Dl+wqhUtv1uFObmFxaXisulldW19Q1zc6sp41Rg0sAxi0XbR5IwyklDUcVIOxEERT4jLX9wmfutWyIkjfmNGiXEjVCP05BipLTkmTtDeAi7AWEKeRyew7Ay9PiBZ5Ztq2rngL+JY026XQYz1D3zrRvEOI0IV5ghKTuOnSg3Q0JRzMi41E0lSRAeoB7paMpRRKSbTc4fw32tBDCMhS6u4ET9upGhSMpR5OvJCKm+/Onl4l9eJ1XhmZtRnqSKcDx9KEwZVDHMs4ABFQQrNtIEYUH1rRD3kUBY6cRKOoTPn8L/SfPIck6s6vVxuXYxi6MIdsEeqAAHnIIauAJ10AAYZOAePIIn4854MJ6Nl+lowZjtbINvMF4/ANf+lCU=</latexit>

x+ �n = f(xn)

<latexit sha1_base64="c5CGUFWwB3OJwK3RqClynW/EGbA=">AAACC3icdVDLSsNAFJ3UV62vqEs3Q4vYIoRErLosunFZwT6gCWUymbRDJw9nJmIbunfjr7hxoYhbf8Cdf+OkreDzwHAP59zLnXvcmFEhTfNdy83NLywu5ZcLK6tr6xv65lZTRAnHpIEjFvG2iwRhNCQNSSUj7ZgTFLiMtNzBWea3rgkXNAov5TAmToB6IfUpRlJJXb3ol28qcB/6e1m1sRdJOII2I1dQOcoYVbp6yTSqZgb4m1jGpJolMEO9q7/ZXoSTgIQSMyRExzJj6aSIS4oZGRfsRJAY4QHqkY6iIQqIcNLJLWO4qxQP+hFXL5Rwon6dSFEgxDBwVWeAZF/89DLxL6+TSP/ESWkYJ5KEeLrITxiUEcyCgR7lBEs2VARhTtVfIe4jjrBU8RVUCJ+Xwv9J88CwjozqxWGpdjqLIw92QBGUgQWOQQ2cgzpoAAxuwT14BE/anfagPWsv09acNpvZBt+gvX4Av7+Xug==</latexit>

f(x) + f 0(x) · z  f(x+ z)



<latexit sha1_base64="PoVyv+cauhiTuoJNXdmXNPszCko=">AAACGXicbZDLSgMxFIYz9VbrbdSlm2ARWpQyI942QlEElxV6g04pmUymDc1cSDJiO/Q13Pgqblwo4lJXvo2Z6Sy09UDgy/+fQ3J+O2RUSMP41nILi0vLK/nVwtr6xuaWvr3TFEHEMWnggAW8bSNBGPVJQ1LJSDvkBHk2Iy17eJ34rXvCBQ38uhyFpOuhvk9dipFUUk836qWHIzgqw0t4k9EhtETk9cYwtcZlaGEnkOo2TuyeXjQqRlpwHswMiiCrWk//tJwARx7xJWZIiI5phLIbIy4pZmRSsCJBQoSHqE86Cn3kEdGN080m8EApDnQDro4vYar+noiRJ8TIs1Wnh+RAzHqJ+J/XiaR70Y2pH0aS+Hj6kBsxKAOYxAQdygmWbKQAYU7VXyEeII6wVGEWVAjm7Mrz0DyumGeV07uTYvUqiyMP9sA+KAETnIMquAU10AAYPIJn8AretCftRXvXPqatOS2b2QV/Svv6AeAxm+k=</latexit>

T (x, y) = E(x, y) +
X

z

T (x, z) · T (z, y)

<latexit sha1_base64="HWvKoYuYLdKkY5AGI6fo8xYRqyA="></latexit>

@F (x, y)

@T (u, v)
=
X

z

✓
[(x, z) = (u, v)] · T (z, y)

+ [(z, y) = (u, v)] · T (x, z)
◆

=[x = u] · T (v, y) + T (x, u) · [y = v]





= E Paths  2≥


