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Random geometrdlc graphs
-

Vl VN

xy edge iff (v, v,) > 7(p)

xy edge with probability p
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Random geometric graphs
Vl, cooo Vn ~ Sd_l

G={xy:{(v,v,)>1p)}
Edge xy exists with probability p

G ~ Geoy(n, p)



Key motivating property
G ~ Geoy(n, p)

Pr[bc edge | ab, ac] > p

Better approximates real world networks?

More faithful test bed for algorithms
on graphs (clustering, partitioning etc.)

Probabilistic method

Examples of high-dimensional expanders
(expanders with expanding neighborhoods)



Question 0 about random geometric graphs
G ~ Geoy(n, p)

Is it possible to t
the underlyi

st the pregence of




G ~ G(n,p) G ~ Geogy(n,p)

Vl, ...,Vn ~ Sd_l
7]\
Vxy € , ) xy € GW.p.p G={xy: (v, vy) > 7(p)}

VS.

Given G distinguish between models



Known
Distinguish G(n, p) vs. Geo,(n, p)
Bubeck-Ding-Eldan-Racz'16 when d <« H(p)3n3

distinguishable via ¢y - # A +c, - # /\ +c; - # O—O@

Brennan-Bresler-Nagaraj20

indistinguishabiktiwiershablenit{di( o), #(p)°n ">}



Known
&

Distinguishable when

d < H(p)’n’
o 3
whenp =—,d < log’n
n

N Indistinguishable

Distinguishable Indistinguishable when
d > min{H(p)n>, H(p)*n''?}

a
whenp = —.,d > n'”
A T -




Our work

Indistinguishable L-Mohanty-Schramm-Yang'22:
Indistinguishable when

d > H(p)*n’ for all p

Distinguishable

a
when p = —,d > log*°n

% n




Our work change the figure

Indistinguishable L-Mohanty-Schramm-Yang'22:
Indistinguishable when

d > H(p)*n’ for all p
1

H(p)

Distinguishable L.oose by factor

a
when p = —,d > log*°n

% n

Tight up to polylog(n) factors




Theorem [LMSY"22]: Let p = —, a = ©(1), d > log*
n

dry(G(n, p), Geoy(n, p)) < 0,(1)



To prove: dr(G(n, p), Geoy(n, p)) < o(1)
Views of sampling graphs



To prove: dr(G(n, p), Geoy(n, p)) < o(1)
Views of sampling graphs

o+ 1




To prove: dr(G(n, p), Geoy(n, p)) < o(1)
Views of sampling graphs

o+ 1

Nbr(G(n, p))

Sample § C [f] ~ {Nbr(Geod(n, p) |G

G,



To prove: dr(G(n, p), Geoy(n, p)) < o(1)
Views of sampling graphs

r+ 1

Nbr(G(n, p))

Sample § C [7] ~ {Nbr(Geod(n, p) |G

G§t+1

Connectr+1to S



To prove: dr(G(n, p), Geoy(n, p)) < o(1)

Views of sampling graphs >
Nbr(G(n, p))

GSZ+1

Choose each i € [f] independently with probability p

S chosen with probability p!3l(1 — p)=1¥



To prove: dr(G(n, p), Geoy(n, p)) < o(1)

Views of sampling graphs 7@5
t+1
Nbr(Geo,(n, p)) | G,

S:={i€lt] : (vyvyy) = 1(p)}



To prove: dr(G(n, p), Geoy(n, p)) < o(1)
By standard argument suffices to show

W.h.p. G, ~ Geo,(n, p), S ~ Nbr(G(n, p))

G<t

PrNbr(Geo 1G] 1 -

=1x0| —
PrbrGnp[S] Vn

t+ 1

Standard argument = Pinsker's inequality + tensorization of relative entropy



What iS PI' [S] ? To prove: dy(G(n, p), Geoy(n, p)) < o(1)
Nbr(G eOd(n,p)) | GSI Suffices to show

PrNbr(Geog(1,p) G S ]
Nbr(Geoy(n,p))|G<; —1+o0 (L)

Prbrcn,py S ] n

Vipees Vp ™ §d_1 |gg(vl’ ""vl‘) = GSZ‘




What iS PI' [S] ? To prove: dy(G(n, p), Geoy(n, p)) < o(1)
Nbr(G eOd(n,p)) | GSI Suffices to show

PrNbr(Geod(n,P)NGSz[S] —1+0 L
PrNbrGnpn S ] n

vl’ ""vl‘ ~ gd_l |gg(v19 --"vt) — GSt

Choose S with probability Area (Splinter(S))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v,)

ieS ieS




What iS PI' [S] ? To prove: dy(G(n, p), Geoy(n, p)) < o(1)
Nbr(G eOd(n,p)) | GSI Suffices to show

PrNbr(Geod(n,P)NGSz[S] —1+0 L
PrNbrGnpn S ] n

vl’ ""vl‘ ~ gd_l |gg(v19 --"vt) — GSt

Choose S with probability Area (Splinter(S))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v,)

ieS ieS

Pr SI=E, ., sitgg,....v)=G., [Area (Splinter(S ))]
Nbr(Geoy(n.p))| G, _



What is Pr 1517
Nbr(Geoy(n,p))| th

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v;)
s €S

Pr [SI=E, s+ _c. |Area (Splinter(s)
Nbr(Geoy(n.,p))| Gy, ViV~ S 1Igg(vl,...,vt)_(;g[ ( p )]

Pr [SI=E,  ,.s-ilArea (Splinter(S ))]
Nbr(G(n.p)) T

First attempt:

Try to show Area (Splinter(S)) concentrates
under the randomness of vy, ..., Vv,



What is Pr [S]1?
Nbr(Geo,(n,p))|G,

Example: S = {1,2} ~ §={3} ViV, ~ ST gg(G.) = G

Choose S with probability Area (Splinter(S))

Splinter(S) := () cap(v) N ()@,

ieS ieS




What is Pr [S]1?
Nbr(Geo,(n,p))|G,

Example: S = {1,2} ~ §={3} ViV, ~ ST gg(G.) = G

1 Choose S with probability Area (Splinter(S))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v;)

ieS ieS




What is Pr [S]1?
Nbr(Geo,(n,p))|G,

Example: S = {1,2} ~ §={3} ViV, ~ ST gg(G.) = G

I1N2

Choose S with probability Area (Splinter(S))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v;)

ieS ieS




What is Pr [S]1?
Nbr(Geo,(n,p))|G,

Example: S = {1,2} ~ §={3} ViV, ~ ST gg(G.) = G

Choose S with probability Area (Splinter(S))

1 n Splinter(S) := ﬂ cap(v;) N ﬂm(vl-)

ieS ieS




Concentration of Area (Splinter(S ))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v;)
s €S




Concentration of Area (Splinter(S))

Splinter(S) := ﬂ cap(v;) N ﬂ@(vi)
=N 1=

More general question [ C §4°1 1 ~ S4-1




Concentration of Area (Splinter(S ))

Splinter(S) := ﬂ cap(v;) N ﬂ cap(v;)
i€S €S

More general question [, C §¢1  ~ §¢1

Concentration of Area(L N cap(w))?

E [Area(L N cap(w))] = p - Area(L)




Concentration of Area (Splinter(S))

L g gd—l, W ~ Sd—l

( ( 1 \ )
— lOg Area(L)
Theorem: Area(L Ncap(w)) € |1+ O \ = - p - Area(L)
\ \ /)
( / 1 \ )
_ — lOg Area(L)
Area(LNncap(w)) € |1+ O p\ y - (1 — p) - Area(L)
\ \ /)




~( 1
For most § : Area (Splinter(S)) e (1 + O <—>) Pr [S]
\/6_1 Nbr(G(n,p))

Pr , [S] —
Implies WorCeodnI9 ™" _ 14+ L
PrNbr(G(n,p))[S | \/ZZ

Prypr G. [S] 1
We need r(GeounpICe =1+0| —
PGyl S] n

Requirement met when d > n polylogn

But we care about d > polylog n



~( 1
For most § : Area (Splinter(S)) e <1 + O (—)) Pr [S]
\/6_1 Nbr(G(n,p))

PrybrGeoynpyic 9] 1
We need MCeodnI9™” _ 4 o| —
PrNbrGopplS] \Vn

er [S1=E, . ~st- _ [Area Splinter(S) ]
Nbr(Geo,(n,p))|G, Visee V>S4 gg(vy,. . ) =G ( P )

Studied concentration of Area(Splinter(S)) under randomness of v, ..., v,

Evl,. L ~SAl gg(vy,... v)=G 15 key

Need to study concentration of B, ss-1jggev,....)=c_[Area(Splinter(S)]

under randomness of G,



Pryoeas gl 2 51 1
New goal: show +DIS =1xo0| — | w.h.p. over G,

IS Nz

Nbr(z + 1)| G-,
Vigp ~ S :

Vs euey Vy ~ sa-1 lgg(vy, ..., V) = G,

Nbr(t + 1) := {i : v; € cap(v,, )}




Prapecre 6L 2 9 1
(1+ ]G =1*x0o| — | w.h.p. over G,

pIs| Jn

New goal: show
Nbr(r+ 1) := {i: v; € cap(v,y )}
Suppose (v);es| G, 1.1.d. & uniform

Pr [25]=pH
Nbr(+1)|G,

Will show (v)),c5| G, w.h.p i.i.d. and approximately uniform

Goal: understand marginals (v,);cs| G,



Goal: understand marginals (v,),c5| G,

MYOX XXX X XX RX

Constraint Satisfaction Problem on G,
Vijedge: (v, v;) > 7(p)
Vij non edge: (v;, vj) < 7(p)

.., v, ~ $* 1| G_, uniform on solutions to above CSP



Constraint Satisfaction Problem on G_,
Vij edge: (v;,v;) > 7(p)

Vis ..oV, ~ ST G, uniform on solutions to above CSP

Goal: understand marginals (v)),c5| G,

Technical simplification for talk: Drop non-edge constraints!



Constraint Satisfaction Problem on G_,
Vij edge: (v;v;) = 7(p)
Vis-ees vy ~ ST G, uniform on solutions to above CSP
S Goal: understand marginals (v);e5| G
G, sparse, locally-treelike  vertices in § pairwise far

(v;),es independent and uniform

Independence for free because pieces are disjoint!

Need to show (approximate) uniformity of v,



Need to show (approximate) uniformity of v,

4

\
o
AN A \b\\\g\

Green leaves receive "typical” vector assignment
Will show: Red root conditioned on leaves is approximately uniform

Strategy: compute distribution of vygot | (v;) via belief propagation

icl.eaves



[llustration on special case: tree is length-# path

Green leaf has vector V]eaf

Will show: vygot | Vieaf 1S approximately uniform

Sample w ~ f.

Distribution
Tearenico | {Walk to random vector in cap(w)

P Markov operator
J, := PDF of v, Jparento) = P J

_ p?
fI‘OOt_P 'fLeaf

Uniform stationary for P
Exhibit contraction properties of P




Exhibit contraction properties of P

Key lemma: For "smooth" f

"nice" means density < 1/p

—{( 1
do(Pf, Unif) < O | — ) dvy(£, Unif)
SRR

£-1
, —f( 1
drv(froot, Unit) < O (ﬁ)

1
,and then TV distance is o <—>

n

logn

when d > polylogn, set £ =
loglogn



Constraint Satisfaction Problem on G_,
Vij edge: (v;,v;) > 7(p)

Vis oo ~ ST G, uniform on solutions to above CSP

1
Summary: (v,),cg independent and o (—) -close to uniform
n

IS Vn

dTV(G(nap)a Geod(nap)) < 0(1)



Thank you! Questions?




