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Objects of Study
Polynomials over n variables of degree d.

Easy: Most polynomials require exp(n, d) sized circuits.

Central Question

VP £ VNP | Find explicit polynomials that

cannot be computed by circuits of size poly(n,d).
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A Superpolynomial Lower Bound against Constant Depth Circuits:

[Limaye-Srinivasan-Tavenas|: There exists an explicit n-variate degree d polynomial in VP such

o o o 9 . exp(— Ol
that any product-depth A circuit computing it must have size n? P

In particular, the lower bound is V) for MY

Importance of Constant-Depth Circuits
[Agrawal-Vinay]: (Hom.) circuits of size s can be converted to (hom.) LM of size sO(V),

[Gupta-Kamath-Kayal-Saptharishi]: Size s circuits can be converted to LY of size sOVa)

The General Setting

[Baur-Strassen]: Any algebraic circuit computing Y7, x? has size at least Q(nlog d).
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Are the inclusions tight?




What is Known?

[Fournier-Limaye-Malod-Srinivasan-Tavenas|: VF = VFjqq 4

VNP




What is Known?

VNP

[Fournier-Limaye-Malod-Srinivasan-Tavenas|: VF = VFjqq 4

[Limaye-Srinivasan-Tavenas]

e For any constant I, VFr_; € VFr.



What is Known?

VNP

[Fournier-Limaye-Malod-Srinivasan-Tavenas|: VF = VFjqq 4

[Limaye-Srinivasan-Tavenas]
e For any constant I, VFr_; € VFr.
e For any I' = o(loglog d), VFr C VBP.



What is Known?

VNP

[Fournier-Limaye-Malod-Srinivasan-Tavenas|: VF = VFjqq 4

[Limaye-Srinivasan-Tavenas]
e For any constant I, VFr_; € VFr.
e For any I' = o(loglog d), VFr C VBP.

[C-Kumar-She-Volk]
There is a polynomial over n variables of degree n s.t.

e it can be computed by a circuit of size O(nlog?® n)

e any formula/layered ABP computing it must have size
at least Q(n?)
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A New Lower Bound

The best lower bound against NC circuits continues to be Q(nlog d).

Can we do better at least in the homogeneous case?

Theorem [C-Hrube$]: Any homogeneous non-commutative circuit computing

OSym,4(x) = D> X x

1< < <ig<n

has size Q(nd) for d < 7.
Further, there is a non-commutative circuit of size O(nlog? n) that computes OSym,, ().
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The Measure we Use

Usual Template for Proving

Algebraic Circuit Lower Bounds f: Hom. non-commutative polynomial of degree d.
f(0: Polynomial got from f by setting variables in
Define a measure y such that positions other than 7, i + 1 to 1.

e for any polynomial F computed by

wu(f) = rank (spanF ({f(o), O f(d)})) .

an s-sized instance of the model,

w(F) < f(n,d,s); Example:

f = — f(1) = _a.
e for the hard polynomial, Fo, XLt Xd T Xd X X1X2 + XdXd—1

(Fo) > fo(n, d) Main Lemma: For any F that is computable by a
5 n,d); . .. .
#iFo) = To homogeneous non-commutative circuit of size s,

leading to a | bound .
eading to a lower bound on s u(F) < s.
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1. [Hom. version of [Baur-Strassen]] If F(xi,...,x,) is computable by a homogeneous
(non-commutative) circuit of size s, then the polynomials in {01 F, ..., 01, F} are
simultaneously computable by a homogeneous (non-commutative) circuit of size 5s.

2. Since the polynomials in {01 x, F, ..., 01, F} are simultaneously computable by a
homogeneous non-commutative circuit of size s,

M(817X1F>"' ,617XHF) S S

3. For Fp = OSym,, 4(x),
/.L(@LXIF(), 000 ,al,XnFo) Z I'Id.
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[Carmossino-Impagliazzo-Lovett-Mihajlin]:
Q(N%*9) lower bound for Pn,p(nvy(x) == improved lower bound for @, 4(n)(x)

where the improvement degrades as D(/V) gets larger and approaches N.

In particular, for D(N) = N¢, the improved lower bound is worse than Q(nd).

Related Questions:

e Can we show Q(N3*¢) lower bounds for D(N) = sub poly(N)?
e Hardness Amplification statements when D(N) = super poly(/N)?

11
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E - size(A) = Z rank( Mg (7).

§ coeff my.m, (f) =1
The Lower Bound: There is a bivariate polynomial
of degree 2d such that any formula/ABP computing

; my i i d i C
M (i) it has size Q(29). That is, VBP,c C VP,..
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"unordered” setting.

[Cha]: VFapeq C VBP.

e The lower bound is n®(%g1e") for 3 degree
log n polynomial.
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1. Are there VP natural proofs for VP, .7

2. Further connections between proof complexity lower bounds and lower bounds in the
algebraic non-commutative setting.

Thank you!
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